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Abstract — In this paper, we propose a simple yet ef-
fective algorithm to design an optimal supply chain net-
work with respect to the cost of physical material3ow
and task assigning schemes. For clarity, a simpled

mathematical model is used here. A slack technique is
developed to achieve the degenerate solution while some o

special properties of this problem are discussed in this

paper. A design example is used to demonstrate the ef-

fectiveness of our algorithm.
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1 Introduction

Supply chain network optimization has been attract-
ing many researches. People have designed various
approaches to optimize the physical flow of materials
[1][2][3]. In this paper, we use a slack technique to
design an optimal task assigning scheme for resource-
limited supply chain networks. The similar problems in
other areas have been addressed in [5][6][7]. For clarity,
we will use a simplified model. Our algorithm can be
easily extended to more general problems. This paper
is organized into four parts: first, we will present the
problem formulations; we then point out the shortcom-
ing of the direct simplex algorithm; in the third part, we
will develop a slack technique and prove that actually
generates an optimal solution under the integer linear
constraints; simple examples are provided in part four
to demonstrate our algorithm.

2 Problem Statement

Suppose m tasks (denoted by o;, i = 0,1,...m — 1.)
will be performed by n nodes (denoted by s;, ¢ =
0,1,..n—1.) in a supply chain network. Every node has
a productivity of v; (¢ = 0,1,...n — 1) in terms of the
number of tasks it can perform at most. However, each
node also has an interest table listing the needed tasks
which maybe unavailable locally. In this case, it will re-
ceive those tasks from other nodes through a resource-
limited supply chain network. To ensure the system
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works properly, the cost of physical material flow has to
be taken into account. The goal is to design an optimal
task assigning scheme to minimize the total flow cost.

2.1 Debnitions

Cost Matrix C. When the node s; needs a task
from node sj, the flow cost is C(4,j) = ¢;;. It is a
n X n matrix.

e Interest Matrix |. If the node s; is interested in
the task oj, 1(2,7) = i;; = 1. Otherwise, 1(¢,7) =
;5 = 0. It is a n X m matrix.

e Allocation Matrix X. If the task o; is performed
in the node s;, X(i,j) = z;;j; = 1. Otherwise,
X(i,7) = x;; = 0. It is a n x m matrix.

(IR

e Matrix Contraction Operator “:”. The contraction
is an operator between two n X m matrixes defined
as:

> L

B = aij % bij

i=0 j=0

A (1)

where A and B are two n X m matrixes.

2.2 Problem Formulation

Using the above definitions, the optimization becomes
a integer linear programming (ILP) problem. Specifi-
cally, we want to:

min Z = (I x C): X. (2)
where Z is the total flow cost, subject to:
P

n—1



oS oS
Tij = [Oij +fij(607"'76m71;€0a"'76n71)]
i=0 i=0
= v;t+e€; (16)

Because Fj; is a linear function of the parameters with-
out constant term, there must exist an upper bound
P (0.5 > Y > 0) for the slacks §; and ¢; so that for any
Fij, we have:

—0.5 fij<60,...,6m,1;60,...7€n,1) < 0.5;

—-0.5 < P;I;Ol Fij (80, s 0m—1; €05 ..o, €n—1) < 0.5;
—-0.5 < 1161 .7-}]-(60, ...,6m,1; €0, ...,Enfl) < 0.5

(17)
Rewrite (15), we get:
> >
-1+ oij :Bi — fij(éo,...,ém_l;Eo,...,En_l).
j=0 Jj=0
(18)
From (17), we have
>
di — Fij (00, - 0m—15 €05 vy €n—1)
=0
<Y+05<05+05=1, (19)
and
>
62'7 fij(é(]v"'76m—1;€05"'7€n—1)
=0
>0-0.5=-0.5. (20)
So (18) becomes
>
-05< -1+ 045 <L (21)
=0
n—1

Because 0;; isOor 1, —1+ j—o Oij must be an integer.
Thus, the inequality (21) is equivalent to

el
7=0
In the same way, we can get from (16)
oS
—v; + 0, = 0. (23)
i=0
From (22) and (23), we know 0;;,i =0,1,....m—1;j =

0,1,...,n — 1 satisfies the constraints (3a) and (3b).
Because 0;; is 0 or 1, it also satisfies the constraint
(3¢). So 04,1 = 0,1,...m —1;5 = 0,1,....,n — 1
is a BFS of the problem (3). From (17), we know
—0.5 < f¢j<60,...,6m,1;€0,...,€n,1) < 0.5, and Oij is
0 or 1. If we round 0;; + F;;(80, .., 0rm—1; €05 - €n—1)5
we will get 0;;. Wl

Theorem 4 Suppose thatVk; € Q and Vz; € |,
1 =20,1,....,n — 1, there must exist a lower bound ¢
R*,so that for any two vectors (zg,1,...,2,_1) and

(x, 24, ..., x},_1), either of the following two equations
holds:
>l >l
- =0 =0 -
i, 0 _
i=0 i=0
Proof. There are two cases:
Case 1:
>l >l
k‘i.’L‘i — k’l.’E; =0 (26)
i=0 i=0
In this case, (24) is true.
Case 2:
>l
i=0 i=0

As we know, a rational number can always be writ-
. . K,

ten as a fraction. Write k; as 77, where Vk| €
i

I,VE!' € I'". Suppose that the lowest common multi-
ple of ki, kY, ....kll_; is K (K € I'). Then

- >
- k‘i.’L‘l /{ill‘;_
—i=0 i=0 -
:M k; > k; .
= — WI’Z F i
1:{_3 g =0 ! -
17>} g ) -
= - Kk—;,xi— Kk—{’,ajg_ (28)
i=0 i i=0 i
Because K is the lowest common multiple of
k§ kY, ... k! _,, and because Vk; € | and Vz; € I, we
know 1 L
Kk—;,xi,Kk—{’/xg el (29)
So Z -
:M ]{;; > k; .
- nyl - Kﬁxi_ el (30)
i=0 i i=0 i
Because of (27), we can get
_ KFZL‘Z — KF‘TZ_ Z 1
i=0 M i=0 i
From (28), we get
> > , 1
kivi — ki [> - 1
| . x . i |2 5 (31)

Therefore, there must exist a lower bound & (0 < & < )
which satisfies the condition of this theorem. H



Theorem 5 If {0;;,i=0,1,..m—1;57=0,1,...,n —
1} is a BFS of the problem (3), then there must
exist {fij(éoa-~-36m—1;€07--~76n—1)} so that {Gij +

Ej(é[); ceey 6m,1; €0y ey enfl)} satisbes (4)
Proof. Because {0;;, i=0,1,...,m—1;5=0,1,..,n—
1} is a BFS of the problem (3), we have
<
0;; = 1, (32)
§=0
0;; = ;. (33)
i=0
Suppose that {0;; + Fjj, ¢ 0,1,....mn — 1;5 =
0,1,....,n — 1} is a BFS of the problem (4). We will

see whether or not we can really get the F;;. Now (4a)
and (4b) become

>
(O'ij + .7:”) 146, (34)
j=0
<1
(035 + Fij) v+ € (35)
i=0
Because of (32) and (33), (34) and (35) become
>
7=0
Fij = ¢ (37)
=0

These equations can be solved by the same elementary
row operations as getting 0;;, so F;; is a linear combi-
nation of dg,...,0,,—1 and €g, ..., €,_1 without constant
term.

Therefore, {fij(éo, ...,6m_1;€0, ...,En_l),
0,...m—1; 7=0,...,n— 1.} exist. W

7: =

Theorem 6 If Vp;; € Q, then there must existy’(0 <
Y’ < ) such that0 < §;,¢; < ¢'. so that the rounded
optimal BFS of the problem (4) is an optimal BFS of

).

Proof. (Reduction to absurdity) Suppose that {0;; +
Fij(60, ceey 6m,1; €0y -eey Enfl), T = 0, ]., ey — 1,] =
0,1,...,n — 1} is an optimal BFS of the problem (4),
but {0;;, ¢ =0,1,...,m—1;5=0,1,...,n— 1} is not an
optimal bfs of the problem (3), no matter what value ()’
is.

Then the problem (3) has another BFS {0}

zj’Z:

0,1,....,m—1;5=0,1,...,n — 1} so that
B ) L B
pijoij < Pij0ij. (38)
i=0 j=0 i=0 j=0

According to the last theorem, there exists
{Fi/j(607--~76m—1;607---aen—l)v 1 = O,...,m -
1, = 0,...,n — 1.} so that {o}; +
Fl;(30,-;0m-1;€05 s €n—1), @ = 0,1,...,m — 1;j =
0,1,...,mn — 1} is a BFS of the problem (4).
According to our tentative assumption, we have
o le S
Pij (055 + Fij (80, ., 01} €05 ooy €n—1))
i=0 j=0
BaGPeS ) ,
< pij(cij+Fz’j(607"'76m,—1;60a"'aen—l))'
i=0 j=0
(39)
Rewrite (39) as
B Bale S )
Pij0i5 — Dij0y;
i=0 j=0 i=0 j=0
L B )
S pijF‘ij(SOa"'76m—1;€07"'7€n—1))
i=0 j=0
L
— pi_jFi_j(607~-~76m—1;€0a-~-a€n—1))- (40)
i=0 j=0

According to (38), there exists a lower bound & (§ € R™)
so that

L B L B )
Pij0ij — pijO;; > € (41)
i=0 j=0 i=0 j=0
P1Pn
Because " ?:0 PijFij (00, s Om—1; €0y vy €n—1)
is still a linear combination of dg,...,0,,—1 and

€0, .-, €n—1 Without constant term, there exists an up-
per bound Y’ (¢ > P’ > 0) of the slacks §; and €; so
that for any F;; :

1 DL DL 1
—55 < Dij Fij (B0, ey Om—1; €0, e €n1) < 5&
i=0 j=0

(42)

Then (40) becomes

Lo QU Pa QU
Dij0ij —
i=0 j=0 i=0 j=0

1, 1
Pij0;; < 5& + 5& =& (43)

We found that (41) and (43) are contradictory. It im-
plies that our tentative assumption is incorrect. There-
fore, the theorem is true.

In a practical problem, we need to know an exact
value of the upper bound ’. Now, we will derive this
value.

Assume B to be formed from a subset of (m +mn — 1)
linearly independent columns of A in (3), it determines
the basic solution

Badip
=B 1p=
v b= ZeiB)

(44)



where B*¥ is the adjoint of B.

Because A is TUM (totally unimodular [4, pp. 316})
we know that det(B) = £1 and the elements in B*Y are
0 or £1. Therefore, in the problem (4), the coefficients
of the slacks in BFS is 0 or £1. In other words, the
coefficients of §; and €; in F;;(do, ... €n—1)
are 0 or £1.

Assume the maximum value of these slacks to be ('
Because there are only (m + n — 1) independent equa-
tions, we can think the last equation is not useful. So

76m71; €0y -y

|Ej(60,...,Smfl;ﬁo,...,ﬁnflﬂ
< 80| + o + Bm—1| + leo] + .. + |€n—2]
< ?’—{ZLL'J}+?’_ z_"’}
= (m+n-1Y". (45)
To satisfy (17), we need
(m+n—1)Y" <0.5,
n(m+n— 1Y < 0.5, (46)

m(m+n— 1) < 0.5.

Suppose that the lowest common multiple of the denom-
inators of p;; is K. Now we can let & = % Because
p

L <L z
- PijFij (80, .. 0m—1; €05 oes €n—1)”
i=0 j=0
L L

< 1Dij Fij (80, .y Om—1; €05 ooy €n—1)]
i=0 j=0
L DL

= [Dij| X |Fij (80, s Om—1; €0, -rr €n—1)]
i=0 j=0
L DL .

< Ipij| x (m+n—1)P
i=0 j=0

< max(|pi;|)(m +n—1)(m+n—1)§

= max(|p;;|)(m +n —1)%’
Then to satisfy (42), we need

1 1
. _ 1 2y’ —C = — 4
maX(|pU|)(m—|—n )< QE 2K, ( 7)
So we can let
r_ 1 1
llJ _mln{Q(m—&—n—l)’Qn(m—&-n—l)’
1 1
4
2m(m +n — 1) 2max(|p;;|)(m +n — 1)2Kp} (48)
Therefore, if
Vdj, €5 0 < 84,65 < g (49)

the rounded optimal BFS of the problem (4) is an opti-
mal BFS of the problem (3). W

Now there is still a barrier before we really solve our
problem. If in a basic component in a BFS of (4), 3, :
05 = 0; Ej(ﬁo,...,5m_1;60,...,en_1) =0, the BFS is
still a degenerate BFS. We have to choose the slacks
carefully so that

Vﬁj : fij(éo, ceey En—l) 35 0 when O0i5 = 0
(50)

Fortunately, only a few kinds of combination of slacks
will appear in F;; while using the simplex algorithm.
Thus, the probability of F;; = 0 is little. Because it
is difficult to predict these combinations of slacks, the
cheaper method is to select these slacks randomly with
high precision. If in the computation, we encounter
Fi;j = 0, just re-choose these slacks with the same pre-
cision or higher precision.

Here are the five steps to solve our ILP problem by
simplex algorithm with the slack technique:

6m—1;€05 sey

1. Calculate the upper bound of slacks.

2. Generate the positive slacks randomly within the
upper bound.

3. Add the slacks to the right side of the constraints
in the ILP problem.

4. Solve the LP problem by the direct simplex algo-
rithm.

5. Round the final solution, then we will get the opti-
mal integer solution for our ILP problem.

5 Design Example

We will compare the results of the direct simplex algo-
rithm and the improved algorithm by slacks. Consider
three nodes with productivities of two, one, one, respec-
tively. There are four tasks. Assuming we have:

(51)

I
N =~ O
N O W
= O = =
= O = O
O = = O

The solution found by direct simplex algorithm is:

SO ==
— o o o
o= o o

with Z = 14 which is not optimal.
Using the slack technique:
Step 1: Calculate the upper bound of slacks:

1
2x11x (m+n-—1)2K,
1

= = 0.00126...
2x(4+3-1)2x1

v =




Step 2: Generate the positive slacks randomly within
the upper bound. In this example,

dp = 0.00019, &; = 0.00047, &2 = 0.00032,
33 = 0.00043, g = 0.00050, €; = 0.00051.

Step 3: Add the slacks to the right side of the con-
straints. The constraints become

Zoo + o1 + To2 = 1.00019
T10 + 11 + Z12 1.00047
Too + 21 + T22 = 1.00032
T30 + T31 + T32 = 1.00043
Too + T10 + T20 + 30 = 2.00050
To1 +T11 + 221 + 231 = 1.00051

Step 4: Solve this problem, using simplex algorithm.
The solution is:

200 = 1.00019; 211 = 1.00039; 21 = 0.00008;
Tz = 1.00032; 230 = 1.00031; 23, = 0.00012;

Step 5: Round this solution, we get
zoo = Liz11 = 112 = 0y w92 = Ly230 = 1231 = 0;

and other elements in this solution are zeros.
So the final solution is:

Il
[ e Y e R Y
o, oo

OO = O

with minimal Z = 9.

6 Summary

We studied the problem of assigning tasks to a supply
chain network optimally. A simplified model was built
and a slack technique was developed. It is shown to
be effective for ILP problems with degenerate solution
where the direct simplex algorithm doesn’t work.
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