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Abstract 

Inspired by the technique proposed by Zhang in [13], we 
proposed a new camera calibration technique, which only 
requires observing three or more planar con-centric conics 
at a few (at least two) different orientations. All computa- 
tions involved are linear matrix manipulations. Compared 
with the classical techniques where an expensive calibra- 
tion pattern is commomly used, our technique is easy to im- 
plement and more flexible. Using Conics also simplifies the 
problem of correspondence. Both computer simulation and 
real data are used to test the proposed technique. 

1. Introduction 

Camera calibration is an essential step in 3D com- 
puter vision to obtain a metric reconstruction from 2D im- 
ages [l, 21. With the rapid development in computer tech- 
nology, network and multi-media, cameras are becoming 
more and more cheap and popular. A typical computer user 
who is not expert in computer vision will not be willing to 
invest money for expensive calibration equipment. There- 
fore, flexibility, robustness and low cost are critical factors 
for camera calibration [3,6, 113. 

Recently Zhang [ 133 presented a flexible camera calibra- 
tion method which utilize the planar pattem. The technique 
only requires the camera to observe a planar pattern shown 
at a few (at least two) different orientations. Either the cam- 
era or the planar pattem can be freely moved. The motion 
need not be known. The pattem can be printed on a laser 
printer and attached to a planar surface. Sturm and May- 
bank [9] proposed a similar plane-base calibration method 
and the singularity of the method was discussed. Triggs [lo] 
developed a more flexible self-calibration technique which 
needs 5 views of a planar scene. But the computational 
complexity is high. 

In this paper, we use the correspondences of the con- 
ics rather than points to calibrate camera. Because conics 

are compact and global primitive, easy to match correspon- 
dences, our method can gain considerable robustness and 
flexibility [5 ,  8, 71. At the mean time, a closed-fonn solu- 
tion can be obtained and the computations required are only 
the matrix manipulations. 

2. Camera Model and Homography 

An image point is denoted by m = [U,  . I T .  A 3D point 
is denoted by M = [XI Y, ZIT. The homogeneous point 
coordinates of them are denoted by m = [U,  v, 11' and 

= [X, Y,  2, 1IT respectively. The camera is pin-hole 
model: the relationship between 3D point M and image pro- 
jection m is given by 

SI% = K [ R  t]M (1) 

where s is a non-zero scale factor. R, t are rotation and 
translation respectively. K ,  called the camera intrinsic ma- 
trix, is given by 

K =  [': 0 ,O 1: 3 W O  

Without loss of generality, we assume that the model 
plane is on 2 = 0 of the world coordinate system. De- 
noting the i t h  column of the rotation matrix R by ri , we 
have 

s [ i ] = K [ r l  r2 t ] [ : ]  

Therefore, a point on the model plane M and its image 
m is related by a homography H - 

s m  = HM (2) 

where 
H = XK [ rl 
factor. Denoting H = [ hl 

= [XI Y, 1IT is reduced notation of point M, 
t ] is a 3 x 3 matrix, X is a scale 1-2 

h2 h3 ] , we have 

[ hl h2 h3 1 = XK [ rl r2 t 1 
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Clearly t does not lie on the plane r 1,r2 , so det (H) # 0. 

3. Camera Calibration from Planar Conics 

Given a planar conic C and its image Q, we have 

MTCM = 0 (3) 

mTQm = 0 

Substitute Eq.(2) into Eq.(4), yields 

S P H ~ Q H M  = 0 

(4) 

Comparing Eq.(3) and Eq.(5), we obtain 

SIC = H ~ Q H  (6) 

If we assume det(C) = det(Q), and det(H) = 1, then 
from Eq.(6) we can get the following equation: 

c = H ~ Q H  (7) 

For the sake of convenience, we can easily print out the 
concentric conics on a paper using laser printer. Here we 
assume the calibrating conics are concentric. Without loss 
of generality, we assume the center of the conics locate at 
the origin of the coordinates system, then any of the conics 
can be expressed as 

l o o  
c=[ 

From Eq.(7) we have 

Q-' = HC-lHT (8) 

Substitute H = [hl , h2, h3] into Eq.(8), yields 

Q-l = a2Hx1 + b2Hx2 - Hx3 (9) 

where Hxl = hlh?, Hx2 = h2hF, Hx3 = h3hT. To 
solve the three unknown matrices Hxl, Hx2, Hx3, we need 
at least three concentric conics. 

From H,1, Hx2, Hx3 , we can easily get the absolute 
values of vectors hl , h2, h3 by computing the square root 
of the diagonal elements of the corresponding three matri- 
ces. The signs can be determined from the upper triangular 
submatrix of Hxl, Hx2, Hz3. But this method is proved 
sensitive to the noise. Instead, we employ the matrix factor- 
ization technique [4] to solve h l ,  h2, h3. 

Here we take hl as an example to display how to solve 
hl, h2, h3. Because Hxl = hlhr is a rank 1 symmetric 
matrix, it has the following singular value decomposition: 

Hxl = UCV 

where C = diag(al,O, 0) is the singular value matrix, and 
U is orthogonal. Because of errors, the computed singular 
values &i7 (i > 1) are nonzero, but far smaller than 81. We 
can set them to zero, so 

Hxl=hlhT= [ : : :] [ : : :] de1 0 0 de1 0 0 

Let 

G = U [  J81 : 0 0 0 O ] = [ ; ; ;  911 0 0 0 0 1  

0 0  0 0  

then we can obtain hl = [g11, g21,g31] . Similarly we can 
solve ha and h3. 

Once H is solved, from the fact that rl and 1-2 are or- 
thonormal, we have 

h:ICTKh2 = 0 
hTKFTKh1 = hTE;-TKh2 

From above two equations, we can get two constraints on 
K .  If n(n 2 3) images of the model plane are observed, we 
will have in general a unique solution up to a scale factor. 
More details can be found in [ 131. 

4. Experimental Results 

The proposed technique has been tested on both simu- 
lated data and real images. For the simulated experiments, 
the parameters of the simulated camera are:a = 1250, 
P = 1250, y = 1.0908,uo = WO = 500 , the image 
resolution is1000 x 1000. The orientation of the model 
plane is represented by a 3D vector r which is parallel 
to the rotation axis and whose magnitude is equal to the 
rotation angle. Its position is represented by t(unit in 
cm). The parameters of the first set of experiments are: 
rl = [20,0, OIT, t l  = [-9, -12.5, 100IT, r2 = [0,20, 0IT, 
t 2  = [-Si -12.5,ll0IT, 1-3 = [--30,-30,15IT, t 3  = 
[-10.5, -12.5, 120IT. There are three concentric ellipses 
on the model plane. One is a circle with radius 30cm, the 
half long axis and short axis of the other two ellipses are 
30cm, and 20cm, the intersection angle of them are 90". 
Each of them consists of 1000 data points uniformly dis- 
tributed along the arc. Gaussian noise with mean 0 and 
standard deviation D is added to the projected image points. 
The computed camera parameters are then compared with 
the ground truth. We measure the absolute errors for U 0 and 
WO, and relative errors for the ratios of Q: and /3 (equivalent 
to effective focal length on z axis and y axis). We vary the 
noise level from 0.1 pixels to 3.0 pixels. For each noise 
level, 100 independent trials are conducted and the results 
shown in Fig. 1. 
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The second set of simulating experiments are to inves- 
tigate the performance with the respect to the number of 
the images. The setup of the first three images is same as 
the first experiment. From the fourth images, we randomly 
choose a rotation axis from a unit sphere, and rotation angle 
is 30". We vary the number of the image from 2 to 20. For 
each number of images, 100 trials of independent plane ori- 
entations and noise with mean 0 and standard deviation 0.5 
pixels are conducted. The results are shown in Fig.2. 

For the real image experiments, the camera to be cali- 
brated is an off-the-shelf CCD digital camera. The image 
resolution is 1280 x 960. We printed three concentric cir- 
cles with radiuses 9.5cm, 5cm, 3cm, two concentric conics 
with half long axis and half short axis 12.5cm, 7.5cm, and 
9cm, 6cm, as shown in Fig.3. Five images were taken from 
five distinct orientations. The conic of the image was de- 
tected by Randomized Hough Transform and fitted by Or- 
thogonal Distance Regression (shown in Fig.4). We applied 
our calibration algorithm to the images. Firstly, we used the 
first 2, 3, 4, or all 5 images to calibrate the camera. The 
results are list in Table 1. We also used the four of the five 
images to calibrate the camera. The results are shown in 
Table 2. Both results are very consistent with each other. 

In order to evaluate the performance of the proposed 
technique, we verified the calibrated camera parameters 
with a stereo vision experiment. Two images of a calibra- 
tion pattern (see Fig.5) were taken by the same camera as 
used above for the calibration. Mainly two sides of the cal- 
ibration pattem are visible in images. We manually picked 
9 point matches on each side (indicated by cross), and use 
the structure-from-motion method proposed by Zhang [ 121 
to reconstruct the calibration pattern with the above cali- 
brated camera intrinsic parameters. Two views of the recon- 
structed calibration pattem are shown in Fig.6, from which 
we can see the reconstructed points are indeed coplanar. 
The computed angle between the two reconstructed planes 
is 91.1148031866572", which is very close to the ground 
truth (90'). 

5. Conclusions 

We proposed a planar conic based calibration technique, 
which only requires the camera to observe a model plane 
with 3 or more than 3 concentric conics from a few ori- 
entations. The motion does not need to be known. Only 
matrix computations are needed once the conic parameters 
are obtained, and there is no need to refine the results by 
nonlinear optimizations. Using conics as geometric primi- 
tives, the proposed technique gains considerable robustness, 
and greatly reduces the difficulty of the primitive correspon- 
dences. Both computer simulation and real data have been 
used to test the validity of our new calibration technique. 
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Fig. 3 Five images of the model plane 

P 
Y 

No. of images 
a 

Fig.4 The detected conics of the five images 

2 images 3 images 4 images 
141 0.234 19860267 1379.74660762767 1383.1598462 1025 
14 15.061 94927586 1390.9277406454 1393.55533132077 

0 1.3954381033933 1.2110201911 172 

Fig. 5 Two images of the calibration pattern Fig. 6 Two views of the reconstructed 

V ,  

calibration pattern 

434.082610510191 I 430.780137322556 I 432.236975787966 I 432.934509446601 

Table 1 Results with real data of 2 through 5 images 

Table 2 Variation of the calibration results among all quadruples of images 

432.236975787966 
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