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M OTIVATION

Model Based Specular Object Recognition

Given a set of structural and re�ectance models of objects, � nd the model that can
best generate the query image.

Image = Object Model � Lighting, so

Correct Model = argmin
Model

min
Lighting

jjModel � Lighting � Imagejj (1)

Lighting: Spherical Harmonics (basis for functions of direction, i.e functions de-
�ned on a sphere.)

Model: Structural (Surface Normals, etc. . . ) and Re�ectance (BRDF, etc. . . )

Lambertian and Specular Objects
Lambertian Objects: Lighting change

only causes limited variation in ap-
pearance due to low pass �lter like
effect; so unconstrained optimization
in a low dimensional subspace is very
successful.

Specular Objects: Lighting change can
alter appearance drastically; Using
unconstrained lighting, they can be
made to look almost like anything
else. This makes the recognition
problem very hard. For example, it is
impossible to recognize a mirror from
a single query image.

If lighting is constrained to be non-
negative, the appearance variability is

greatly reduced. Belhumeur and Krieg-
man and Basri and Jacobs give approx-
imate methods to enforce this. Our
method is more exact and faster.

Experiments on synthetic images
Model = � (mirror) +(1 � � ) (uniform Lambertian). Query images are single spherical ha rmonics +
constant.
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Error vs. query image frequency and model specularity: Non- negativity (a) not imposed (LIN), (b)

imposed (SDP) Since it is not physically possible to get these query images from a uniform albedo,

more error is better .
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I NTUITIVE I DEAS

What is the problem? In the optimization (1), the lighting should be
non-negative. Since we use a spherical harmonic representation, we
need a constraint to ensure that the lower order coef�cients belon g
to a non-negative lighting function. The analogous Fourier series
problem is controlling the range of a function using its lowe r order
Fourier series coef�cients.

So can we just invert the Fourier series and constrain the tim e do-
main function? No. This way we leave out a lot of eligible non-
negative functions whose low frequency approximations hap pen to
be negative at places. For example, the left function can be made non-
negative by adding higher frequencies, while the right cann ot.
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Then How? We can represent the time domain multiplication of a
(low frequency) function by another as a matrix-vector prod uct in the
Fourier series domain:

P(f̂ )ĝ = cfg

Now consider the eigenvalues of P(f̂ ), i.e the solutions of P(f̂ )ĝ =
cfg = � (f )ĝ. In the time domain, we have fg = � (f )g. This equation
indicates that the values taken by f must be similar to the eigen-
values of the matrix P(f̂ ). Thus, by constraining the eigenvalues of
P(f̂ ) in the Fourier series domain, we can constrain the values of
the function f in time domain. In the above example, the least eigen-
values for the two functions are 0 and � 0:12respectively. We can get
an analogous constraint for spherical harmonics. So to make a func-
tion non-negative, we just constrain the matrix P(f ) to be positive
semide�nite (all eigenvalues non-negative).

How do we use this constraint? Since this is a convex constraint,
we can use Semide�nite Programming , which uses a fast polyno-
mial time algorithm guaranteed to �nd globally optimal solu tions to
constrained convex optimization problems.

THE N ITTY GRITTY DETAILS

The Non-negativity constraint

Function multiplication as matrix multiplication:
S1 (circle): Fourier Series (The Toeplitz matrix) S2 (sphere): Spherical Harmonics

Tn(f ) = Qn[f ]Qn =

2
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TL (f )(l1m1;l2m2) = PL [f ]PL(l1m1;l2m2)

=
l1+ l2X

l= jl1� l2j

f l;m1� m2
G(ll 2l1;m1 � m2; m2; m1)

G is the Spherical Harmonic Coupling (Gaunt) coef�cient.

Theorem (Range of eigenvalues of Tn(f ) and TL (f )): m = ess inff and M = ess supf
f (� ) 2 L1(S1), then

m � � (n)
1 � � (n)

2 � � � � � � (n)
n+1 � M

f (u) 2 L1(S2), then

m � � (L)
1 � � (L)

2 � � � � � � (L)
(L+1)2 � M

Theorem (Eigenvalue distribution theorem in S1(Szego) and S2): F (� ) is any continuous function.
f (� ) 2 L1(S1)

lim
n!1

F (� (n)
1 ) + � � � + F (� (n)

n+1)

n + 1
=

1
2�

Z

S1
F (f (� ))d�

f (u) 2 C(S2) \ H 1=2(S2)

lim
L!1

F (� (L)
1 ) + � � � + F (� (L)

L+1)

(L + 1)2 =
1

4�

Z

S2
F (f (u))d� (u)

The eigenvalues are distributed as the values of the functio n itself.

Corollary: limn!1 � (n)
1 = m; limn!1 � (n)

n+1 = M

If a function f is non-negative everywhere, then TL (f ) is positive semide�nite ( TL (f ) � 0)

Applying the constraint: semide�nite programming
The constrained optimization problem is:

min
a

jjMa � r jj2 subject to TL (a) � 0

(r = image, a = spherical harmonic lighting coef�cients
and each column of M is the image obtained when
the object is lit by a single unit spherical harmonic.)
where TL (a) =

P L
l=0

P l
m= � l almGlm with Glm(l1(l1+1)+

m1; l2(l2 + 1) + m2) = G(ll 2l1;mm2m1).
Applying QR decomposition to M and using the

dummy variable q, we get,

min
a

q subject to q > jjRa � QT r jj2 and TL (a) � 0

In Semide�nite programming form, this becomes,

min
a

q

subject to 1 + q �

�
�
�
�

�
�
�
�

1 � q
Ra � QT r

�
�
�
�

�
�
�
� and TL (a) � 0

Experiments on real images
Shiny rubber ball

(a) (b) (c) (d) (e)
We measured the albedo (a) and specularity (4% mirror) of a shiny rubber ball. We took a query image (b) and
calculated the error without using the constraint (LIN), tr eating the object as Lambertian (LAMB) and using our
method (SDP). The models used were a uniform albedo model, and the correct model with progressive amounts
of Gaussian noise added. (c),(d),(e) show the noise levels (8.3%, 15.4% and 24.5%) when LIN, LAMB and SDP
respectively confused between the correct and uniform mode ls.

Ceramic shaker

(a) (b) (c) (d) (e) (f)
Ceramic shaker (LIN vs SDP): Left to Right: (a) Measured Albed o. (b) Query image. Best images using (c) correct
model and LIN (8.0% error). (d) uniform model and LIN (8.7% er ror). (e) correct model and SDP (10.3% error).
(f) uniform model and SDP (11.8% error). SDP has a higher error difference than LIN between correct and wrong
models, and so should be harder to fool.


