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Abstract

This document is intended for computer scientists who would like to try out a Markov Chain Monte
Carlo (MCMC) technique, particularly in order to do inference with Bayesian models on problems related
to text processing. We try to keep theory to the absolute minimum needed, and we work through the
details much more explicitly than you usually see even in “introductory” explanations. That means we’ve
attempted to be ridiculously explicit in our exposition and notation.

After providing the reasons and reasoning behind Gibbs sampling (and at least nodding our heads
in the direction of theory), we work through two applications in detail. The first is the derivation of a
Gibbs sampler for Naive Bayes models, which illustrates a simple case where the math works out very
cleanly and it’s possible to “integrate out” the model’s continuous parameters to build a more efficient
algorithm. The second application derives the Gibbs sampler for a model that is similar to Naive Bayes,
but which adds an additional latent variable. Having gone through the two examples, we discuss some
practical implementation issues. We conclude with some pointers to literature that we’ve found to be
somewhat more friendly to uninitiated readers.

1 Introduction

Markov Chain Monte Carlo (MCMC) techniques like Gibbs sampling provide a principled way to approximate
the value of an integral.

1.1 Why integrals?

Ok, stop right there. Many computer scientists, including a lot of us who focus in natural language processing,
don’t spend a lot of time with integrals. We spend most of our time and energy in a world of discrete events.
(The word bank can mean (1) a financial institution, (2) the side of a river, or (3) tilting an airplane. Which
meaning was intended, based on the words that appear nearby?) Take a look at Manning and Schuetze
[16], and you’ll see that the probabilistic models we use tend to involve sums, not integrals (the Baum-Welch
algorithm for HMMs, for example). So we have to start by asking: why and when do we care about integrals?

One good answer has to do with probability estimation.! Numerous computational methods involve
estimating the probabilities of alternative discrete choices, often in order to pick the single most probable
choice. As one example, the language model in an automatic speech recognition (ASR) system estimates
the probability of the next word given the previous context. As another example, many spam blockers use

1This subsection is built around the very nice explication of Bayesian probability estimation by Heinrich 8].
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Figure 1: Probability of generating the coin-flip sequence HHHHTTTTTT, using different values for
Pr(heads) on the z-axis. The value that maximizes the probability of the observed sequence, 0.4, is the
maximum likelihood estimate (MLE).

features of the e-mail message (like the word Viagra, or the phrase send this message to all your friends) to
predict the probability that the message is spam.

Sometimes we estimate probabilities by using mazimimum likelihood estimation (MLE). To use a standard
example, if we are told a coin may be unfair, and we flip it 10 times and see HHHHTTTTTT (H=heads,
T=tails), it’s conventional to estimate the probability of heads for the next flip as 0.4. In practical terms,
MLE amounts to counting and then normalizing so that the probabilities sum to 1.
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Formally, MLE produces the choice most likely to have generated the observed data.

In this case, the most natural model p has just a single parameter, 7, namely the probability of heads
(see Figure 1).2 Letting X = HHHHTTTTTT represent the observed data, and y the outcome of the next
coin flip, we estimate

Tmre = argmaxPr(X|m) (2)
Pr(ylX) =~ Pr(yltmre) (3)

On the other hand, sometimes we estimate probabilities using mazimum a posteriori (MAP) estimation.
A MAP estimate is the choice that is most likely given the observed data. In this case,

Tvmap = argmaxPr(n|X)
B Pr(X|m) Pr(n)
= argmax Pr(X)
= argmax Pr(X|r) Pr(n) (4)
Pr(y|X) =~ Pr(yltmap) ()

2Specifically, 1 models each choice as a Bernoulli trial, and the probability of generating exactly this heads-tails sequence for
a given 7 is (1 —7)%. If you type Plot [p~4(1-p)~6,{p,0,1}] into Wolfram Alpha, you get Figure 1, and you can immediately
see that the curve tops out, i.e. the probability of generating the sequence is highest, exactly when p = 0.4. Confirm this by
entering derivative of p~4(1-p)~6 and you’ll get % = 0.4 as the maximum. Thanks to Kevin Knight for pointing out how
easy all this is using Wolfram Alpha. Also see discussion in Heinrich [8], Section 2.1.



In contrast to MLE, MAP estimation applies Bayes’s Rule, so that our estimate (4) can take into account
prior knowledge about what we expect 7 to be in the form of a prior probability distribution Pr(w).? So,
for example, we might believe that the coin flipper is a scrupulously honest person, and choose a prior
distribution that is biased in favor of Pr(7) = 0.5. The more heavily biased that prior distribution is, the
more evidence it will take to shake our pre-existing belief that the coin is fair.*

Now, MLE and MAP estimates are both giving us the best estimate, according to their respective
definitions of “best.” But notice that using a single estimate — whether it’s ;g or Tpap — throws away
information. In principle, 7 could have any value between 0 and 1; mightn’t we get better estimates if we
took the whole distribution p(7|X) into account, rather than just a single estimated value for 7?7 If we do
that, we’re making use of all the information about 7 that we can wring from the observed X.

The way to take advantage of all that information is to calculate an expected value rather than an estimate
using the single best guess for w. Recall that the expected value of a function f(z), when z is a discrete
variable, is

E[f(z)] = > f@)p(2). (6)
z€Z

Here Z is the set of discrete values z can take, and p(z) is the probability distribution over possible values
for z. If z is a continuous variable, the expected value is an integral rather than a sum:

Blf(2)] = / F(2)p(z) d. (7)

For our example, z = 7, the function f we’re interested in is f(z) = Pr(y|n), and the distribution over which
we're taking the expectation is Pr(7|X), i.e. the whole distribution over possible values of 7w given that we’ve
observed X. That gives us the following expected value for y:

Pr(y|X) = /Pr(y|7r)Pr(7r|X)d7r (8)

where Bayes’s Rule defines
Pr(X|r) Pr(r)

Pr(n|X) = W "
Pr(X|r) Pr(r)
[ Pr(y|m) Pr(r)dr’ (10)

Notice that, unlike (3) and (5), Equation (8) is a true equality, not an approximation. It takes fully into
account our prior beliefs about what the value of 7 will be, along with the interaction of those prior beliefs
with observed evidence X'

Equations (8) and (10) provide one compelling answer to the question we started with. Why should even
discrete-minded computer scientists care about integrals? Because computing integrals makes it possible to
compute expected values, and those can help us improve the parameter estimates in our models.?

3We got to (4) from the desired posterior probability by applying Bayes’s Rule and then ignoring the denominator since the
argmax doesn’t depend on it.

4See http://www.math.uah.edu/STAT /objects/experiments/BetaCoinExperiment.xhtml for a nice applet that lets you ex-
plore this idea. If you set a = b = 10, you get a prior strongly biased toward 0.5, and it’s hard to move the posterior too
far from that value even if you generate observed heads with probability p = 0.8. If you set a = b = 2, there’s still a bias
toward 0.5 but it’s much easier to move the posterior off that value. As a second pointer, see some nice, self-contained slides at
http://www.cs.cmu.edu/~lewicki/cp-s08 /Bayesian-inference.pdf.

5Chris Dyer (personal communication) points out you don’t have to be doing Bayesian estimation to care about expected
values. For example, better ways to compute expected values can be useful in the E step of expectation-maximization algorithms,
which give you maximum likelihood estimates for models with latent variables. He also points out that for many models,
Bayesian parameter estimation can be a whole lot easier to implement than EM. The widely used GIZA++ implementation of
IBM Model 3 (a probabilistic model used in statistical machine translation [14]) contains 2186 lines of code; Chris implemented
a Gibbs sampler for Model 3 in 67 lines. On a related note, Kevin Knight’s excellent “Bayesian Inference with Tears: A tutorial
workbook for natural language researchers” [10] was written with goals very similar to our own, but from an almost completely
complementary angle: he emphasizes conceptual connections to EM algorithms and focuses on the kinds of structured problems
you tend to see in natural language processing.



1.2 Why sampling?

The trouble with integrals, of course, is that they can be very difficult to calculate. The methods we learned
in calculus class are fine for classroom exercises, but often cannot be applied to interesting problems in the
real world. Here we’ll briefly describe why Gibbs sampling makes things easier.

1.2.1 Monte Carlo: a circle, a square, and a bag of rice

Gibbs Sampling is an instance of a Markov Chain Monte Carlo technique. Let’s start with the “Monte
Carlo” part. You can think of Monte Carlo methods as algorithms that help you obtain a desired value by
performing simulations involving probabilistic choices. As a simple example, here’s a cute, low-tech Monte
Carlo technique for estimating the value of 7 (the ratio of a circle’s circumference to its diameter).®

Draw a perfect square on the ground. Inscribe a circle in it — i.e. the circle and the square are centered
in exactly the same place, and the circle’s diameter has length identical to the side of the square. Now take
a bag of rice, and scatter the grains uniformly at random inside the square. Finally, count the total number
of grains of rice inside the circle (call that C), and inside the square (call that S).

You scattered rice at random. Assuming you managed to do this pretty uniformly, the ratio between the
circle’s grains and the square’s grains (which include the circle’s) should approximate the ratio between the
area of the circle and the area of the square, so
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Solving for 7, we get m ~ .

You may not have realized it, but we just solved a problem by approximating the values of integrals. The
true area of the circle, 71'(%)2, is the result of summing up an infinite number of infinitessimally small points;
similarly for the the true area d? of the square. The more grains of rice we use, the better our approximation

will be.

1.2.2 Markov Chains: walking the right walk

In the circle-and-square example, we saw the value of sampling involving a uniform distribution, since the
grains of rice were distributed uniformly within the square. Returning to the problem of computing expected
values, recall that we're interested in E,,[f(2)] (equation 7), where we’ll assume that the distribution p(x)
is mot uniform and, in fact, not easy to work with analytically.

Figure 2 provides an example f(z) and p(z) for illustration. Conceptually, the integral in equation (7)
sums up f(z)p(z) over infinitely many values of z. But rather than touching each point in the sum exactly
once, here’s another way to think about it: if you draw N points 2(9), z(1) 22 2(N) from the probability
density p(z), then

Eyolf(2)] = Jim © 3 (=), (12

That looks a lot like a kind of averaged value for f, which makes a lot of sense since in the discrete case
(equation 6) the expected value is nothing but a weighted average, where the weight for each value of z is
its probability.

Notice, though, that the value in the sum is just f(z®), not f(2®)p(z®) as in the integral in equation (7).
Where did the p(z) part go? Intuitively, if we're sampling according to p(z), and count(z) is the number of
times we observe z in the sample, then %count(z) approaches p(z) as N — o0o. So the p(z) is implicit in the
way the samples are drawn.”

6We're elaborating on the introductory example at http://en.wikipedia.org/wiki/Monte_Carlo_ method.

"Okay — we’re playing a little fast and loose here by talking about counts: with Z continuous, we’re not going to see two
identical samples z(¥) = 2(J) | so it doesn’t really make sense to talk about counting how many times a value was seen. But we
did say “intuitively”, right?



Figure 2: Example of computing expectation Ep)[f(z)]. (This figure was adapted from page 7 of the
handouts for Chris Bishop’s presentation “NATO ASI: Learning Theory and Practice”, Leuven, July 2002,
http:/ /research.microsoft.com/en-us/um/people/cmbishop/downloads/bishop-nato-2.pdf )

Looking at equation (12), it’s clear that we can get an approzimate value by sampling only a finite number
of times, T

By ()] = 7 D F(). (13)

Progress! Now we have a way to approximate the integral. The remaining problem is this: how do we sample
20 2 22 2T according to p(z)?

There are a whole variety of ways to go about this; e.g., see Bishop [2] Chapter 11 for discussion of rejec-
tion sampling, adaptive rejection sampling, adaptive rejection Metropolis sampling, importance sampling,
sampling-importance-sampling,... For our purposes, though, the key idea is to think of z’s as points in a
state space, and find ways to “walk around” the space — going from z(® to z(!) to z(2) and so forth — so
that the likelihood of visiting any point z is proportional to p(z). Figure 2 illustrates the reasoning visually:
walking around values for Z, we want to spend our time adding values f(z) to the sum when p(z) is large,
e.g. devoting more attention to the space between z; and 2, as opposed to spending time in less probable
portions of the space like the part between zo and z3.

A walk of this kind can be characterized abstractly as follows:

Let 29 = a random initial point
For t = 1..T,
Lt+1) — g(z(t))

Here g is a function that makes a probabilistic choice about what state to go to next, according to an explicit
or implicit transition probability prang(2H1[2(0), 21 . 2(1)8

8We’re deliberately staying at a high level here. In the bigger picture, g might consider and reject one or more states before
finally deciding to accept one and return it as the value for 2(t+1) - See discussions of the Metropolis-Hastings algorithm, e.g.
Bishop [2], Section 11.2.



The part about probabilistic choices makes this a Monte Carlo technique. What will make it a Markov
Chain Monte Carlo technique is defining things so that the next state you visit, z(**1, depends only on the
current state z(). That is,

ptrans(z(t+1)|z(0)v 2(1)’ s Z(t)) = ptrans(z(t+l)|z(t))~ (14)

For you language folks, this is precisely the same idea as modeling word sequences using a bigram model,
where here we have states z instead of having words w.

We included the subscript trans in our notation, so that pirang can be read as “transition probability”,
in order to emphasize that these are state-to-state transition probabilities in a (first-order) Markov model.
The heart of Markov Chain Monte Carlo methods is designing g so that the probability of visiting a state
z will turn out to be p(z), as desired. This can be accomplished by guaranteeing that the chain, as defined
by the transition probabilities ptrang, meets certain conditions. Gibbs sampling is one algorithm that meets
those conditions.”

1.2.3 The Gibbs sampling algorithm

Gibbs sampling is applicable in situations where Z has at least two dimensions, i.e. each point z is really
z={(z1,...,2k), with k > 1. The basic idea in Gibbs sampling is that, rather than probabilistically picking
the next state all at once, you make a separate probabilistic choice for each of the k& dimensions, where each
choice depends on the other k — 1 dimensions.!® That is, the probabilistic walk through the space proceeds
as follows:

0 (0)

Pick values for 20 = (21", . .., z;. 7). This is your initial state.

Fort=1.T,
(

For i = 1..k, pick value zitﬂ) by sampling from the following distribution:

t4+1 t+1) (1) _(t t
Pr(Z-|Z(t+1) Z(t+1) Z(t) Z(t)) . PI‘(Z% )7,..,21(_1 )72:1( )7 f-i-)l”zl(c)) (15)
vl v %=1 il %k ) T t+1 t+1 t t
Pr(zg ),...,zz(_l),zg_gl,...,z,(c))
) . : t+1 t+1
— You've just computed your new point z(+1) = g(z()) = <z§ o z,(C ).

You can think of each dimension z; as corresponding to a parameter or variable in your model. Using
equation (15), we sample the new value for each variable according to its distribution based on the values
of all the other variables. During this process, new values for the variables are used as soon as you obtain
them. For the case of three variables:

e The new value of z; is sampled conditioning on the old values of zo and z3.
e The new value of z; is sampled conditioning on the new value of z; and the old value of zs3.

e The new value of z3 is sampled conditioning on the new values of z; and zs.

1.3 The remainder of this document

So, there you have it. Gibbs sampling makes it easier to obtain the values for integrals, e.g. computing
expected values, by defining a conceptually straightforward approximation. This approximation is based
on the idea of a probabilistic walk through a state space whose dimensions correspond to the variables or
parameters in your model.

9We told you we were going to keep theory to a minimum, didn’t we?
10There are, of course, variations on this basic scheme. For example, “blocked sampling” groups the variables into b < k
blocks and the variables in each block are sampled together based on the other b — 1 blocks.



WEell, ok... but. Trouble is, from what we can tell, most descriptions of Gibbs sampling pretty much stop
there (if they’ve even gone into that much detail). To someone relatively new to this territory, though, that’s
not nearly far enough to figure out how to do Gibbs sampling. How exactly do you implement the “sampling
from the following distribution” part at the heart of the algorithm (equation 15) for your particular model?
How do you deal with continuous parameters in your model? How do you actually generate the expected
values you're ultimately interested in (e.g. equation 8), as opposed to just doing the probabilistic walk for
T iterations?

Just as the first part of this document aimed at explaining why, the remainder aims to explain how.
In Section 2, we take a very simple probabilistic model — Naive Bayes — and describe in considerable
(painful?) detail how to construct a Gibbs sampler for it. This includes two crucial things, namely how to
employ conjugate priors to integrate out continuous parameters (drastically simplifying what you’ll need to
implement), and how to actually sample from conditional distributions per equation (15).

In Section 3 we go through a second example. Based on the Latent Sentence Perspective Model [12], this
model is structured very similarly to the Naive Bayes model as we describe it in Section 2 (which predicts
document classes based on words), but it adds a single latent variable (at the level of sentences). Once
you've understood what’s going on here, you should be equipped to move on to more complex latent variable
models such as Latent Dirichlet Allocation (LDA).!!

In Section 4 we discuss how to actually obtain values from a Gibbs sampler, as opposed to merely watching
it walk around the state space. (Which might be entertaining, but wasn’t really the point.) Our discussion
includes convergence and burn-in, auto-correlation and lag, and other practical issues.

In Section 5 we conclude with pointers to other things you might find it useful to read, as well as an
invitation to tell us how we could make this document more accurate or more useful.

2 Deriving a Gibbs Sampler for a Naive Bayes Model

In this section we consider Naive Bayes models.'? Let’s assume that items of interest are documents, that
the features under consideration are the words in the document, and that the document-level class variable
we’re trying to predict is a sentiment label whose value is either 0 or 1. This makes the discussion concrete,
and uses the same problem setting we’ll also use in Section 3 when we talk about a slightly more complicated
model. For ease of reference, we present our notation in Figure 3. Figure 4 describes the model as a “plate
diagram”, to which we refer as the model is described.

2.1 Modeling How Documents are Generated

Given an unlabeled document W, our goal is to pick the best label L;, and hence its membership in either
Cop or Cy. The usual treatment of these models is to equate “best” with “most probable”, and therefore our
goal is to choose the label L; that maximizes Pr(L;|W;). Applying Bayes’s Rule,

Pr(W,|L;)Pr(L;)
argmax Pr(L;|W,) = argmax J ) J
o (L5IW) o Pr(W;)
o« argmax Pr(W,|L;) Pr(L,),
L.

J

where the denominator Pr(W)) is omitted (changing the equality to a proportionality) because it does not
depend on Lj;.

This application of Bayes’s rule — the “Bayes” part of “Naive Bayes” — makes it natural to think of
the model in terms of a “generative story” that accounts for how documents are created. According to that

1'We don’t cover LDA, but we’d recommend going from here to Heinrich [8] to learn about it. See Section 5.
12This section owes a great deal to Prithvi Sen’s patient and gracious explanation of how to derive a Naive Bayes Gibbs
sampler in which the continuous parameters have been integrated out.



\% number of words in the vocabulary.

N number of documents in the corpus.

Yrls Y0 hyperparameters of the Beta distribution.

Yo hyperparameter vector for the multinomial prior.

Yoi pseudocount for word 1.

C, set of documents labeled .

C the set of all documents.

Co (C1) number of documents labeled 0 (1).

W; document j’s frequency distribution.

Wi frequency of word ¢ in document j.

L vector of document labels.

L; label for document j.

0; probability of word 4.

Oz,i probability of word 4 from the distribution of class x.
Ne, (7) number of times word ¢ occurs in the set of all documents labeled z.
Nw, (i) number of times word ¢ occurs in W

c=2 set of all documents except W

ci? set of all documents from class = except W

L(=9) vector of all document labels except L;

C’éﬂ) (Cl(fj)) number of documents labeled 0 (1) except for W

Figure 3: Notation for the discussion of Naive Bayes.
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Figure 4: Naive Bayes plate diagram




story, we first pick the class L; of the document; our model will assume that’s done by flipping a coin whose
probability of heads is some value 7 = Pr(L; = 1). We can express this a little more formally as

L; ~ Bernoulli(r).

Then, for every one of the R; word positions in the document, we pick a word w; independently by
sampling randomly according to a probability distribution over words. Which probability distribution we
use is based on the label L; of the document, so we’ll write them as 8y and 6. Formally one would describe
the creation of document j’s bag of words as:

W; ~ Multinomial(8). (16)

The assumption that the words are chosen independently is the reason we call the model “naive”.

Notice that logically speaking, it made sense to describe the model in terms of two separate probability
distributions, 8y and 601, each one being a simple unigram distribution. The notation in (16) doesn’t explicitly
show that what happens in generating W; depends on whether L; was 0 or 1. Unfortunately, that notational
choice seems to be standard, even though it’s less transparent.!®> We indicate the existence of two 6s by
including the 2 in the lower rectangle of Figure 4, but many plate diagrams in the literature would not.

And that’s it: our “generative story” for the creation of a whole set of labeled documents (W,,, L,),
according to the Naive Bayes model, is that this simple document-level generative story gets repeated N
times, as indicated by the N in the upper rectangle in Figure 4.

2.2 Priors

Well, ok, that’s not completely it. Where did 7 come from? Our generative story is going to assume that
before this whole process began, we also picked 7w randomly. Specifically we’ll assume that 7 is sampled from
a Beta distribution with parameters v,1 and 9. These are referred to as hyperparameters because they are
parameters of a prior, which is itself used to pick parameters of the model. In Figure 4 we represent these two
hyperparameters as a single two-dimensional vector v, = (Vx1,Vr0). When v.1 = vz0 = 1, Beta(Vr1,7x0)
is just a uniform distribution, which means that any value for 7 is equally likely. For this reason we call
Beta(1,1) an “uninformed prior”.

Similarly, where do 8y and 81 come from? Just as the Beta distribution can provide an uninformed prior
for a distribution making a two-way choice, the Dirichlet distribution can provide an uninformed prior for
V-way choices, where V' is the number of words in the vocabulary. Let v, be a V-dimensional vector where
the value of every dimension equals 1. If 8 is sampled from Dirichlet(y,y), every probability distribution
over words will be equally likely. Similarly, we’ll assume 64 is sampled from Dirichlet(vy,).14

Choosing the Beta and Dirichlet distributions as priors for binomial and multinomial distributions, re-
spectively, helps the math work out cleanly. We’'ll discuss this in more detail in Section 2.4.2.

2.3 State space and initialization

Following Pedersen [18, 19], we’re going to describe the Gibbs sampler in a completely unsupervised setting
where no labels at all are provided as training data. We’ll then briefly explain how to take advantage of
labeled data.

13The actual basis for removing the subscripts on the parameters 6 is that we assume the data from one class is independent
of the parameter estimation of all the other classes, so essentially when we derive the probability expressions for one class the
others look the same [20].

4 Note that B9 and 01 are sampled separately. There’s no assumption that they are related to each other at all. Also, it’s
worth noting that a Dirichlet distribution ¢s a Beta distribution if the dimension V' = 2. Dirichlet generalizes Beta in the same
way that multinomial generalizes binomial. Now you see why we took the trouble to represent v.1 and yr0 as a 2-dimensional
vector yr.



State space. Recall that the job of a Gibbs sampler is to walk through an k-dimensional state space defined
by the random variables (Z1, Za, ... Zj) in the model. Every point in that walk is a collection (z1, 22, . .. zx)
of values for those variables.

In the Naive Bayes model we’ve just described, here are the variables that define the state space.

e one scalar-valued variable 7
e two vector-valued variables, 8y and 64
e binary label variables L, one for each of the N documents

We also have one variable W for each of the N documents, but these are observed variables, i.e. their
values are already known.

Initialization. The initialization of our sampler is going to be very easy. Pick a value w by sampling from
(0)
J

— that is, the label of document j at the 0 iteration — based on the outcome of the coin flip. You might
think you also need to initialize 8y and 81 by sampling from a Dirichlet distribution, but it will turn out
that you don’t. In fact, when implementing this Gibbs sampler you’ll never need to define those variables

at all!

the Beta(vx1,Vx0) distribution. Then, for each j, flip a coin with success probability m, and assign label L

2.4 Sampling Iterations

Recall that for each iteration ¢ = 1...T of sampling, we update every variable defining the state space by
sampling from its conditional distribution given the other variables, as described in equation (15).
Here’s how we're going to proceed:

e We will define the joint distribution of all the variables, corresponding to the numerator in (15).
e We simplify our expression for the joint distribution.

e We take that simplified expression and show how to simplify things still further by integrating out some
of the variables. This will greatly reduce the amount of work the sampler needs to do (and the amount
of work you need to do when implementing it). In fact, we’ll see that the only variables we’ll need to
keep track of are the counts for the number of documents with each label, and the word frequencies
for each document.

e We use our final expression of the joint distribution to define how to sample from the conditional
distribution.

e We give the final form of the sampler as pseudocode.

2.4.1 Expressing and simplifying the joint distribution

According to our model, the joint distribution is Pr(C, L, 7, 8¢, 01; 1, ¥r0,Ve)-:> Using the model’s gener-
ative story, and, crucially, the independence assumptions that are a part of that story, the joint distribution
can decomposed into a product of several factors:

Pr(7|¥a1, Yx0) X Pr(L|m) x Pr(@o|vy) x Pr(01]v4) x Pr(Co|00) x Pr(C;1]6;)

Let’s look at each of these in turn. (If you don’t care to see the algebra worked out, skip to Section 2.5.)

15The semicolon indicates that the values to its right are parameters for this joint distribution. Another way to say this is
that the variables to the left of the semicolon are conditioned on the hyperparameters given to the right of the semicolon.

10



e Pr(m|vr1,7x0)- The first factor is the probability of choosing this particular value of 7 given that .1
and .o are being used as the hyperparameters of the Beta distribution. By definition of the Beta
distribution, that probability is:

I'(vr1 + vr _ _
R L o L (L a7)

And because
F(’le + ’7770)
F('Y‘n’l)r(')/TrO)

is a constant that doesn’t depend on 7, we can rewrite this as:
Pr(7|yx1,Vr0) = c T/ 711 — ) ¥m0 1, (18)

The constant ¢ is a normalizing constant that makes sure Pr(m|vx1,Vx0) sums to 1 over all 7. T'(x)
is the gamma function, a continuous-valued generalization of the factorial function. We could also
express (18) as

Pr(m|yz1,7m0) oc w77 (1 — )0 (19)

e Pr(L|m). The second factor is the probability of obtaining this specific sequence L of N binary labels,
given that the probability of choosing label = 1 is w. That’s

N
Pr(Ljr) = H aln(1 — 7)A=Ln) (20)
= w_cl(l — m)Co (21)

Recall from Figure 3 that Cy and C; are nothing more than the number of documents labeled 1 and
0 respectively.!6

e Pr(6¢|vy) and Pr(01]vy). The third factors are the probability of having sampled these particular
choices of word distributions, given that -y, was used as the hyperparameter of the Dirichlet distribu-
tion.

Let’s consider each of the word distributions in isolation, allowing us to momentarily elide the extra
subscript. By the definition of the Dirichlet distribution the probability of each word distribution is

vV |V
| (22)

14
= [ (23)
=1
14
o< e (24)
=1

Recall that 7p; denotes the value of vector v,’s it" dimension, and similarly, ; is the value for the
it" dimension of vector @, i.e. the probability assigned by this distribution to the i*" word in the
vocabulary. ¢’ is another normalization constant that we can discard by changing the equality to a
proportionality.

160f course, we could also represent |Co| as N — C4, but we chose the former to make the notation more compact.
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e Pr(Cy|0p) and Pr(Cy|@;). These are the probabilities of generating the contents of the bags of words
in each of the two document classes.

Generating the bag of words W,, for document n depends on that document’s label, L,, and the word
probability distribution associated with that label, 81, (so 6y, is either 8y or 64):

Vv
Pr(W,|Ly,0r,) = [[or%" (25)
=1

Here 6; is the probability of word ¢ in distribution 6, i.e. Pr(W;|0), and the exponent Ny, (i) is the
frequency of word i in W,,.

Now, since the documents are generated independently of each other, we can multiply the value in (25)
for each of the documents in each class to get the combined probability of all the observed bags of
words within a class:

1%
Pr(C.IL,6,) = ][ (26)
n=11=1
ke Ne,, (4)
= JJo" (27)
=1

2.4.2 Choice of Priors

So why did we pick the Dirichlet distribution as our prior for 8y and 6, and the Beta distribution as our
prior for 77 Let’s look at what happens to our estimate of @ and 7 once we observe some evidence (the
words from a single document). Using (24) from above:

Pr(7|L; Y1, Yx0) o  Pr(L|m) Pr(7|Yr1, Yro) (28)
o [7‘(01(1 — W)CO} [7r7“_1(1 - 7T)"”'°_1} (29)
_ 7T01+%r1*1(1 _ 71.)00+’on*1 (30)

Likewise, for 6:

Pr(6|Wy;vy) o< Pr(W,|0)Pr(6]v,)
4 v

o Hgi\fwn(l)ngeﬁl
i=1 i=1

Vv
_ HQ.ZNWH (3)+vei—1 (31)

i=1

If we use the words in all of the documents of a given class, then we have:

v
Pr(6:|Cyivy) o H9£,/f”“’(1)+79,-—1 -
i=1

Notice that (30) is another Beta distribution, with parameters Cy + 7,1 and Co+ 70, and (32) is another
Dirichlet distribution, with parameters N, (i) + v9;- When the posterior probability distribution is of the
same family as the likelihood probability distribution — that is, the same functional form, just with different
arguments — it is said to be the conjugate prior of the posterior. The Beta distribution is the conjugate
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prior for binomial (and Bernoulli) distributions and the Dirichlet distribution is the conjugate prior for
multinomial distributions. To change the proportionality to an equality, we need to normalize using each
distribution’s respective normalizing constant, leaving us with:

F<N + Y1 + '77r0>
F(Ol + 771'1)F(CO + 77r0)

PI‘(77|L;’Y71'17/Y71'0) 7TC1+’Y7r1—1(1 _ ﬂ—)CO"F’on—l (33)

174 . Vv
D Ve, (0) +900) 17 ges (0+v0i-1
1% . N
Hi:1 F(N(Cm (1) + '7(%) i=1 ¢

Note that (33) is the same as the normalized product of (19) and (21), and that (34) is the same as the
normalized product of (24) and (27).

Instead of trying to directly calculate 7, Oy and 61 to use for future estimates (as one would with
expectation maximization), we can derive an equation that gives the probability of generating another
document of a particular class, given the other documents of that class. In other words, we’'d like to
calculate the probability that label L; = 1 is generated given the other labels as evidence, and we want to
calculate the probability of generating a bag of words given the sets Cy and C; as evidence. This actually
simplifies the sampler since it makes the continuous-valued parameters disappear. (If you don’t care about
the details, skip to Section 2.5.3.)

Pr(6.|Cy;vp) = (34)

2.5 Integrating out continuous parameters

The definition of the Gibbs sampler specifies that in each iteration we assign a new value to variable Z; by
sampling from the conditional distribution

Pr(Zi|z§t+1), e zi(tjl), zgr)l, e zﬁt)).
So, for example, to assign the value of 7(!*1) we would need to compute
Pr(ﬂ-|Lgt)a ey Lg\tl)a C, 0(()t)7 Bgt), Yrls VYm0, ’79)5

to assign the value of Lgtﬂ), we need to compute

Pr(Ll |7T(t+1)7 L(Qt)a ey LSff)a C7 0(()t)a 0(1t)7 Y1, VYm0, 70)3

to assign the value of Lét+1)7 we need to compute

PI‘(L2|7T(t+1), Lg+1)a Lgt)v v 7Lsf/')7 (Ca 0(()t)7 egt)7 Y15 Vw05 79)a

and so forth.1” Intuitively, we’re going to pick a bag of words, hold it out from the information we know, then
sample for that bag’s document label given all the other information in the corpus. We do this repeatedly
for each document in turn. Sampling every document once is one iteration.

As mentioned above, we can simplify the sampler by making the continuous-valued parameters m, 6,
and 6, disappear from the calculation. The key is the observation that we can calculate the conditional
probability of generating a document of a particular class, given the other documents in the class, by
integrating over all possible word distributions. Intuitively, this is precisely the same principle as computing
the marginal probability for a discrete distribution. If we have an expression for Pr(a,b), we can compute
Pr(a) by summing over all possible values of b, i.e. Pr(a) =), Pr(a,b). Summing of b is a way of getting
rid of it in our expression for Pr(a). With continuous variables we integrate over all possible values of the
variable rather than summing.

17There’s no superscript on the bags of words W, because they’re fully observed and don’t change from iteration to iteration.
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2.5.1 Integrating out =7

We'll start by integrating out 7, and we’ll see that the principles we apply here will also come into play
again when we integrate out 6, with appropriate differences for 8 being a multinomial. Our discussion in
this section comes largely from Goldwater’s [6] Ph.D. thesis.

Our goal is to calculate the probability of generating a particular label (and document as a consequence)
given all of the other labels that have been generated.

Pr(L; = 1Ly, 900) = /Pr(Lj = 1|m) Pr(n| L v, ymo ) dmr (35)

PN+ w1+ 90 —1) iy Cotryro—1
= T T G 1 —m)~om o= dqr 36
/ F<Cl + 'YTrl)F(CO + 77\’0) ( ) ( )

L(N +Yr1 + Y0 — 1) Cr4vr Cotrymo—1

F(Cl " ,77‘—1)1_‘(00 " %O) /7T 1+ 1(1 _ 7T) o+Y=0 dm (37)

_ L(N 4751+ 90— 1) T'(C1 + 971 + DT(Co + vr0) (38)
L(C1 4+ 721)T(Co + 9m0) T(N =1+ 971 + vr0 + 1)

_ Ci +Vr1 (39)
N + Yr1 + Ym0 — 1

Note here that we’re explicitly leaving L; out of the calculation since we’re looking at all other labels as
evidence. This means that either Cy or C; will be one less, and we take this into account before calculating
(39), hence the Cyp+C; = N — 1 simplification. We get to line (36) by substituting the definition of = and by
equation (17) above. Since the normalization constant of the Dirichlet distribution does not contain , it is
constant with respect to the integral and we factor it out, then simplify the single 7. Notice that the integral
in (37) is now of a particularly convenient form—it’s a Beta distribution! Since the Beta distribution is a
probability distribution, it needs to sum to one, the value of the integral is just its normalization constant
(see equations 17 and 18). Substituting the normalization constant in for the integral gets us (38). Finally,
we apply the identity I'(x + 1) = zI'(x) to cancel all of the I' functions, leaving us with a fairly intuitive
result: the probability of generating another document with label 1 is the ratio of the number of documents
currently labeled 1 plus the pseudocounts representing our prior, to the total number of documents and
pseudocounts.

2.5.2 Integrating out 0

Our goal here will be to obtain a crucial probability: the probability that a document was generated from
the same distribution that generated the words of a particular class of documents, C,. We start first by
calculating the probability of generating a specific word given the other words in the class, subtracting out
the information about W, so in the equations that follow there’s an implicit (—j) superscript on all of the
counts. If we let w;, denote the word at some position k£ in W; then,
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Pr(wy = yICCiy) = / Pr(uwy, = 46) Pr(B]C.): ,)d6 (40)
A

INOM ; . _
—_ / az,y (VX:ZZINC Z + rye H N\/m( )+"/97, 1d0 (41)
A [L,_i T(WNe, (2) +v6i) 13

D( i Ne, (6) + i
H ( Ce (Z) + Yoi
(Zz 1NC1 (7’) + Yoi

/9 ,yﬂe (DF0i=1 49 (42)
A

)
)
_ ) NCJL (¥)+70y GNCJ:( )+791—1d0 43
AT AL - H% 9)
_ (Zl 1NC (Z) + 791) ( ( ) =+ Yoy + 1) Hz 1Ni#y (N(Cm (Z) + 791') (44)
H¢:1 (Me, (4) + vei) (Zi:lN(Cz( )+ Yoi + 1)
_ Ne, (y) + ’YGy (45)

Zz—l'/\/(c + 792

Crucially, here we define (Cg(fj ) as the set of all documents in class z except for W ;. Similar to the size of
each class from the calculation above, note that since document j is in exactly one of Cy or C;, for one class
it will be the case that (Cg_j) = C, and for the other Cgc_j) =C, — {W]} The process we use to integrate
out 0 is exactly the same as for integrating out m, though now we’re doing it for a multinomial. The set A
is the probability simplex of @, namely the set of all @ such that >, 6; = 1. We get to (41) by substitution
from the formulas we derived in Section 2.4.2, then (42) by factoring out the normalization constant for
the Dirichlet distribution, since it is constant with respect to 6. Note that the integrand of (43) is actually
another Dirichlet distribution, so its integral is its normalization constant (same reasoning as before). We
substitute this in to obtain (44). Using the property of I' that I'(x + 1) = zI'(z) for all z, we can again
cancel all of the I' terms.

Since we assume that the words within a particular document are drawn from the same distribution, we
calculate the probability of W by multiplying (45) over all words in the vocabulary.

Y Neean (6) + 70

Pr(W,[C{7); ) = (46)
11—[121 1./\/(])()4-’}/91
Voila! No more continuous variables 7, 8, or 8. So, the full expression for the joint distribution is:
Cl + Y1 CO + Y1 C( J) + Voi
Pr(L, C; vx1, Y70, Yo) = (47)
N+77r1+77\'0_1 N+’Y‘n’1+7ﬂ'0_1 ]HIH’EHOZZ_I/\[(C( J) +"ng

We’ll actually use pieces of this joint distribution in sampling, as you’ll see in a moment.

2.5.3 Sampling the conditional distribution

Okay, so how do we actually do the sampling? We’re almost there. As the final step in our journey, we show
how to select all of the new document labels L;Hl). By definition of conditional probability,

Pr(L;, L9, C9; 971,970, 74)
PT(L(fj), (C(ij); Y15 Vw05 70)
_ Pr(L,Ciyni, vm0,%0) (49)

PF(L(_j), (C(_J)7 Yrls VYm0, ’79)

Pr(L;|L, C; Yr1, Y20, Yo) =

(48)
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where L(=7) are all the document labels except L;, and C(=7) is the set of all documents except W;. The
probability that we’re interested in is (47) divided by what you get when you take (47) and remove all
information gained from W ;. (If you find that confusing, refer back to equation 15.)

Luckily for us, most of the terms will cancel! Remember that each and every term in (47) is nothing more
than either a count or a prior, so all we need to do is remove word counts from W from the totals, then
look at what changes. If we're considering W as class 0, then none of class 1’s counts change, so we don’t
need to consider them (they’ll cancel). Similarly with class 1.!® Additionally, none of the other documents
change while we're sampling for L;, so the product over all documents cancels too, with the exception of
W ;. This leaves us with the two simpler equations that our sampler will actually compute.

(50)

Vo N (@) + vei
Co + 7 c=9 Y64
PI‘(Lj = 0|L,C;’}/ﬂ177ﬂ'0779) . ot H .

N4y + 7m0 =125 ZZV:lN(Cé—j)(i) + Y0i

C1+vm lv—[ Nc(fj)(i) + i

, (51)
NA4ym1+ 7m0 =15 ELINCYj)(z) + 6

Pr(L; = 1|L, C; V1, Yr0: Vo)

Notice that these equations are ezactly the same; they differ only by which class we’re examining. When
we sample, we're effectively asking two questions, and then normalizing. The two questions are:

1. “How likely is it that document n is labeled with a 0 using the corpus as evidence?”

2. “How likely is it that document n is labeled with a 1 using the corpus as evidence?”
So, finally, here’s the procedure to sample from the conditional distribution:

e Let valueQ = expression (50)

e Let valuel = expression (51)

valuel
valueO+valuel

o Let p=

e Sclect the new value for L; as the result of a Bournoulli trial (coin flip) with success parameter p.

2.5.4 Taking advantage of documents with labels

Briefly: don’t sample L; for those documents, always keep L; equal to the observed label. The documents will
effectively serve as “ground truth” evidence for the distributions that created them. Since we never sample
for their labels, they will always contribute to the counts in (50) and (51) and will never be subtracted out.

2.5.5 Putting it all together

Initialization. Define the priors as in Section 2.2 and initialize them as described in Section 2.3.

Sampling iterations.
Fort=1...T,

For j =1...N, i.e. for every document,

If document j is not a labeled training document
Remove document j’s word counts from whatever class it’s a member of
Subtract 1 from the count of documents with label L;

Assign a new label L§t+1) to document j as described at the end of Section 2.5.3.

18See our earlier footnote about why the subscripts on parameters like 6 get dropped.
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V number of words in the vocabulary.

N number of documents in the corpus.

M; number of sentences in document j.

M number of sentences in the entire corpus.

v, two element column vector containing the hyperparameters for .

v, two element column vector containing the hyperparameters for 7y and 7.

Yo  length V column vector for the word distribution hyperparameters.

W N x V matrix where each element W;; is the count of word j in document 1.

GP N x 2 matrix where each element GP;, is the frequency of sentences with perspective label p in document j.
L vector of length N where each element L; is the document sentiment label for document .
S; V' x Mj; matrix where each S;i; is the count of word ¢ in sentence k of document j.

Figure 5: Notation for the discussion of the Latent Sentence Perspective Model (LSPM).

Add 1 to the count of documents with label L;Hl)

Add document j’s word counts to the counts for class LE-tH)
Notice that as soon as a new label for L; is assigned, this changes the counts that will affect the labeling of
the subsequent documents. This is, in fact, the whole principle behind a Gibbs sampler!

That concludes the discussion of how sampling is done. We’'ll see how to get from the output of the
sampler to estimated values for the variables in Section 4.

3 Deriving a Gibbs Sampler for a More Complex Model

The Naive Bayes model is surprisingly useful. =~ However, even more interesting models become possible
when you introduce additional latent variables into the generative story. A familiar example: hidden Markov
models, which explain a sequence of observed symbols in terms of an underlying path through a set of hidden
states.

In this section, we’ll be talking about an extension to Naive Bayes models for purposes of modeling
“perspective”, the Latent Sentence Perspective Model (LSPM) introduced by Lin et al. [12]. Lin et al.
demonstrate that this model is useful in experiments involving the Bitter Lemons corpus, a collection in which
documents about the middle east are written from either an Israeli or Palestinian perspective. (Naturally
one could use this model for labeling document sentiment also, or any other binary class distinction.) In
addition to restructuring their discussion and breaking things out in a lot more detail, we’ll be making
extensive modifications to their notation in the hope of increasing clarity for the reader.

For reference, we provide a legend of the notation we’ll use in this section as Figure 5.

3.1 LSPM Generative Story

In this model, the generative process involves binary perspective labels for documents (e.g., is this document
about middle east politics written from an Israeli or Palestinian perspective?), binary presence-of-perspective
labels for sentences (does this sentence carry perspective, or is it neutral with respect to the two classes,
e.g. a piece of background information?), and of course the words in the sentences. The parameters are as
follows:

e As in the Naive Bayes model described in Section 2, probability 7 is used to generate sentiment labels
for documents. Specifically, 7 is the probability of picking sentiment label 1 for a document, so 1 —
is the probility of picking sentiment label 0. The same 7 is used for every document. We can see this
described graphically in Figure 6 since 7 lies outside of any plate.
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e 7 is the probability that the sentence being generated bears perspective, as opposed to being non-
perspective bearing. We depart from Lin et al’s LSPM here by defining a single 7 for each document,
as opposed to a 7 for each class.!®

e Four vectors 0,45 for d, s € {0,1} x {0,1}. Each vector can be interpreted as a multinomial distribution
over the vocabulary: i.e. 84 is the probability distribution for generating words in the k** sentence of
the j** document, when that document’s label is L; = d and that sentence’s label is P, = s. The ith
dimension of 045 is Pr(w;|L; = d,Pji = s), i.e. the word probability for the it" word on the vocabulary

list, when generating such sentences.

For example, 6y; is the vector of word probabilities used in generating sentences where the strength-of-
perspective is 1 within documents having sentiment label 0. In Lin et al., sentiment label 1 corresponds
to the Israeli perspective, so one might expect this distribution to give high probability to Israeli-
perspective words like security and defend.?°

Given those parameters, let’s look at the generative process for documents according to this model. The
set of documents is generated as follows:

52
53
Or, pjx  ~ Multinomial(V,~,) 54

m ~ Bernoulli(1,7,) (
(
(

L; ~ Bernoulli(1,7) (55
(
(

7; ~ Bernoulli(1,7,)

Pjr ~ Bernoulli(l,7) 56
Sjk  ~ Multinomial(R;, 8) 57

—_ — D O D =

Here X ~ Distrib(¢) indicates as usual that values for random variable X are chosen by sampling from
distribution Distrib with parameters ¢.2! Although this is a pretty standard way to describe a Bayesian
model, let’s break out the details more completely,

For each document j, with j going from 1 to N:

e Pick a sentiment label L; = [; (with I; = 0 or 1) by flipping a biased coin with Pr(L; = 1) ==
(equation 55).
e For each sentence k of document j (from 1 to number of sentences document j, M;):
— Pick a perspective bearing label P, 0 or 1 by flipping a biased coin with Pr(P;x = 1) = 75
(equation 56). 1 indicates that the sentence is perspective bearing.
— Generate the bag S;, of words in the sentence:
Independently for each of the R;, word positions w;, pick a word from the vocabulary with
probability Pr(w;|L;,P;x) = 01, p,, (equation 57).

Observe that the description of the model in (55)-(57), from Lin et al., is so compact as to be confusing to the
uninitiated — in fact, the model really cannot be understood properly without simultaneously looking at the
graphical representation in Figure 2 of Lin et al. (2006). Without paying attention to that “plate diagram”,
it looks to the untrained eye in (56) as though the label for every sentence is governed by the same binomial
distribution, parameterized by a single parameter 7. Not so: as noted in the more computationally oriented
description of the generative process above, there are N such distributions, one for each document. Which
distribution you use for sentence Sjk depends on the value of L;, i.e. the distribution over sentence-level

19Neither way is particularly more complicated than the other, but we find it less intuitive to link the proportions of perspective
bearing sentences in different documents.

20Lin et al. force 01,0 = 60,0, arguing that regardless of whether you’re in Israeli or a Palestinian document, sentences not
expressing a strong perspective can be expected to have the same distribution over the vocabulary. Presumably this distribution
gives higher weight to words that would be used on both sides to express neutral background information.

21This part was actually written before the previous section on Naive Bayes, so there are places where we're re-introducing
something basic or being a little repetitive. We’ll fix this in the next revision.
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Figure 6: LSPM plate diagram

strength-of-perspective labels depends on the document-level sentiment label for the document the sentence
is in. This fact is not reflected anywhere in their formal mathematical description of the model, nor even in
the text describing it; it only shows up in the “plate diagram”, which shows that the frequency distribution
S;r depends on Lj;.

3.2 Expressing the joint distribution

According to our model, the joint distribution is p(W,L, P, 7, 7,6;v.,7,,7e). It can expressed in its full
form in a way that is very similar to the joint distribution in Section 2.4.1. We leave this as an exercise for
the reader, though we plan to provide the full form in an upcoming revision of this document.

3.3 Deriving the LSPM Gibbs Sampler Equations

Similarly, we encourage the reader to work out in detail how to derive the sampling steps for this model, the
outcome of which is equations (58) and (59). Again, we plan to provide the details in an upcoming revision
of this document.?? Crucially, the process will look pretty much identical to what we did with the Gibbs
sampler for Naive Bayes.

The sampling steps are:

P 4y, L (U=pWE 4+ (o= )XY 4 px T 4y,

Pr(S. = plv=F) =
(Sjk =l ) M; 470+ — 1 1:[ o1 [(Wj = Sk)y +70.]

; (58)

=1

where we define (=) to be the set of all variables with the exception of the counts in sentence k of document
7, and

PI'(LJ = x|y(7j)) — C$ + ’77r7r1: (

(59)

» » L y
_ X5 1 DX 4 700) 1 Y 4y,
N +’77r,0 + Vm, 1 — 1

M + 971 +m0 i=1 22,/:1 Y 4y,

We define v(=9) to be the set of all variables with the exception of the counts in the entirety of document
j. C; indicates the total number of documents in the corpus with label z (i.e. Cy = Zfivzl L((i_] ) and

22Better yet, for this and the joint distribution, we offer a footnote and a beer to the first person who does it correctly
themselves and sends it to us in LaTeX (using our notation) so we can just drop it into this document.
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Co=N-— Zilvzl L(([j )). X indicates the total number of perspective bearing sentences in documents labeled
0 (similarly for X;), and Y; indicates the frequency of word 7 in documents with label x. We calculate (59)
with z = 0 and « = 1, then normalize to obtain the probability of assigning label 1 to document j. Notice
the similarity between (59) and equations (50) and (51).

4 Producing values from the output of a Gibbs sampler

The initialization and sampling iterations in the Gibbs sampling algorithm will produce values for each of
the variables, for iterations t = 1,2,...,T. In theory, the approximated value for any variable Z; can simply
be obtained by calculating:

|z
t
— g zl() (60)
t—1

However, expression (60) is not always used directly. There are several additional details to note that are a
part of typical sampling practice.?3

Convergence and burn-in iterations. Depending on the values chosen during the initialization step,
it may take some time for the Gibbs sampler to reach a point where the points (zy), zét)7 . z@) are all
coming from the stationary distribution of the Markov chain, which is an assumption of the approximation
in (60). In order to avoid the estimates being contaminated by the values at iterations before that point, we
generally discard the values at iterations ¢t < B, which are referred to as the “burn-in” iterations, so that

the average in (60) is taken only over iterations B + 1 through 7.%4

Autocorrelation and lag. The approximation in (60) assumes the samples for Z; are independent. But
we know they’re not, because they were produced by a process that conditions on the previous point in the
chain to generate the next point. This is referred to as autocorrelation (sometimes serial autocorrelation),
i.e. correlation between successive values in the data.?® In order to avoid autocorrelation problems (so that
the chain “mixes well”), many implementations of Gibbs sampling average only every L value, where L is
referred to as the lag.?® In this context, Jordan Boyd-Graber (personal communication) also recommends
looking at Neal’s [17] discussion of likelihood as a metric of convergence.

Multiple chains. As is the case for many other stochastic algorithms (e.g. expectation maximization as
used in the forward-backward algorithm for HMMs), people often try to avoid sensitivity to the starting
point chosen at initialization time by doing multiple runs from different starting points. For Gibbs sampling
and other Markov Chain Monte Carlo methods, these are referred to as “multiple chains”.?” Lin et al. (2006)
run three chains with 7" = 5000 and B = % They do not say whether or not they used a lag in order to
reduce the effects of autocorrelation, nor do they say how they combined samples from the three chains.

23 Jason Eisner (personal communication) argues, with support from the literature, that burn-in, lag, and multiple chains are
in fact unnecessary and it is perfectly correct to do a single long sampling run and keep all samples. See [4, 5], MacKay ([15],
end of section 29.9, page 381) and Koller and Friedman ([11], end of section 12.3.5.2, page 522).

24 As far as we can tell, there is no principled way to choose the “right” value for B in advance. There are a variety of
ways to test for convergence, and to measure autocorrelation; see, e.g., Brian J. Smith, “boa: An R Package for MCMC
Output Convergence Assessment and Posterior Inference”, Journal of Statistical Software, November 2007, Volume 21, Issue
11, http://www.jstatsoft.org/ for practical discussion. However, from what we can tell, many people just choose a really big
value for T, pick B to be large also, and assume that their samples are coming from a chain that has converged.

25Lohninger [13] observes that “most inferential tests and modeling techniques fail if data is autocorrelated”.

26 Again, the choice of L seems to be more a matter of art than science: people seem to look at plots of the autocorrelation
for different values of L and use a value for which the autocorrelation drops off quickly. The autocorrelation for variable Z;

t=L)  Which correlation function is used

with lag L is simply the correlation between the sequence Z%-(t> and the sequence Zi<
seems to vary.

27 Again, there seems to be as much art as science in whether to use multiple chains, how many, and how to combine them to
get a single output. Chris Dyer (personal communication) reports that it is not uncommon simply to concatenate the chains

together after removing the burn-in iterations.
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Hyperparameter sampling. Rather than simply picking hyperparameters, it is possible, and in fact
often critical to assign their values via sampling (Boyd-Graber, personal communication). See, e.g., Wallach
et al. [21] and Escobar and West [3].

5 Conclusions

The main point of this document has been to take some of the mystery out of Gibbs sampling for computer
scientists who want to get their hands dirty and try it out. Like any other technique, however, caveat lector:
using a tool with only limited understanding of its theoretical foundations can produce undetected mistakes,
misleading results, or frustration.

As a first step toward getting further up to speed on the relevant background, Ted Pedersen’s [19]
doctoral dissertation has a very nice discussion of parameter estimation in Chapter 4, including a detailed
exposition of an EM algorithm for Naive Bayes and his own derivation of a Naive Bayes Gibbs sampler that
highlights the relationship to EM. (He works through several iterations of each algorithm explicitly, which
in our opinion merits a standing ovation.) The ideas introduced in Chapter 4 are applied in Pedersen and
Bruce [18]; note that the brief description of the Gibbs sampler there makes an awful lot more sense after
you've read Pedersen’s dissertation chapter.

We also recommend Gregor Heinrich’s [8] “Parameter estimation for text analysis”. Heinrich presents
fundamentals of Bayesian inference starting with a nice discussion of basics like maximum likelihood es-
timation (MLE) and maximum a posteriori (MAP) estimation, all with an eye toward dealing with text.
(We followed his discussion closely above in Section 1.1.) Also, his is one of the few papers we’ve been
able to find that actually provides pseudo-code for a Gibbs sampler. Heinrich discusses in detail Gibbs
sampling for the widely discussed Latent Dirichlet Allocation (LDA) model, and his corresponding code is
at http://www.arbylon.net/projects/LdaGibbsSampler.java.

For a textbook-style exposition, see Bishop [2]. The relevant pieces of the book are a little less stand-
alone than we’d like (which makes sense for a course on machine learning, as opposed to just trying to dive
straight into a specific topic); Chapter 11 (Sampling Methods) is most relevant, though you may also find
yourself referring back to Chapter 8 (Graphical Models).

Those ready to dive into the topic of Markov Chain Monte Carlo in more depth might want to start
with Andrieu et al. [1]. We and Andrieu et al. appear to differ somewhat on the semantics of the word
“introduction”, which is one of the reasons the document you’re reading exists.

Finally, for people interested in the use of Gibbs sampling for structured models in NLP (e.g. parsing),
the right place to start is undoubtedly Kevin Knight’s excellent “Bayesian Inference with Tears: A tutorial
workbook for natural language researchers” [10], after which you’ll be equipped to look at Johnson, Griffiths,
and Goldwater [9].?® The leap from the models discussed here to those kinds of models actually turns out

to be a lot less scary than it appears at first. The main thing to observe is that in the crucial sampling

step (equation (15) of Section 1.2.3), the denominator is just the numerator without zi(t), the variable whose

new value you're choosing. So when you’re sampling conditional distributions (e.g. Sections 2.5.3-2.5.5)
in more complex models, the basic idea will be the same: you subtract out counts related to the variable
you're interested in based on its current value, compute proportions based on the remaining counts, then
pick probabilistically based on the result, and finally add counts back in according to the probabilistic choice
you just made.

28 As an aside, our travels through the literature in writing this document led to an interesting early use of Gibbs sampling
with CFGs: Grate et al. [7]. Johnson et al. don’t appear to have been aware of this in their seminal paper introducing Gibbs
sampling for PCFGs to the NLP community, and a search on scholar.google.com turned up no citations in the NLP literature.
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If you find errors in this document, please send them to us at resnik@Qumiacs.umd.edu. We
would also be very happy to hear about other resources that would be helpful for people new
to this topic.
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