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Abstract

An object tracking algorithm using a novel simple symmetricsimilar-
ity function between spatially-smoothed kernel-density estimates of the
model and target distributions is proposed and tested. The similarity
measure is based on the expectation of the density estimatesover the
model or target images. The density is estimated using radial-basis ker-
nel functions that measure the af�nity between points and provide a bet-
ter outlier rejection property. The mean-shift algorithm is used to track
objects by iteratively maximizing this similarity function. To alleviate
the quadratic complexity of the density estimation, we employ Gaussian
kernels and the fast Gauss transform to reduce the computations to linear
order. This leads to a very ef�cient and robust nonparametric tracking al-
gorithm. The proposed algorithm is tested with several image sequences
and shown to achieve robust and reliable real-time tracking. Several se-
quences are placed at http://www.cs.umd.edu/users/yangcj/node3.html.

1 Introduction

Object tracking is a common task in computer vision. Many tracking algorithms have
been proposed and implemented to overcome dif�culties thatarise from noise, occlusion,
clutter, and changes in the foreground objects or in the background environment [9, 1, 15,
3]. Many of these approaches employ a statistical description of the target. The tracked
object can be described in the feature space by its probability density function (pdf) using
either parametric or nonparametric approaches. In general, the feature space is complex
and dynamic, so the nonparametric methods are preferable, and there has been increasing
interest in using them [3, 5].

Tracking algorithms use measures of “similarity” or “distance” between the twopdfs. The
Kullback-Leibler divergence, Bhattacharyya distance andother information-theoretic sim-
ilarity measures are commonly employed to measure the similarity [3, 5], since they are
capable of describing the complex nonlinear relations between frames. Such similarity
measures are widely used in other areas such as image registration, content-based retrieval,
and video indexing [14, 11]. However, these information-theoretic measures are limited
to low-dimensional feature spaces because they are numerically unstable and computation-
ally expensive in high dimensions when computed using the nonparametric sample based
techniques, as recently observed in [11].

To overcome the �aws of the information-theoretic similarity measures in higher dimen-
sions, Hero et al proposed estimating them using entropic graphs, speci�cally, the minimal
spanning tree (MST) [7, 11]. However, the time complexity for �nding the MST is of order
O(N 2 logN ) and the storage isO(N 2), whereN is the number of vertices in the graph.
Such superquadratic complexity is too expensive for realtime object tracking.



We address these dif�culties by presenting a tracking algorithm that uses a simple symmet-
ric similarity function between kernel density estimates of the model and target distribu-
tions. The similarity measure is symmetric and is the expectation of the density estimates
centered on the model (target) image over the target (model)image. To meet the realtime
requirement of object tracking, we employ Gaussian kernelsand the improved fast Gauss
transform (FGT) [16] to reduce the computations to linear order. In our formulation we
use the joint spatial-feature formulation of [5], and consider both feature vectors and pixel
locations as probabilistic random variables. The density is estimated in the joint feature-
spatial space using Gaussian kernel functions which measure the af�nity between points
and provide a better outlier rejection property. The joint feature-spatial spaces impose a
probabilistic spatial constraint on the tracked region andprovide an accurate representa-
tion of the tracked objects. Due to its simplicity and robustness, the popular mean shift
algorithm [3] is used to track objects by iteratively maximizing this similarity function.

2 Similarity Measure Between Distributions

Suppose we are given two images, with one designated as the “model image” that includes
the tracked objects, while the other is the “target image” inwhich we need to �nd the
objects. The sample points in the model image are denoted byI x = f x i ; u i gN

i =1 , wherex i
is the 2D coordinates andu i is the corresponding feature vector (e.g., the red, green and
blue colors of sample points). The sample points in the target image areI y = f y j ; v j gM

j =1 ,
encoding the 2D coordinates and the corresponding feature vector.

We describe the targets in the joint feature-spatial space [5]. Given the sample points and
the kernel functionk(x), thepdf of the model image in the joint feature-spatial space can
be estimated using kernel density estimation [12] as

p̂x (x ; u) =
1
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h
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where¾ and h are the bandwidths in the spatial and feature spaces. Similarly we can
estimate thepdf of the target image. The bene�t of the joint feature-spatialspace is that it
combines the feature and spatial information and provides good discriminant capability.

The existing mean-shift trackers use different information-theoretic measures such as the
Kullback-Leibler divergence[5] and the Bhattacharyya distance [3] to measure the af�nity
between distributions. Instead of evaluating the information-theoretic measures from the
estimatedpdf, we directly de�ne the similarity between two distributions as the expectation
of the density estimates over the model or target image. Given two distributions with
samplesI x = f x i ; u i gN

i =1 andI y = f y j ; v j gM
j =1 , where the center of sample points in the

model image isx¤, and the current center of the target points isy , the similarity between
I x andI y in the joint feature-spatial space is
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1
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The similarity measure (2) is symmetric and bounded by zero and one, but violates the
triangle inequality which means the similarity measure is non-metric. Often distance func-
tions that are robust to outliers or to noise disobey the triangle inequality [10]. While our
similarity function (2) is non-metric, it can be shown that its negative natural logarithm

L(I x ; I y ) = ¡ logJ (I x ; I y ) (3)

is a probabilistic distance, provided we have suf�cient samples [4].

The similarity measure (2) is directly computed over the entire sample point sets. The
af�nities between all pairs of sample points are consideredbased on their distances, so that



exact correspondence is not necessary. This is more robust than the popular elementary
tracking techniques of template matching or sum of squared differences (SSD). Notice that
since the sample points are sparse in the high dimensional feature space, it is dif�cult to
get an accurate density estimation or histogram which makessimilarity measures such as
Kullback-Leibler divergence and Bhattacharyya coef�cient computationally unstable.

2.1 Comparing the Proposed Similarity Measure with Other Measures

To compare our similarity measure with the Bhattacharyya distance and Kullback-Leibler
distance, we perform simulations. The Bhattacharyya distance is de�ned as

B (I x ; I y ) =
q

1 ¡ ½(px ; py ); ½(px ; py ) =
mX

u=1

q
p̂x (u)p̂y (u): (4)

The Kullback-Leibler distance between two distribution isde�ned as

D(I x ; I y ) =
Z

py (u) log
py (u)
px (u)

du: (5)

We �rst generate two multivariate Gaussian distributions

px (u) » G(¹ 1; I ); py (u) » G(¹ 2; I );

where¹ 1 = ( ¹; 0; : : : ; 0), ¹ 2 = ¡ ¹ 1, ¹ varies from0 to 1:5, andI is an identity covari-
ance matrix. For dimensions3, 5 and7, 100samples were generated for each distribution
and100repetitions were run. The estimated distances between two distributionsw.r.t. the
ground truth are displayed in Figure 1 (Top row). We also generate two distributions in
dimensions between1 and7 (the histogram based methods run out of memory on our com-
puter beyond dimension7). The centers are located at¹ 1 = (1 ; 1; : : : ; 1) and¹ 2 = ¡ ¹ 1.
The estimated distances between two distributionsw.r.t. the ground truth are displayed in
Figure 1 (Bottom row).
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Figure 1: The distances between two distributions estimated from samples using: (a) Bhattacharyya
distance, (b) Kullback-Leibler distance, and (c) our similarity measure,w.r.t. the ground truth.Top
row: the simulations are repeated100 times for dimensions3, 5 and7, where the distances between
the centers of two Gaussian distributions vary from0 to 3. Bottom row: the simulations are repeated
100 times for each dimension between1 and7, where the centers of the Gaussian distributions are
located at(1; 1; : : : ; 1) and(¡ 1; ¡ 1; : : : ; ¡ 1). All simulations use an identity covariance matrix.



The simulations indicate that the Bhattacharyya and Kullback-Leibler distances computed
using the sample derived distributions are inaccurate in higher dimensions and the com-
putations in higher dimensions are instable. In contrast, our similarity measure are more
accurate and more stable in both lower and higher dimensions. Also, the proposed similar-
ity measure can be computed with a computing time that is linear in the number of pixels
using the improved fast Gauss transform (see section 4), where as the information theoretic
measures have quadratic or higher complexities.

3 Similarity-Based Tracking Algorithms

We �rst derive the tracking algorithm assuming that the motion between frames is a pure
translation, and generalize the motion later. Letx¤ be the center of the model image and
y be the center of target image, theny = x¤ + p, p is the translation, then equation (2)
becomes
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Once we have the similarity measure between the model image and target image, we can
�nd the target location in the target image by maximizing thesimilarity measure (6) or
equivalently minimizing the distance (3) with respect toy . We use the mean-shift algo-
rithm [2] which has already proved successful in many computer vision applications [2, 3].

The gradient of the distance function (3) with respect to thevectory is
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Themean shiftof the smoothed similarity functionJ (y ) is
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whereg(x) = ¡ w0(x) is also the pro�le of the RBF kernel, which is Gaussian in our case.

Given the sample pointsf x i ; u i gN
i =1 centered atx¤ in the model image, andf y j ; v j gM

j =1
centered at the current position̂y 0 in the target image, the object tracking based on the
mean-shift algorithm is an iterative procedure which recursively moves the current position
ŷ 0 to the new position̂y 1 until reaching the density mode according to
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If the size of the target changes during the tracking, we can model the motion model as
translation plus scaling, then the similarity measure (2) becomes:
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wheres is the scaling factor accounting for the size changes of target between frames [13].

Similarly, we obtain the updating rules for the mean-shift tracking by differentiating (11)
with respect top ands:
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). More complex expressions have been derived for the
cases of an af�ne and a general motion model, and will be presented elsewhere.

4 Speedup using the Improved FGT

The computational complexity for the direct evaluation of the similarity meansure (2) is
O(MN ), andO(P MN ) for the above tracking algorithm, whereP is the average number
of iterations per frame,M andN are the number of sample points in target and model
images respectively. Typically the average number of iterations per frameP is less than
ten andM ¼ N . Then the order of the computational complexity is quadratic, which still
is too expensive for the realtime tracking.

If the Gaussian kernel is used, we can apply the fast Gauss transform [6, 16] to the track-
ing algorithm to reduce its computational complexity from quadratic order to linear order.
Since the derivative of Gaussian kernel is still a Gaussian,the mean shift based object
tracking with the Gaussian kernel is

ŷ 1 =

P M
j =1 y j f (y j )

P M
j =1 f (y j )

¡
P N

i =1 x i f (x i )
P N

i =1 f (x i )
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are thediscrete Gauss transformof x i andy j . The similarity measure is

J (I x ; I y ) =
NX

i =1

f (x i ) =
MX

j =1

f (y j ):

The computational complexity of a direct evaluation of the discrete Gauss transform (14)
requiresO(MN ) operations. In low-dimensional spaces, the computationalcomplexity
has been reduced by Greengard and Strain [6] toC¢(M + N ) using the fast Gauss transform,
where the constant factorC depends on the precision required and dimensionality.

Although the fast Gauss transform achieved great success inlow dimensions, the perfor-
mance in higher dimensions is poor. To achieve a better performance, we proposed the
improved FGT. The improved FGT is very ef�cient even in higher dimensions and achieve
real-time performance for the object tracking. More details about the improved FGT can
be found in [16]. Recently entropic graphs such as the minimal spanning tree have been
used to estimate the information-theoretic similarity measures for image registration [11].
The standard algorithms for the MST isO(N 2 logN ). The acceleration of the MST re-
lies on the nearest neighbor searching which itself is dif�cult and complicated in higher
dimensions and is an active research topic [8].



5 Experimental Results

We present some real-time object tracking results using theproposed algorithm. In the �rst
experiment, the RGB color space along with the 2D spatial coordinates is used as the joint
feature-spatial space. In the second one, the RGB color space, and 2D spatial coordinates
plus 2D image gradient is used. The Gaussian kernel is used inall the experiments. The
algorithm is implemented in C++ with Matlab interface and runs on a 900MHZ PIII PC.

The �rst experiment uses theBall sequence [3]. If we blindly apply the tracking algo-
rithm, it will either track the background if a large region is used, or lose the ball if the
tracking region is small and the movement is large. We utilize the background information
and assume a mask about the tracked object is available. We initialize the model with a
region in frame3 of size48 £ 48. The bandwidths are(h; ¾) = (18 ; 12). We only keep
the foreground pixels in the model and run the tracking algorithm. The algorithm reliably
and accurately tracks the ball with average number of iteration 2:7679and average pro-
cessing time per frame0:0169s. In contrast, to successfully track this sequence, in [3] a
background-weighted histogram was employed. The trackingresults shown in Figure 2 are
more accurate than those in [3]. The number of iterations andsums of squared differences
between the model image and the tracked images are shown in Figure 3. The results of our
method are more accurate and number of iterations is smallerthan the method using the
Bhattacharyya distance.

Frame6 Frames20 Frame27 Frame36 Frame53

Figure 2: Tracking results of theBall sequence using (top row) our similarity measure and (second
row) Bhattacharyya distance.
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Figure 3: The number of iterations (left) and sums of squared differences (right) w.r.t. the frame
index for theBall sequence using our similarity measure and Bhattacharyya distance.

In the second experiment a more complex clip is tested. In order to track a face with
changing appearance and complex background, we use both theRGB color space and 2D
image gradients as features. The image gradients are the horizontal and vertical image
gradients of the grayscale image obtained using the Sobel operator. We initialize the model



with a region in frame0 of size24 £ 24. The bandwidths are(h; ¾) = (25 ; 12). The
average number of iterations per frame is2:1414and average processing time per frame is
0:0044s. The algorithm reliably tracks the face and results are shown in Figure 4.

Figure 4: Tracking results of theWalkingsequence. Frames4, 19, 50, 99, 166and187are displayed.

In the third sequencePedestrian, the size of the pedestrian changes between frames. We
apply the mean-shift tracking with the translation plus scaling to the sequence and the
results are shown in Figure 5. The positions and the size of the pedestrian are correctly
recovered by our algorithm.

Figure 5: Tracking results of thePedestriansequence. Frames3, 17, 31, 45, 60and78are displayed.

6 Discussion and Conclusions

We proposed a novel, simple symmetric similarity function between spatially-smoothed
kernel-density estimates of the model and target distributions for object tracking. The sim-
ilarity measure is based on the expectation of the density estimates over the model or target
image. The RBF kernel functions are used to measure the af�nity between points and
provide a better outlier rejection property. To track the objects, the similarity function is
maximized using the mean-shift algorithm to iteratively �nd the local mode of the function.

Since the similarity measure is an expectation taken over all pairs of the pixel between
two distributions, the computational complexity is quadratic. To alleviate the quadratic



complexity, we employ Gaussian kernels and the fast Gauss transform to reduce the com-
putations to linear order. This leads to a very ef�cient and robust nonparametric tracking
algorithm. It also very convenient for integration of the background information and gen-
eralization to high dimensional feature space.
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