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A computational technique for the solution of problems of wave scattering from multiple spheres is
developed. This technique, based on the T-matrix method, uses the theory for the translation and
reexpansion of multipole solutions of the Helmholtz equation for fast and exact recursive
computation of the matrix elements. The spheres can have prescribed radii, impedances, and
locations. Results are validated by comparison with boundary element calculations, and by
convergence analyses. The method is much faster than numerical methods based on discretization of
space, or of the sphere surfaces. An even faster method is presented for the case when the spheres
are aligned coaxially. ©2002 Acoustical Society of America.@DOI: 10.1121/1.1517253#

PACS numbers: 42.30.Fn@LLT #
tro
el
tte
d

si
e

ng
-

m
iz
ct
t
r
in
w

s,
ric

le
d

di
le

u

tion
re-
ve-

are

pu-

-
he
f
1.7
his

e in
EM.
ys-
the
the
it-
nd

i-

and

rer
so-
ex-
and
ve

the
he
rer.
this

cal
the
at-

aced
I. INTRODUCTION

Numerous practical problems of acoustic and elec
magnetic wave propagation require computation of the fi
scattered by multiple objects. Examples include the sca
ing of acoustic waves by objects~e.g., the scattering of soun
by humans and the environment!, light scattering by clouds
and the environment, electromagnetic waves in compo
materials and the human body, pressure waves in disp
systems~aerosols, emulsions, bubbly liquids!, etc. Our inter-
est is in modeling the cues that arise due to scattering
sound and light, and to use this information in simulati
audio and video reality~Duda and Martens, 1998; Du
raiswamiet al., 2000!.

In many cases the scatterers are spheres, or can be
eled as such. Such modeling is convenient for parametr
tion of large problems, since each sphere can be chara
ized by a few quantities such as the coordinates of its cen
its radius, and its impedance. This impedance will in gene
be a complex quantity, and characterizes the absorb
reflecting properties of the body/surface. For example,
are exploring the head and the torso~Gumerovet al., 2002;
Algazi et al., 2002!. In fluid mechanical problems, bubble
droplets, or dust particles can be assumed sphe
~Gumerovet al., 1988; Duraiswami and Prosperetti, 1995!.

We are interested in computing the solution of multip
scattering fromN spheres, with specified impedance boun
ary conditions at their surfaces. Numerical methods such
boundary-element methods~BEM!, finite-element methods
~FEM!, or finite difference methods~FDM! are well known.
Despite the relative advantages of these methods they
share a common deficiency related to the necessity of
cretization of either the boundary surfaces or of the comp
space. Discretization introduces a characteristic size~or
length scale! l * of the surface or spatial element. For acc

a!Electronic mail: gumerov@umiacs.umd.edu;
URL: http://www.umiacs.umd.edu/users/gumerov

b!Electronic mail: ramani@umiacs.umd.edu;
URL: http://www.umiacs.umd.edu/users/ramani
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rate and stable computations the change of discretiza
length l * must not affect the results. This leads to a requi
ment that this size should be much smaller than the wa
length l, i.e., l * !l. Practically this condition isl * ,Bl,
whereB is some constant smaller than 1. If computations
required for high frequencies~or short waves!, this leads to
very fine surface or spatial meshes. For example, in com
tations of scattering of sound by human heads~Kahana,
2001; Katz, 2001!, for 20 kHz sound in air in normal condi
tions, the wavelength is 1.7 cm, while the diameter of t
typical human head isD517 cm. For accuracy the length o
a surface element should be, say, 6 times smaller than
cm, i.e., 60 times smaller than the diameter of the head. T
gives a 24 000-element discretization of the head surfac
the case where triangular elements are used in the B
Such discretizations require solution of very large linear s
tems with dense interinfluence matrices in the case of
BEM, and even larger but sparse matrices in the case of
FEM/FDM. Solutions of these equations using direct or
erative methods are costly in terms of CPU time a
memory.

Another approach to solve this problem is a sem
analytical method such as the T-matrix method~Waterman
and Truell, 1961; Peterson and Strom, 1974; Varadan
Varadan, 1980; Mischenkoet al., 1996; Koc and Chew,
1998!. In this method, the scattering properties of a scatte
and of the collection are characterized in terms of the
called T-matrices that act on the coefficients of the local
pansion of the incoming wave, centered at the scatterer,
transform them into the coefficients of an outgoing wa
from the scatterer.

There are two basic challenges related to using
T-matrix method to solve multiple scattering problems. T
first challenge is to obtain the solution for a single scatte
In the case of complex shapes and boundary conditions
solution can be obtained either numerically or via analyti
or semi-analytical techniques, based on decomposition of
original shape to objects of simpler geometry. The field sc
tered by sound-soft, sound-hard, and elastic spheres pl
12(6)/2688/14/$19.00 © 2002 Acoustical Society of America
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in the field of a plane wave were considered in several pa
~e.g., Marnevskaya, 1969, 1970; Huang and Gauna
1995!. In the present paper we consider the practically i
portant case of spherical objects with impedance bound
conditions in an arbitrary incident field~in particular that
generated by a source!. In this case a solution for a singl
scatterer in an arbitrary incident field can be obtained a
lytically.

The second challenge is related to computation of
T-matrices~or matrices of the translation coefficients for th
Helmholtz equation!. Several studies that are dedicated
scattering by two spheres~Marnevskaya, 1969, 1970; Gaun
naurd and Huang, 1994; Gaunaurdet al., 1995! use represen
tations of the translation coefficients via the Clebsch–Gor
coefficients or 3-j Wigner symbols. We should notice tha
while this method provides exact computation of T-mat
elements, it is time consuming, and perhaps is practical o
for a small number of spheres. Brunning and Lo~1971! con-
sidered the multiple scattering of electromagnetic waves
spheres, and pointed out that the computational work ca
reduced by several orders of magnitude if the computatio
the translation coefficients could be performed more e
ciently, e.g., recursively. In their study they applied recurs
computation of these coefficients for the case when
sphere centers are located on a line. This is always true
two spheres, and is a special case for three or more sph
In the present paper we refer to this as the ‘‘coaxial’’ case
general three-dimensional case of acoustical scattering bN
objects using the T-matrix method was considered by K
and Chew~1998!. They proposed using a numerical evalu
tion of integral forms of the translation operators~Rokhlin,
1993! and the fast multipole method~FMM! applied to an
iterative solution of a large system of equations that app
in the T-matrix method.

In this paper we use a variant of the T-matrix techniq
that is specialized to the solution of the problem of multip
scattering from N spheres arbitrarily located in three
dimensional space. The distinguishing feature of our al
rithm is utilization of a fast recursive procedure for exa
computation of the T-matrix elements. We should note t
the recurrence relations for the three-dimensional scalar
dition theorem for the Helmholtz equation were obtained
Chew~1992!. These relations were derived for local-to-loc
~regular-to-regular! translations of the solutions of the Helm
holtz equation, but can be extended to far-to-far and far
local translations. This was mentioned by Chew~1992! and
details can be found in our study~Gumerov and Duraiswami
2001a! where also relations for arbitrary rotations and si
plified expressions for coaxial translations are presented.
savings that would arise from use of fast multipole metho
can also be realized in our problem though they are not c
sidered here as our focus is on the case of relatively sm
numbers of scatterers.

We have developed software implementing this te
nique. We compare the results of the computations with
merical and analytical solutions, and demonstrate the c
putational efficiency of our method in comparison wi
commercial BEM software. The results show that the dev
oped method compares favorably in both accuracy and sp
J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002 Nail A. Gumero
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up of computations~in some cases by several orders of ma
nitude!.

II. STATEMENT OF THE PROBLEM

Consider the problem of sound scattering byN spheres
with radii a1 , . . . ,aN situated in an infinite three
dimensional space as shown in Fig. 1. The coordinates of
centers of the spheres are denoted asr p85(xp8 ,yp8 ,zp8), p
51, . . . ,N. The scattering problem in the frequency doma
is reduced to solution of the Helmholtz equation for comp
potentialc(r ),

¹2c1k2c50, ~1!

with the following general impedance boundary conditio
on the surfaceSp of the pth sphere:

S ]c

]n
1 ispc D U

Sp

50, p51, . . . ,N, ~2!

where k is the wave number andsp are complex admit-
tances, andi 5A21. In the particular case of sound-ha
surfaces (sp50) we have the Neumann boundary cond
tions,

]c/]nuSp
50, ~3!

and in the case of sound-soft surfaces (sp5`) we have the
Dirichlet boundary conditions,

cuSp
50. ~4!

Usually the potential is represented in the form:

c~r !5c in~r !1cscat~r !, ~5!

wherecscat(r ) is the potential of the scattered field. Far fro
the region occupied by spheres the scattered field should
isfy the Sommerfeld radiation condition:

lim
r→`

r S ]cscat

]r
2 ikcscatD 50. ~6!

III. SOLUTION USING MULTIPOLE TRANSLATION
AND REEXPANSION

A. Decomposition of the scattered field

Due to the linearity of the problem the scattered fie
can be represented in the form

FIG. 1. The multiple scattering problem considered in this paper.
2689v and Ramani Duraiswami: Multiple scattering from N spheres
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of
cscat~r !5 (
p51

N

cp~r !, ~7!

wherecp(r ) can loosely be thought of as the change in
scattered field introduced by thepth sphere, though of cours
it contains the influence of all the spheres. More precis
each potentialcp(r ) is regular outside thepth sphere and
satisfies the Sommerfeld radiation condition

lim
r→`

r S ]cp

]r
2 ikcpD 50, p51, . . . ,N. ~8!

B. Multipole expansion

Let us introduceN reference frames connected with th
center of each sphere. In spherical polar coordinatesr2r p8
5r p5(r p ,up ,wp), the solution of the Helmholtz equatio
that satisfies the radiation condition~8! can be represented i
the form

cp~r !5 (
n50

`

(
m52n

n

An
~p!mSn

m~r p!, p51, . . . ,N. ~9!

HereAn
(p)m are coefficients multiplying theSn

m(r ), which are
multipoles of ordern and degreem, given by

Sn
m~r p!5hn~krp!Yn

m~up ,wp!, p51, . . . ,N. ~10!

Herehn(kr) are spherical Hankel functions of the first kin
that satisfy the Sommerfeld condition, andYn

m(u,f) are or-
thonormal spherical harmonics, which also can be rep
sented in the form

Yn
m~u,w!5~21!mA2n11

4p

~n2umu!!
~n1umu!!

Pn
umu~cosu!eimw,

~11!

wherePn
m(m) are the associated Legendre functions.

The problem now is to determine the coefficientsAn
(p)m

so thatthe complete potential

c~r !5c in~r !1 (
p51

N

(
n50

`

(
m52n

n

An
~p!mSn

m~r p! ~12!

satisfies all boundary conditions on the surface of all sphe

C. Multipole reexpansion

To solve this problem let us consider theqth sphere.
Near the center of this sphere,r5rq8 , all the potentials
cp(r ), pÞq, are regular. Accordingly the singular solution
@multipolesSn

m(r p),pÞq] can be then reexpanded into a s
ries of terms ofregular elementary solutionsnear theqth
sphere,urqu<ur p82rq8u using the following expression:

Sn
m~r p!5(

l 50

`

(
s52 l

l

~SuR! ln
sm~r pq8 !Rl

s~rq!,

p,q51, . . . ,N, pÞq. ~13!

Here Rn
m(rq) are regular elementary solutions of the Helm

holtz equation in spherical coordinates connected with
qth sphere:
2690 J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002 Nail A. G
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Rn
m~rq!5 j n~krq!Yn

m~uq ,wq!, p51, . . . ,N, ~14!

where j n(kr) are spherical Bessel functions of the first kin
The coefficients (SuR) ln

sm(r pq8 ) are the translation reexpansio
coefficients, and depend on the relative location of thepth
andqth spheres,r pq8 . Sincer5r p1r p85rq1rq8 , we have

r p5rq1r pq8 , r pq8 5rq82r p85r p2rq , ~15!

where r pq8 is the vector directed from the center of thepth
sphere to the center of theqth sphere. Aspects of the multi
pole reexpansion coefficients, their properties, and meth
for their efficient computations are considered in Ch
~1992! and Gumerov and Duraiswami~2001a!.

Near the center of expansion the incident field can a
be represented using a similar series, the radius of con
gence for which is not smaller than the radius of theqth
sphere:

c in~r !5(
l 50

`

(
s52 l

l

Cl
~ in!s~rq8!Rq

s~rq!. ~16!

Substituting the local expansions from Eqs.~13! and ~16!
into Eq. ~12! we obtain the following representation of th
field nearr5rq8 :

c~r !5(
l 50

`

(
s52 l

l

Cl
~ in!s~rq8!Rl

s~rq!

1 (
n50

`

(
m52n

n

An
~q!mSn

m~rq!1 (
p51
pÞq

N

(
n50

`

(
m52n

n

An
~p!m

3(
l 50

`

(
s52 l

l

~SuR! ln
sm~r pq8 !Rl

s~rq!. ~17!

Here the incident field is also expanded in terms of the re
lar functions centered atrq8 , the singular multipole expansio
aroundrq8 is kept as is, while the other multipole expansio
are converted to local expansions in terms of regular fu
tions aroundrq8 .

Let us change the order of summation in the latter te
in Eq. ~17! and substitute Eqs.~10! and~14! for Sn

m andRn
m .

This expression can then be rewritten as

c~r !5(
l 50

`

(
s52 l

l

@Bl
~q!sj l~krq!1Al

~q!shl~krq!#Yl
s~uq ,wq!,

~18!

Bl
~q!s~r18 , . . . ,rN8 !

5Cl
~ in!s~rq8!1 (

p51
pÞq

N

(
n50

`

(
m52n

n

~SuR! ln
sm~r pq8 !An

~p!m . ~19!

D. Boundary conditions

From these equations we have the boundary valuesc
and]c/]n on the surface of theqth sphere as
umerov and Ramani Duraiswami: Multiple scattering from N spheres
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5(

l 50

`

(
s52 l

l

@Bl
~q!sj l~kaq!

1Al
~q!shl~kaq!#Yl

s~uq ,wq!, ~20!

]c

]n U
Sq

5k(
l 50

`

(
s52 l

l

@Bl
~q!sj l8~kaq!

1Al
~q!shl8~kaq!#Yl

s~uq ,wq!. ~21!

To obtain the coefficients, we must satisfy the boundary c
dition Eq.~2!, which on the surface of theqth sphere leads to

(
l 50

`

(
s52 l

l

$Bl
~q!s@k j l8~kaq!1 isqj l~kaq!#

1Al
~q!s@khl8~kaq!1 isqhl~kaq!#%Yl

s~uq ,wq!50. ~22!

Orthogonality of the surface harmonics yields

Bl
~q!s@k j l8~kaq!1 isqj l~kaq!#

52Al
~q!s@khl8~kaq!1 isqhl~kaq!#, ~23!

where l 50,1, . . . , s52 l , . . . ,l . Note that the boundary
values ofcuSq

and]c/]nuSq
can be expressed in terms of th

coefficientsAl
(q)s , since

Bl
~q!s52Al

~q!s
khl8~kaq!1 isqhl~kaq!

k j l8~kaq!1 isqj l~kaq!
,

l 50,1, . . . , s52 l , . . . ,l , ~24!

and Eqs.~20! and ~21! yield

cuSq
5(

l 50

`

(
s52 l

l Fhl~kaq!2 j l~kaq!

3
khl8~kaq!1 isqhl~kaq!

k j l8~kaq!1 isqj l~kaq!
GAl

~q!sYl
s~uq ,wq!. ~25!

]c

]n U
Sq

5k(
l 50

`

(
s52 l

l Fhl8~kaq!2 j l8~kaq!

3
khl8~kaq!1 isqhl~kaq!

k j l8~kaq!1 isqj l~kaq!
GAl

~q!sYl
s~uq ,wq!.

~26!

These relations can be also rewritten in a compact form u
the Wronskian for the spherical Bessel functions,

W$ j l~ka!,hl~ka!%5 j l~ka!hl8~ka!2 j l8~ka!hl~ka!

5 i ~ka!22 ~27!

as
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g

cuSq
5

1

ikaq
2 (

l 50

`

(
s52 l

l Al
~q!sYl

s~uq ,wq!

k j l8~kaq!1 isqj l~kaq!
, ~28!

]c

]n U
Sq

52
sq

kaq
2 (

l 50

`

(
s52 l

l Al
~q!sYl

s~uq ,wq!

k j l8~kaq!1 isqj l~kaq!

52 isqcuSq
. ~29!

For the particular case of a sound-hard sphere (sq50) this
gives

cuSs
5

1

ik2aq
2 (

l 50

`

(
s52 l

l Al
~q!sYl

s~uq ,wq!

j l8~kaq!
,

~30!

]c

]n U
Sq

50,

while for sound-soft spheres (sq5`) we have

cuSq
50,

]c

]n U
Sq

5
i

kaq
2 (

l 50

`

(
s52 l

l Al
~q!sYl

s~uq ,wq!

j l~kaq!
.

~31!

E. Matrix representation

To determine the boundary values of the potential and
its normal derivative and obtain a spatial distribution acco
ing to Eq.~12! we need to determine the coefficientsAl

(q)s in
Eqs. ~23! and ~19!, which are valid for any sphere,q
51, . . . ,N. These equations form a linear system that m
be represented in standard matrix-vector form.

First, we note that coefficients of expansions to spher
harmonics, such asAn

m , n50,1,2, . . . ; m52n, . . . ,n, can
be stacked into one column vector, e.g.,

A5~A0
0,A1

21,A1
0,A1

1,A2
22,A2

21,A2
0,A2

1,A2
2, . . . !T, ~32!

where the superscriptT denotes the transpose. In this repr
sentation the elements of the vectorA are related to coeffi-
cientsAn

m by

At5An
m , t5~n11!22~n2m!,

n50,1,2, . . . ; m52n, . . . ,n; t51,2, . . . .
~33!

The same reduction in dimension can be applied to the re
pansion coefficients (SuR) ln

sm. The coefficients can then b
stacked in a two-dimensional matrix as
2691v and Ramani Duraiswami: Multiple scattering from N spheres



~SuR!5S ~SuR!00
00 ~SuR!01

021 ~SuR!01
00 ~SuR!01

01 ~SuR!02
022

¯

~SuR!10
210 ~SuR!11

2121 ~SuR!11
210 ~SuR!11

211 ~SuR!12
2122

¯

~SuR!10
00 ~SuR!11

021 ~SuR!11
00 ~SuR!11

01 ~SuR!12
022

¯

~SuR!10
10 ~SuR!11

121 ~SuR!11
10 ~SuR!11

11 ~SuR!12
122

¯

~SuR!20
220 ~SuR!21

2221 ~SuR!21
220 ~SuR!21

221 ~SuR!22
2222

¯

¯ ¯ ¯ ¯ ¯ ¯

D , ~34!
nt
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with the following correspondence of the matrix eleme
and coefficients:

~SuR!rt5~SuR! ln
sm,

r 5~ l 11!22~ l 2s!,

t5~n11!22~n2m!, l ,n50,1,2, . . . ;

m52n, . . . ,n; s52 l , . . . ,l . ~35!

Using this representation we introduce the following vect
and matrices

A~q!5$At
~q!%T, D~q!5$Dt

~q!%T, L ~qp!5$Lrt
~qp! %,

q51, . . . ,N, p51, . . . ,N, ~36!

where

At
~q!5An

~q!m ,

Dt
~q!52

k jn8~kaq!1 isqj n~kaq!

khn8~kaq!1 isqhn~kaq!
Cn

~ in!m~rq8!, ~37!

Lrt
~qp!5

k j l8~kaq!1 isqj l~kaq!

khl8~kaq!1 isqhl~kaq!
~SuR! ln

sm~r pq8 !,

for pÞq, Lrt
~qq!5d rt ,

t5~n11!22~n2m!,

n50,1,2, . . . ; m52n, . . . ,n;

r 5~ l 11!22~ l 2s!, l 50,1,2, . . . ;

s52 l , . . . ,l ; q51, . . . ,N, p51, . . . ,N,

where d rt is the Kronecker delta;d rt50 for rÞt and d rr

51.
Equations~23! and ~19! then can be represented in th

form

(
p51

N

L ~qp!A~p!5D~q!, q51, . . . ,N, ~38!

or as a single equation

LA 5D, ~39!

where the matrices and vectors are
2692 J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002 Nail A. G
s

s

L5S L ~11! L ~12!
¯ L ~1N!

L ~21! L ~22!
¯ L ~2N!

¯ ¯ ¯ ¯

L ~N1! L ~N2!
¯ L ~NN!

D ,

~40!

A5S A~1!

A~2!

¯

A~N!

D , D5S D~1!

D~2!

¯

D~N!

D .

This linear system can be solved numerically using stand
routines, such as LU-decomposition. The block-structure
also be exploited using block-oriented solvers, though we
not pursue this here.

An important issue is the truncation of the infinite seri
and corresponding truncation of the associated matrice
first way to truncate the series is to truncate the outer sum
a fixed numberM in each expansion, and is the approa
taken here. This number is selected via a heuristic base
the magnitude of the smallest retained term. In this casn
50,1, . . . ,M ; m52n, . . . ,n, then the length of each vec
tor A(p) and D(p) will be (M11)2, and the size of each
sub-matrixL (qp) will be (M11)23(M11)2, the size of the
total vectorsA andD will be N(M11)2 and the size of the
total matrixL will be N(M11)23N(M11)2.

Several ideas could be employed to improve this heu
tic. For example, the use of fast multipole methods co
lead to accelerated schemes to solve these equations
tively ~Koc and Chew, 1998!. Further, the expressions use
to select the truncation of the series could be selected
more rigorous manner. However, as will be seen below, e
with a fixed size ofM we are able to solve large problem
using conventional techniques.

F. Computation of multipole reexpansion coefficients

The (SuR)-multipole translation coefficients can b
computed in different ways including via numerical evalu
tion of integral representations, or using the Clebsch–Gor
or Wigner 3-j symbols~e.g., see Epton and Dembart, 199
Koc et al., 1999!. For fast, stable, exact and efficient com
putations of the entire truncated matrix of the reexpans
coefficients we used a method based on Chew~1992! recur-
rence relations and symmetries, who derived them first
the (RuR)-translation coefficients@translation of regular-to-
regular elementary solution, see Eq.~14!#. Fortunately~since
the singular and regular elementary solutions of the He
holtz equation satisfy the same recurrence relations! these
relations hold for (SuR)-multipole translation coefficients
umerov and Ramani Duraiswami: Multiple scattering from N spheres
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also, but with different initial values for recursive comput
tions ~44!. This was also pointed out by Chew~1992!. Note
that for other equations~e.g., for the Laplace equation! the
singular and regular elementary solutions may not satisfy
same recursions. In Gumerov and Duraiswami~2001a!
proofs and details may be found. We only provide necess
relations and initial values for using the recurrence pro
dures here.

All the (SuR) ln
sm(r pq8 ) translation reexpansion coefficien

can be computed in the following way. First, we compute
so-called ‘‘sectorial coefficients’’ of type (SuR) l umu

sm and
(SuR) usun

sm using the following relations:

bm11
2m21~SuR! l ,m11

s,m1152bl
2s~SuR! l 21,m

s21,m

2bl 11
s21~SuR! l 11,m

s21,m , ~41!

bm11
2m21~SuR! l ,m11

s,2m215bl
s~SuR! l 21,m

s11,2m

2bl 11
2s21~SuR! l 11,m

s11,2m ,

l 50,1, . . . , s52 l , . . . ,l ,

m50,1,2, . . . , ~42!

where

bn
m55

A~n2m21!~n2m!

~2n21!~2n11!
, 0<m<n,

2A~n2m21!~n2m!

~2n21!~2n11!
, 2n<m,0,

0, umu.n,

~43!

and the recurrence process starts with

~SuR! l0
s0~r pq8 !5A~4p!~21! lSl

2s~r pq8 !,
~44!

~SuR!0n
0m~r pq8 !5A~4p!Sn

m~r pq8 !.

Due to the symmetry relation

~SuR! umu l
2m,2s5~21! l 1m~SuR! l umu

sm ,

l 50,1,2, . . . , s52 l , . . . ,l , m52n, . . . ,n,
~45!

all of the sectorial coefficients (SuR) usun
sm can be obtained from

the coefficients (SuR) l umu
sm .

Once the sectorial coefficients are computed, all ot
coefficients can be derived from them using the followi
recurrence relation, which does not change the degreess,m
of the reexpansion coefficients:

an21
m ~SuR! l ,n21

sm 2an
m~SuR! l ,n11

sm

5al
s~SuR! l 11,n

sm 2al 21
s ~SuR! l 21,n

sm ,

l ,n50,1, . . . , s52 l , . . . ,l , m52n, . . . ,n,
~46!

where

an
m5HA~n111umu!~n112umu!

~2n11!~2n13!
, n>umu,

0, umu.n.

~47!

Due to the symmetry
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~SuR! ln
sm5~21!n1 l~SuR!nl

2m,2s ,

l ,n50,1, . . . ,s52 l , . . . ,l , m52n, . . . ,n,
~48!

only those coefficients withl>n need be computed usin
recurrence relations.

In addition, the~SuR! coefficients for any pair of sphere
p andq need be computed only for the vectorr pq8 , since for
the opposite directed vector we have the symmetry

~SuR! ln
sm~r pq8 !5~21! l 1n~SuR! ln

sm~r pq8 !,

l ,n50,1, . . . , m52n, . . . ,n. ~49!

Software based on this algorithm was developed a
entitled MultisphereHelmholtz. Results of tests using t
software are presented and discussed in Sec. V.

IV. COAXIAL SPHERES

The case of two spheres is interesting, since on the
hand the scattered fields due to the spheres interact with
other~multiple scattering!, while on the other, the interactio
is still simple enough that it can be investigated in detail a
understood more intuitively than the general case ofN
spheres. Additionally, in this case, the computation of
reexpansion matrices can be simplified via a proper selec
of the reference frames. Indeed, for two spheres we can
troduce a reference frame which has itsz axis directed from
the center of one sphere to the center of the other sph
Since the reexpansion coefficients depend only on the r
tive location of the spheres, for this frame orientation, th
will be no angular dependence for the reexpansion coe
cients. This does not require the incident fields to be sy
metric with respect to this axis. The same statement holds
the case when there areN spheres arranged along a lin
taken to be thez axis. In these particular cases, the gene
reexpansion formula Eq.~13! simplifies to

Sn
m~r p!5 (

l 5umu

`

~SuR! ln
mm~r pq8 !Rl

m~rq!,

p51, . . . ,N, pÞq. ~50!

The coefficients

~SuR! ln
m~r pq8 !5~SuR! ln

mm~r pq8 !,

l ,n50,1, . . . , m52n, . . . ,n, ~51!

satisfy general recurrence relations and can be computed
ing the general algorithm we have developed. Howev
there are simpler relations that take advantage of the
axiality of the spheres, while resulting in substantially low
dimensional matrices.

Note that the sign of coefficients (SuR) ln
m(r pq8 ) depends

on the direction of the vectorr pq8 . To be definite, we use the
convention that r pq8 corresponds tor pq8 and r qp8 cor-
responds to rqp8 52r pq8 . Since (SuR) ln

mm(r pq8 )5(21)l 1n

(SuR) ln
mm(2r pq8 )5(21)l 1n(SuR) ln

mm(rqp8 ), we will have

~SuR! ln
m~r pq8 !5~21! l 1n~SuR! ln

m~r qp8 !,

l ,n50,1, . . . , m52n, . . . ,n. ~52!
2693v and Ramani Duraiswami: Multiple scattering from N spheres
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A. Matrix representation

According to Eq.~50! harmonics of each orderm can be
considered independently. Equations~19! and ~23! can be
rewritten in the form

k j l8~kaq!1 isqj l~kaq!

khl8~kaq!1 isqhl~kaq!
(
p51
pÞq

N

(
n5umu

`

~SuR! ln
m~r pq8 !An

~p!m

1Al
~q!m5Dl

~q!m ,

m50,61,62, . . . , l 5umu,umu11, . . . ,

q51, . . . ,N, ~53!

where

Dl
~q!m52

k j l8~kaq!1 isqj l~kaq!

khl8~kaq!1 isqhl~kaq!
Cl

~ in!m~rq8!. ~54!

This linear system can be represented in the following fo

(
p51

N

L ~qp!mA~p!m5D~q!m,

m50,61,62, . . . , q51, . . . ,N,
~55!

where the vectorsA(q)m and D(q)m and matricesL (qp)m are
stacked as follows:

A~q!m5$An
~q!m%T, D~q!m5$Dn

~q!m%T,
~56!

L ~qp!m5$Lln
~qp!m%,

q51, . . . ,N, p51, . . . ,N,

m50,61,62, . . . , l ,n5umu,umu11, . . . ,

with the individual matrix elements given by

Lln
~qp!m5

k j l8~kaq!1 isqj l~kaq!

khl8~kaq!1 isqhl~kaq!
~SuR! ln

m~r pq8 !,

for pÞq, Lln
~qq!m5d ln . ~57!

Since all equations can be considered separately for eacm,
the linear system Eq.~55! can be written as

LmAm5Dm, m50,61,62, . . . , ~58!

where

Lm5S L ~11!m L ~12!m
¯ L ~1N!m

L ~21!m L ~22!m
¯ L ~2N!m

¯ ¯ ¯ ¯

L ~N1!m L ~N2!m
¯ L ~NN!m

D ,

~59!

Am5S A~1!m

A~2!m

¯

A~N!m
D , Dm5S D~1!m

D~2!m

¯

D~N!m
D .

As in the general case considered above, the infinite se
and matrices need to be truncated for numerical computa
If we limit ourselves to the firstM modes for each expansio
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of spherical harmonics, so thatm50,61, . . . ,6M , n
5umu, umu11, . . . ,M , then the length of each vectorA(p)m

and D(p)m is M112umu, the dimensions of each matri
L (qp)m is (M112umu)3(M112umu), the size of the total
vectorsAm andDm areN(M112umu), and the size of the
total matrix Lm is N(M112umu)3N(M112umu). The
problem then is reduced to solution of 2M11 independent
linear systems for eachm. Note that the coaxial, or diagona
translation coefficients (SuR) ln

m(r pq8 ) are symmetrical with re-
spect to the sign of the degreem, (SuR) ln

m(r pq8 )
5(SuR) ln

2m(r pq8 ) ~see Gumerov and Duraiswami, 2001a!.
Therefore the matricesLm are also symmetrical@see Eq.
~57!#

Lm5L2m, m50,1,2, . . . , ~60!

and can be computed only for non-negativem. At the same
time the right-hand side vectorDm, generally speaking, doe
not coincide withD2m, so that the solutionAm can be dif-
ferent fromA2m.

Let us compare the number of operations required
determination of all expansion coefficientsAn

(q)m , m50,
61, . . . ,6M , n5umu, umu11, . . . ,M , q51, . . . ,N, using
the general algorithm and using the algorithm for coax
spheres. Assuming that a standard solver requiresCK3 op-
erations to solve a linear system with matrix of dimensi
K3K, whereC is some constant, we can find solution usi
general algorithm with

Noperations
~general! 5CN3~M11!6 ~61!

operations. Using the algorithm for coaxial spheres we w
spend CN3(M112umu)3 operations to obtainAn

(q)m for
each m50,61, . . . ,6M . The total number of operation
will be therefore

Noperations
~coaxial! 5CN3 (

m52M

M

~M112umu!3

5CN3F ~M11!312 (
m51

M

m3G
5CN3@~M11!31 1

2M
2~M11!2#

5 1
2CN3@~M11!41~M11!2#. ~62!

Therefore, forM@1, we have

Noperations
~general!

Noperations
~coaxial!

;2M2 ~63!

which shows much higher efficiency of the algorithm f
coaxial spheres.

Note also that in the case of coaxial spheres the num
of the multipole reexpansion coefficients that needs to
computed for each pairpÞq requiresO(M3) operations,
while in the general case such computations can be
formed in O(M4) operations. These numbers are smal
than the leading order term in the complexity, that are
quired for solution of linear equations, and thus Eqs.~61!–
~63! provide a comparison between the two methods.

The above expressions for coaxial spheres assume
thez axis coincides with the direction from the center of o
umerov and Ramani Duraiswami: Multiple scattering from N spheres
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of the spheres to the center of some other sphere. If coo
nates of spheres are specified in the original reference fra
with the axisz oriented arbitrarily with respect to the lin
connecting the sphere centers, we can rotate them so tha
new reference frame is convenient for use with the coa
algorithm.

B. Computation of coaxial reexpansion coefficients

Due to the symmetry relations@see Eqs.~49! and ~51!#

~SuR! ln
m5~SuR! ln

2m , m50,1,2, . . . , ~64!

the coaxial coefficients (SuR) ln
m(r pq8 ) can be computed only

for l>n>m>0. The process of filling the matrix$(SuR) ln
m%

can be performed efficiently using recurrence relations
first fill the layers with respect to the ordersl andn followed
by advancement with respect to the degreem. If such a pro-
cedure is selected, then the first step is filling of the la
m50. The initial value depends on the orientation ofr pq8
vector relative to the axisiz ~or i ẑ if rotation is performed!,
and is given by

~SuR! l0
0 ~r pq8 !5~SuR! l0

00~r pq8 !A4p~21! lSl
0~r pq8 !

5e lpqA2l 11hl~krpq8 !, ~65!

where

e lpq5S 2
r pq8 • iz

ur pq8 u D
l

5H ~21! l , for r pq8 • iz5ur pq8 u,

1, for r pq8 • iz52ur pq8 u.
~66!

To advance with respect to the ordern at fixedm>0 we can
use Eq.~46! for s5m,

an
m~SuR! l ,n11

m 5an21
m ~SuR! l ,n21

m 2al
m~SuR! l 11,n

m

1al 21
m ~SuR! l 21,n

m , n5m,m11, . . . ,

~67!

with thea’s given by Eq.~47!. For advancement with respe
to m it is convenient to use Eq.~41! for s5m11,

bm11
2m21~SuR! l ,m11

m11

5bl
2m21~SuR! l 21,m

m 2bl 11
m ~SuR! l 11,m

m ,

l 5m11,m12, . . . , ~68!

with the b’s given by Eq. ~43! and then obtain the othe
(SuR) ln

m11 using Eq.~67!.

V. COMPUTATIONAL RESULTS

We apply our method to several example problem
First, we compare the present technique with the BEM
problems involving two and three spheres, and show that
present method is accurate, and much faster. Next, we
sider problems that, due to their size, would be impractica
handle with the BEM, and demonstrate that the present te
nique can deal with them. Convergence for these case
demonstrated as the truncation numberM is increased.
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A. Single sphere

For the case of a single sphere there are no mult
scattering effects. Despite this, the case is interesting fro
practical viewpoint. We were unable to find this solution
the standard handbooks, and we include this limiting cas
provide an analytical solution for both an arbitrary incide
field and for a monopole source. From Eqs.~37!–~40! we
haveL (1)5I , A(1)5D(1), or

An
~1!m52

k jn8~ka!1 is j n~ka!

khn8~ka!1 ishn~ka!
Cn

~ in!m~r18!. ~69!

Here we will drop subscript 1 fors and a, while keeping
them for the coordinates. Substituting this expression i
Eqs. ~28! and ~29!, we obtain expressions for the potenti
and its normal derivative on the sphere surface as

cuS1
52

1

ika2 (
l 50

`

(
s52 l

l C1
~ in!s~r18!Yl

s~u1 ,w1!

khl8~ka!1 ishl~ka!
, ~70!

]c

]n U
S1

5
s

ka2 (
l 50

`

(
s52 l

l Cl
~ in!s~r18!Yl

s~u1 ,w1!

khl8~ka!1 ishl~ka!

52 iscuS1
. ~71!

The coefficientsCn
(in)m(r18) are determined using Eq

~16! and depend on the incident field. In the case of a mo
pole source located at some pointr5r source, the incident
field corresponds to the fundamental solution of the He
holtz equation

c in~r !5QGk~r2r source!5Q
eikur2rsourceu

4pur2r sourceu
, ~72!

whereQ is the source intensity~complex, if the phaseF is
not zero!,

Q5uQueiF. ~73!

For multiple spheres, expansion of this function near the c
ter of theqth spherer5rq8 ~see Fig. 2! can be found else-

FIG. 2. Notation denoting the different reference frames used in the m
pole reexpansion technique.
2695v and Ramani Duraiswami: Multiple scattering from N spheres
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FIG. 3. The normalized surface transfer functionH, Eq.
~81!, for a single sphere of radiusa58.25 cm and a
monopole source, located at a distanced/a510 from
the center of the sphere for spheres of different valu
of s/k ~shown near the curves!. The continuous and
dashed lines show results of computations using
present method with truncation numberM58. Circles
and diamonds respectively show the results of Du
and Martens~1998! and of BEM computations fors
50. In the BEM the sphere surface was discretized
ing 2700 linear elements.
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where~e.g., Morse and Feshbach, 1953!,

c in~r !5Qik(
n50

`

(
m52n

n

Sn
2m~r source2rq8!Rn

m~rq!,

urqu<ur source2rq8u . ~74!

Comparing Eqs.~16! and ~74! we obtain

Cn
~ in!m~rq8!5QikSn

2m~r source2rq8!. ~75!

A simplification of the general formula forCn
(in)m , Eq. ~75!,

is possible, since the problem for monopole source an
single sphere is axisymmetric relative to the axis connec
the sphere center and the source location. Setting the axz1

to be this axis, we have

Cn
~ in!m5Qikdm0hn~kur source2r18u!Yn

0~0,0!

5Qikdm0A2n11

4p
hn~kd!, ~76!

whered is the distance between the source and the sp
center. The expression for the surface values of the pote
and its derivative Eqs.~70! and ~71! become

cuS1
52

Q

4pa2 (
l 50

`
~2l 11!hl~kd!Pl~cosu1!

khl8~ka!1 ishl~ka!
, ~77!

]c

]n U
S1

5
iQs

4pa2 (
l 50

`
~2l 11!hl~kd!Pl~cosu1!

khl8~ka!1 ishl~ka!

52 iscuS1
. ~78!

For the particular case of a sound-hard (s50) surface this
gives

CuS1
52

Q

4pka2 (
l 50

`

~2l 11!
hl~kd!

hl8~ka!
Pl~cosu1!,

~79!
]c

]n U
Sq

50,

while for sound-soft (s5`) surfaces we have
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cuS1
50,

~80!
]c

]n U
S1

5
Q

4pa2 (
l 50

`

~2l 11!
hl~kd!

hl~ka!
Pl~cosu1!,

These limiting cases are classical and their expressions
be found elsewhere~e.g., see Hanish, 1981!.

We compared results of computations of the potential
the surface with those provided by Eq.~79! and that obtained
using the BEM, as realized in the software package COM
The figures below illustrate comparisons of the followin
transfer functionH measured in dB, which represents th
ratio of the amplitude of the acoustic field at a specifi
location of the surface to the amplitude of the incident fie
at the center of the sphere:

H520 lgU cuS1

c in~r18!
U . ~81!

The solution, Eq.~79!, for a single sphere was used by Dud
and Martens~1998!, for an investigation of scattering cues
audition. Figure 3 shows good agreement between comp
tions using all methods. In this example we include a
computations for different impedances of the sphere.

We also tested the results of computations obtained
ing different truncation numbers. Duda and Martens~1998!
used truncation based on comparison of subsequent term
the series~in this particular case the series was trunca
when the ratio of such terms is smaller than 1026). Experi-
ments showed that excellent agreement with these resu
achieved, if the truncation number is selected using the h
ristic

M5@eka#, e52.718 28 . . . , ~82!

which shows that it increases with the wave number. F
large ka good agreement was observed forM>@1/2eka#,
while differences were visible for smallerM. For moderate
ka such differences appeared for truncation numbers be
the value provided in Eq.~82!.

B. Two spheres

Since there is no closed-form analytical solution for tw
spheres in a simple form, we compared the numerical res
obtained using our code, and by using the BEM. As an
ample we considered computation of the function Eq.~81!.
umerov and Ramani Duraiswami: Multiple scattering from N spheres
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The model consists of two spheres, which are touch
at one point. In the computations the ratio of sphere radii w
taken to be 1.3253. The origin of the reference frame w
located at the center of the smaller sphere and the direc
of the y axis was from the larger sphere to the smaller o
The z axis was directed towards a monopole source, ge
ating the incident field, which was located at the distance
10 radii from the smaller sphere. The frequency of the in
dent wave nondimensionalized with the radius of the sma
sphere corresponded toka153.0255. The mesh for compu
tations using the BEM contained 5400 triangular eleme
~2700 elements for each sphere!. A picture of this two-sphere
configuration with computational mesh and distribution
the acoustic pressure is shown in Fig. 4. In the computat
the admittances of both spheres were set to zero.

For computations using MultisphereHelmholtz the tru
cation number was automatically set to

M5@ 1
2ekr128 #. ~83!

FIG. 4. An example of BEM~COMET 4.0! computations of potential dis-
tribution over the surface of two spheres generated by a monopole so
Each sphere surface is discretized to 2700 triangular elements. The ra
sphere radii is 1.3253 and they touch in one point.
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For the above given values ofa2 /a1 andka1 , this provided
M59, so that the total number of modesn in the multipole
expansion was 10 for each sphere~or 100An

m coefficients for
each sphere!.

Figure 5 shows a comparison between the BEM and
MultisphereHelmholtz computational results for functionH
calculated for sphere 1 according to Eq.~81!. Each curve
corresponds to a fixed value of the spherical polar angleu1

and demonstrates dependence on the anglew1 . Note that
dependence on the anglew1 is only due to the presence o
the sphere 2. The comparison shows a good agreemen
tween the results obtained by different methods. Some sm
dispersion of the points obtained using BEM is due to
mesh discretization of the sphere surface, which norm
can be avoided by additional smoothing/interpolation pro
dures~we did not apply such smoothing in the results plo
ted!. Our code far outperformed BEM computationally, bo
in achieving much faster computations~seconds as oppose
to tens of minutes on the same computer! and memory usage

Figure 6 demonstrates computations ofH for the two
sphere geometry with the parameters described above,
for a higher wave number, and with different impedances
the larger sphere. For the given geometry, the automatic
selected truncation number wasM531. This number is large
enough to observe a substantial difference in speed of c
putations and memory usage between the general algor
and the coaxial one@see Eq.~63!#.

Proper selection of the truncation number is an imp
tant issue for applications of multipole translation tec
niques. Figure 7 shows convergence of the computati
with increasing truncation numbers forH at a specified point
on the surface (u1560 degrees andw150 degrees in the
case shown in the figure!. Computations with low truncation
numbers may provide poor accuracy. At some particu
truncation number~depending on the nondimensional wa
number ka) the computational results stabilize~note that
since the solutionH depends on the wave number, and so
eachka the solution asymptotes to the corresponding valu!.
Further increase in the truncation number increases both
accuracy of the results and computational time/memo
since the matrix size grows in proportion toM4 in the gen-
eral case, and toM3 for coaxial spheres. However, at som

ce.
of
c-
re
. 4
h-
FIG. 5. Comparison of the angular dependence of fun
tion H, Eq. ~81!, over the surface of a smaller sphe
computed for the two sphere geometry shown in Fig
using the BEM and the multipole reexpansion tec
nique. Both spheres are sound-hard.
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FIG. 6. Angular dependence ofH in Eq. ~81! over the
surface of the sound-hard smaller sphere for the geo
etry shown in Fig. 4 for different admittances of th
larger sphere. Results computed using the pres
method with automatically selected truncation numb
M531.
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truncation numbers, which slightly exceed the value p
vided by Eq.~83!, the computations can encounter difficu
ties that arise from the exponential growth of portions of
terms in the expansions, leading to overflow related err
These are due to the spherical Hankel functions of large
der, hn(krpq8 ), entering the reexpansion system matr
Asymptotic expansion of the Hankel function at largen and
fixed kr128 shows that the growth starts atn;1/2ekr128 . This
is used as the basis for automatic selection of the trunca
number Eq.~83!. Of course, this limitation is purely based o
the order of computation of the elements, and the produc
terms remains finite, and calculations can be performed
much largerM than given by Eq.~83!. However, we have no
yet modified our software to use this order of computatio

The computations presented in Fig. 7 show that the
tual stabilization occurs at smallerM than those given by Eq
~83! ~where we have forka151,5,10,20,30 the following
values:M53,15,31,63,94, respectively!. Results of our nu-
merical experiments show that for largekr128 reasonable ac
curacy can be achieved atM* ;1/2Mmax, where Mmax is
provided by Eq.~83!. At the same time, for lowerkr128 for-
mula ~83! provides values which cannot be reduced, and
curate computations can be achieved withM slightly larger
thanMmin , with Mmin provided by Eq.~83!.

In a recent paper~Gumerov and Duraiswami, 2001b! we
presented results of the computation of the surface pote
for a sphere near a rigid wall. In this case the rigid wall cou
be replaced by an image sphere and an image source an
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coaxial multipole reexpansion can be used. The problem
sound scattering by a sphere near a rigid wall is in so
sense a simplification of the general problem for tw
spheres, since both the real and the image spheres in this
have the same radius and impedance. For this case, the
efficients of the multipole expansions near each sphereAn

(1)m

andAn
(2)m are symmetrical and the dimension of the syst

can be reduced using this symmetry by a factor of 2. In t
paper, we also provided a study and discussion of the in
ence of the distance between the sphere and the wall
frequency of the field on the surface potential.

C. Three arbitrarily located spheres

If the cases of one and two spheres can be covered u
simplified codes, the case of three non-coaxial spheres
quires the general three-dimensional multipole translati
As in the case of two spheres discussed above, we comp
results of computations for three spheres using Multisphe
Helmholtz and the COMET BEM software.

For this computational example we placed an additio
sphere~3! to the case described above. The distance betw
the centers of spheres 1 and 3 was the same as the dis
between the centers of spheres 1 and 2. The paramete
the incident field were the same as for the case of t
spheres. The mesh for computations using the BEM c
tained 5184 triangular elements, 1728 elements for e
sphere. A picture of this configuration with the computation
-

FIG. 7. Dependence of the computations ofH, Eq.~81!,
for the two sphere geometry~see Fig. 4! on the trunca-
tion numberM for different nondimensional wave num
bers.
umerov and Ramani Duraiswami: Multiple scattering from N spheres
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mesh and distribution of the acoustic pressure is shown
Fig. 8. In the computations the three spheres were all ta
to be sound-hard.

Results of comparisons between BEM and Multisphe
Helmholtz computations withM59 are shown in Fig. 9. The
comparison is as good as in the case of two spheres. S
Figs. 5 and 9 represent similar dependence, we can no
that the presence of the third sphere reduced~at some points
by 3–4 dB! the amplitude of the sound field on sphere 1.

D. Many spheres

The case of sound and electromagnetic wave scatte
by many arbitrarily located spheres has numerous prac
and theoretical applications, including acoustics and hyd
dynamics of multiphase flows, sound propagation in co

FIG. 8. BEM ~COMET 4.0! computations of the potential distribution ove
the surface of three spheres generated by a monopole source. Each
surface is discretized using 1728 triangular elements. Two spheres of
dimensional radii 1~sphere 1! and 1.3253~sphere 2! touch at one point.
Sphere 3, with nondimensional radius 1, is located at a distance 2.3253
the center of sphere 1, on the line connecting the source and the cen
sphere 1.
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posite materials, electromagnetic waves in clouds, and
verse problems, such as the detection of buried obje
medical tomography, etc.

We considered the following hypothetical problem
sound scattering by a screen of spherical particles. The
ometry of the problem is shown in Fig. 10. Here the incide
field is generated by a monopole source located at distand
from a flat particle screen of thicknessd. A sensor~e.g., a
microphone! measuring the acoustic pressure is located
hind the screen at the same distance as the source.N spheres
with the same acoustic impedance~in the examples below
we took the spheres as sound-hard!, but with possibly differ-
ent sizes, are distributed according to some distribution d
sity over their radii, and have locations of their cente
within a boxd3h3h representing the screen. The objecti
is to evaluate the effect of the screen on the sound prop
tion.

This effect can be evaluated by defining a ‘‘screen tra
fer function’’ ~STF!, which we define as

STF520 lg uc~rmic8 !/c in~rmic8 !u, ~84!

here
n-

m
of

FIG. 10. A sketch of the problem geometry for sound propagation throug
screen of spherical particles.
for
the
ll
FIG. 9. Comparison of the angular dependence ofH
~81! over the surface of smaller sphere computed
the three sphere geometry shown in Fig. 8 using
BEM and the multipole reexpansion technique. A
three spheres have sound-hard surfaces.
2699v and Ramani Duraiswami: Multiple scattering from N spheres
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where rmic8 is the radius-vector of the microphone locatio
and which is measured in decibels.

Two examples of computations with many spheres
presented below. In the first example we placed 16 sph
with uniform random distribution of their dimensionless ra
from amin50.5 to amax51.5. Dimensionless parameters
the screen wered510, d55, andh550. The sphere center
were distributed uniformly within the screen. The view
this screen in theyz plane is shown in Fig. 11. In the com
putations we chose three different wave numbers,ka51,
ka53, andka55, wherea is the length scale~the charac-
teristic sphere radius!. Computations were performed usin
the general software with increasing truncation numberM.
Dependences of the STF onM at variouska are shown in
Fig. 12. It is seen that results converge to some value

FIG. 11. A scattering screen of 16 spheres with random sizes and ran
locations of their centers. The centers are uniformly distributed inside a
10,x,15, 225,y,25, 225,z,25. The radii are uniformly distributed
over 0.5,a,1.5.

FIG. 12. Convergence test for the problem of sound scattering by a sc
of 16 randomly sized spheres with random location of their centers~as
shown in Fig. 11!. Three different curves computed at differentka, wherea
is the mean of the sphere radii distribution.
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pending onka. This type of check shows that for the give
geometry relatively low truncation numbers can be us
which are much smaller than given by Eq.~83!, where in-
stead ofr 128 some representative intersphere distancer pq8 is
selected. We noticed, however, that in some cases when
have many spheres with very different intersphere distan
~from touching spheres, to spheres located at largekrpq8 ),
stabilization of computation only occurs at higher truncati
numbers than prescribed by Eq.~83!. Thus, at this point the
procedure we recommend is an experimental one to ch
the results of several calculations and find the truncat
number at which results converge.

In the second example we put a regular monola
screen (d510, d50, andh550) of 121 spheres of the sam
radii a51, which centers form a regular grid in planex5d
~see Fig. 13!. Again we compared results obtained with th
aid of MultisphereHelmholtz at increasingM and different
wave numbers and found fast convergence~see Fig. 14!.

VI. CONCLUSIONS

We have developed a procedure for solution of t
Helmholtz equation for the case ofN spheres of various radi
and impedances arbitrarily located in three-dimensio
space. This solution uses a T-matrix method where the
trices are computed using a multipole reexpansion techniq
We presented computational results for two and three sph
obtained both using the boundary element method with
discretization of the surfaces~thousands of elements!, and
showed that our solutions are correct. For the case of la
numbers of spheres, we demonstrated that our results
consistent, by showing that they converge as the trunca
number increases.

An open problem that remains is the proper choice
the truncation number as a function of the wave numb
sphere sizes, and intersphere distances. In the case whe
truncation number is properly selected, the solution show
high accuracy, and substantial speed-up in comparison to
boundary element method. In cases when the centers o
spheres are located on a line~which is always true for two

m
x

en

FIG. 13. The view of a scattering screen of 121 spheres of the same
a51 and location of their centers at the nodes of a square grid225,y
,25, 225,z,25 with the grid sizeDy5Dz55.
umerov and Ramani Duraiswami: Multiple scattering from N spheres
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spheres, and can be realized in particular problems foN
spheres! computations using a coaxial multipole reexpans
can be performed with much higher efficiency than in t
general case.

Future improvements to the method proposed here m
include use of spatial grouping of nearby spheres into c
ters represented by one multipole expansion, variable tru
tion numbers depending on the particular distribution
spheres, implementation of a fast multipole method ba
evaluation of the matrix-vector product in Eq.~39!, and de-
velopment of iterative algorithms for solution of that equ
tion.
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