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Abstract

The problemof poseestimationarisesin mary areasof computervision, including objectrecognition,
objecttracking,site inspectionandupdating,andautonomousavigationwhenscenemodelsareavail-

able. We presenta new algorithm, called SoftPOSIT for determiningthe poseof a 3D objectfrom a
single 2D imagewhen correspondencdsetweenmodel pointsandimagepointsare not known. The
algorithmcombinesGold's iterative softassigralgorithm[Gold 1996,Gold 1998 for computingcorre-
spondenceandDeMenthonsiteratve POSITalgorithm[DeMenthon1995]for computingobjectpose
undera full-perspectve cameramodel. Our algorithm, unlike mostprevious algorithmsfor posede-

termination,doesnot have to hypothesizesmall setsof matchesandthenverify the remainingimage
points. Insteadall possiblematchesaretreatedidentically throughoutthe searchfor an optimal pose.

Theperformancef thealgorithmis extensvely evaluatedn Monte Carlosimulationson syntheticdata
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undera variety of levelsof clutter, occlusion,andimagenoise.Thesetestsshaw thatthe algorithmper

formswell in avariety of dif cult scenariosandempiricalevidencesuggestshatthe algorithmhasan
asymptotiaun-timecompleity thatis betterthanpreviousmethodsoy a factorof the numberof image
points. Thealgorithmis beingappliedto anumberof practicalautonomousehiclenavigationproblems
includingtheregistrationof 3D architecturamodelsof a city to imagesandthedockingof smallrobots

ontolargerrobots.

1 Intr oduction

This papempresentanalgorithmfor solvingthe model-to-im@e registration problem whichis the task
of determiningthe positionand orientation(the posg of a three-dimensionabbjectwith respecto a
cameracoordinatesystemgivenamodelof the objectconsistingof 3D referencgointsandasingle2D
imageof thesepoints. We assumehatno additionalinformationis availablewith whichto constrairthe
poseof the objector to constrainthe correspondencef modelfeatureso imagefeatures.Thisis also
known asthe simultaneouposeandcorrespondencproblem.

Automaticregistrationof 3D modelsto imagess animportantproblem.Applicationsincludeobject
recognition objecttracking,siteinspectiorandupdating,andautonomousavigationwhenscenanod-
elsareavailable.lt is adif cult problembecaus& compriseswo coupledproblemsthecorrespondence

problemandthe poseproblem,eacheasyto solve only if the otherhasbeensolved rst:

1. Solvingthe pose(or exterior orientation) problemconsistsof nding therotationandtranslation
of theobjectwith respecto thecameracoordinatesystem.Givenmatchingmodelandimagefea-
tures,onecaneasilydeterminehe posethatbestalignsthosematchesFor threeto ve matches,
the posecan be found in closedform by solving setsof polynomial equationgFischler1981,
Haralick1991, Horaud1989 Yuan1989. For six or more matches linear and nonlinearap-
proximatemethodsare generallyused[DeMenthon1995 Fiore2001,Hartley 200Q Horn 1986,
Lu 200Q.

2. Solvingthe correspondencproblemconsistsof nding matchingimagefeaturesandmodelfea-
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tures.If theobjectposeis known, onecanrelatively easilydeterminghe matchingfeatures Pro-
jecting the modelin the known poseinto the original image, one canidentify matchesamong
the model featuresthat project sufciently closeto animagefeature. This approachis typi-
cally usedfor poseveri cation, which attemptsto determinehow good a hypothesizegoseis

[Grimson1991].

Theclassicapproacho solvingthesecoupledproblemss thehypothesize-and-teapproactiGrimson199Q.
In this approacha small setof imagefeatureto modelfeaturecorrespondencese rst hypothesized.
Basedon thesecorrespondencetje poseof the objectis computed.Usingthis pose the modelpoints
are back-projectednto the image. If the original and back-projectedmagesare sufciently similar,
thenthe poseis acceptedptherwise a new hypothesigs formedandthis processs repeated Perhaps
the bestknown exampleof this approachs the RANSAC algorithm[Fischler1987] for the casethat

no informationis availableto constrainthe correspondencesf modelpointsto imagepoints. When
threecorrespondencemeusedto determineapose ahigh probabilityof successanbeachiezedby the

RANSAC algorithmin time whenthereare imagepointsand objectpoints(see “M,ocg,gal
poin

AppendixA for details). ?ﬁiﬁégﬁ
(0}

The problemaddressedthereis onethatis encounteredvhentaking a model-base@pproacho the 'F')%ki’g]et,?t

objectrecognitionproblem,andassuchhasreceved considerablattention.(The othermainapproach E)thtlﬁ%h'

paper

to objectrecognitionis the appearance-basegproaciMurase1993 in which multiple views of the g’&gfl;

. . . . we used
objectarecomparedo the image. However, since3D modelsarenot used,this approachdoesnt pro- bothd |
oodel”

vide accurateobjectpose.) Many investigators(e.g., [Cass1994 Cassl1998 Ely 1995 Jacobsl992, ?g‘g,}ectn

to mean
Lamdan1988 Procterl997) approximatethe nonlinearperspectie projectionvia linear afne ap- thesame

thing.
proximations. This is accuratewhenthe relatve depthsof objectfeaturesare small comparedo the
distanceof the objectfrom the camera. Among the pioneercontributions were Baird's tree-pruning
method[Baird 1985],with exponentiatime compleity for unequalpoint sets,andUliman's alignment
method[Uliman 1989 with time compleity
ThegeometrichashingnethodLamdan1989 determinesnobjectsidentity andposeusingahash-

ing metric computedfrom a setof imagefeatures. Becausehe hashingmetric mustbe invariantto
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cameraviewpoint, andbecausehereareno view-invariantimagefeaturedor general3D point sets(for
eitherperspectie or af ne cameras)Burns1993, this methodcanonly be appliedto planarscenes.

In [DeMenthon1993], we proposedan approachusing binary searchby bisectionof poseboxesin
two 4D spacesgxtendingthe researctof [Baird 1985 Cass1992 Breuel1997 on af ne transforms,
but it hadhigh-ordercompleity. The approachtaken by Jurie[Jurie 1999 wasinspiredby our work
and belongsto the samefamily of methods. An initial volume of posespaceis guessedandall of
the correspondenceasompatiblewith this volumeare rst takeninto account.Thenthe posevolumeis
recursvely reduceduntil it canbe viewed asa singlepose. As a Gaussiarerror modelis used,boxes
of posespaceare prunednot by countingthe numberof correspondencdsat arecompatiblewith the
boxasin [DeMenthon1993, but on the basisof the probability of having anobjectmodelin theimage
within therangeof posesde ned by thebox.

Among the researchersvho have addressedhe full perspectie problem, Wunschand Hirzinger
[Wunsch199q formalizethe abstractproblemin a way similar to the approachadwcatedhereasthe
optimizationof an objective function combiningcorrespondencand poseconstraints. However, the
correspondenceonstraintsare not representednalytically Instead,eachmodelfeatureis explicitly
matchedo the closestlines of sightof the imagefeatures.The closest3D pointson the lines of sight
arefoundfor eachmodelfeature andthe posethatbringsthe modelfeaturesclosestto these3D points
is selectedthis allows an easier3D to 3D poseproblemto be solved. The processs repeateduntil a
minimumof the objectie functionis reached.

The objectrecognitionapproachof Beis [Beis 1999] usesview-variant2D imagefeaturesto index
3D objectmodels. Off-line training is performedto learn 2D featuregroupingsassociatedvith large
numbersof views of the objects. Then, the on-line recognitionstageusesnew featuregroupingsto
index into a databasef learnedmodel-to-imagecorrespondencbypothesesandthesehypothesesare
usedfor poseestimationandveri cation.

Theposeclusteringapproactio model-to-imageegistrationis similar to the classichypothesize-and-
testapproach.Insteadof testingeachhypothesisasit is generatedall hypothesesre generatedand

clusteredn aposespacebeforeary back-projectiorandtestingtakesplace.This laterstepis performed
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only on posesassociatedvith high-probability clusters. The ideais that hypothesesncluding only
correctcorrespondenceshouldform largerclustersn posespacehanhypotheseghatincludeincorrect
correspondencesOlson[Olson1997 gives a randomizedalgorithm for poseclusteringwhosetime
compleity is

The methodof Beveridgeand RisemanBeveridge1992 Beveridgel99] is alsorelatedto our ap-
proach. Random-startocal searchis combinedwith a hybrid poseestimationalgorithm emplgying
both full-perspectve and weak-perspecte cameramodels. A steepestiescentsearchin the spaceof
model-to-imagdine segmentcorrespondencas performed A weak-perspeocte posealgorithmis used
to rankneighboringpointsin this searchspaceanda full-perspectve posealgorithmis usedto update
the model's poseafter makinga move to a new setof correspondenceslhe time compleity of this
algorithmwasempiricallydeterminedo be

Whenthereare  objectpointsand imagepoints,the dimensionof the solutionspacefor this
problemis sincethereare  correspondenceariablesand6 posevariables.Eachcorrespon-
dencevariablehasthe domain representinga matchof a objectpoint to oneof the
imagepointsor to no imagepoint (representetdy ), andeachposevariablehasa continuousdomain
determinedoy the allowed rangeof objecttranslationsandrotations. Most algorithmsdon't explicitly
searchthis -dimensionakpaceput insteadassumehatposeis determinedy correspondences
thatcorrespondencesedeterminedy poseandsosearcteitheran -dimensionabr a6-dimensional
space.The SoftPOSITapproachs differentin thatits searchalternatebetweerthesetwo spaces.

The SoftPOSITapproachto solving the model-to-imageegistrationproblemappliesthe formalism
proposedby Gold, Rangarajarand others[Gold 1996 Gold 1998] whenthey solved the correspon-
denceandposeproblemin matchingtwo imagesor two 3D models.We extendit to the moredif cult
problemof registrationbetweena 3D modelandits perspectie image, which they did not address.
The SoftPOSITalgorithmintegratesaniterative posetechniquecalledPOSIT (Posefrom Orthography
andScalingwith ITerations)DeMenthon19995, andaniterative correspondencassignmentechnique
called softassignGold 1996 Gold 1999 into a single iterationloop. A global objectve functionis

de ned thatcaptureghe natureof the problemin termsof both poseandcorrespondencandcombines
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theformalismsof bothiterative techniquesThecorrespondencandthe posearedeterminedsimultane-
ouslyby applyinga deterministicannealingscheduleandby minimizing this global objectve function
ateachiterationstep.

Figure 1 shavs an examplecomputationof SoftPOSITfor an objectwith 15 points. Notice that it
would be impossibleto make hard correspondencdecisionsfor the initial pose(frame 1), wherethe
objectsimagedoesnot matchthe actualimageatall. Thedeterministicannealingmechanisnkeepsall
the optionsopenuntil thetwo imagesarealmostaligned. As anotherexampleof SoftPOSIT Figure 2
shaws thetrajectoryof the perspectie projectionof a cubebeingalignedto animageof a cube.

In the following sectionswe examineeachstepof the method.We thenprovide pseudocodéor the
algorithm.We thenevaluatethe algorithmusingMonte Carlo simulationswith variouslevelsof clutter,

occlusionandimagenoise,and nally we applythealgorithmto somerealimagery

2 POSIT Algorithm

One of the building blocks of the new algorithm is the POSIT algorithm, presentedn detail in
[DeMenthon1995], which determinegposefrom known correspondenceslVe give a differentpresen-
tation of this algorithmbelow, andthenpresenta variantof the algorithm,still with known correspon-
dencesuysingthe closed-formminimizationof anobjective function. It is this objectve functionwhich
is modi ed in thenext sectionto analyticallycharacterizéheglobalpose-correspondenpeoblem(i.e.,
without known correspondences) a singleequation.

Considera pinholecameraof focallength andanimagefeaturepoint with Euclideancoordinates

and andhomogeneousoordinates . Thepoint isthe perspectie projectionof the 3D
objectpoint  with homogeneousoordinates in theframeof referenceof the object
Throughou
whoseoriginisat  in thecamerarame. See gure 3. The Euclideancoordinate®f in theobject tphfper
framearerepresentedly thevector from to . changed
to
In our problem,thereis an unknavn coordinatetransformatiorbetweenthe objectandthe camera, gﬂgnged
to
representedby a rotation matrix and a translationvector . The



Figure 1: Evolution of perspectie projectionsfor a 15-pointobject(solid lines) beingalignedby the
SoftPOSITalgorithmto animage(dashedines) with oneoccludedobjectpointandtwo clutter points.
Theiterationstepof thealgorithmis shavn undereachframe.



Figure2: Thetrajectoryof the perspectie projectionof a cube(solid lines) beingalignedby the Soft-
POSIT algorithmto animageof a cube(dashedines), whereone vertex of the cubeis occluded. A

simpleobjectis usedfor the sale of clarity.

object frame

camera frame

Figure3: Camerageometry A camerawith centerof projection , focal length , imagecenter |,
andimageplane , projectsobjectpoint ontoimagepoint . isthetranslatiorbetweerthecamera
frameandthe objectframe,whoseoriginisat  with respecto the camerdrame. The coordinateof

point  with respecto the objectframearegivenby the 3-vector



vectors , aretherow vectorsof therotationmatrix; they arethe unit vectorsof the camera
coordinatesystemexpressedn theobjectcoordinatesystem.Thetranslationvector isthevectorfrom
thecenterof projection of thecamerao theorigin  of theobject. Thecoordinate®f theperspectie

imagepoint canbeshavnto berelatedto the coordinate®f the objectpoint by

The homogeneousmage point coordinatesare de ned up to a multiplicative constant;thereforethe
validity of theequalityis notaffectedif we multiply all theelementof theperspectie projectionmatrix
by . We alsointroducethe scalingfactor (thereasorfor this terminologybecome<lear

below). We obtain

1)
with _
Previously,
th
(2) wasa
typoin
eg.2.
In theexpressiorfor thedotproduct representtheprojectionof thevector ontotheoptical

axisof thecameralndeed,in theobjectcoordinatesystemwhere isde ned, istheunit vectorof
the optical axis. Whenthe depthrangeof the objectalongthe optical axis of the cameras smallwith
respecto the objectdistance, is smallwith respecto , andtherefore is closeto 1. In this

caseperspeciie projectiongivesresultsthataresimilar to the following transformation:

®3)

This expressiorde nesthescaledorthographicprojection of the3D point . Thefactor isthescal-
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ing factorof this scaledorthographigrojection.When , this equationexpresses transformation
of pointsfrom anobjectcoordinatesystenmto a cameracoordinatesystemanduseswo of thethreeob-

jectpointcoordinatesn determiningtheimagecoordinatesthisis thede nition of a pureorthographic
projection.With afactor differentfrom 1, thisimageis scaledandapproximates perspectie image
becausehe scalingis inverselyproportionalto the distance from the cameracenterof projectionto

theobjectorigin  ( ).

Thegeneralperspectie equation(1) canberewritten as

(4)

Assumethatfor eachimagepoint with coordinates and thecorrespondingpomogeneousoordinate
hasbeencomputedata previouscomputatiorstepandis known. Thenwe areableto calculate and
, andthe previous equationexpresseshe relationshipbetweernthe unknovn posecomponents
: , , andthe known imagecomponents and  andknown objectcoordinates ,
of .If weknow objectpoints , , with Euclideancoordinates :
their correspondingmagepoints , andtheir homogeneousomponents , thenwe canthenwrite
two linearsystem®f  equationghatcanbesolvedfor theunknovn componentsf vectors
andtheunknowns and , providedtherankof the matrix of objectpoint coordinatess atleast4.
Thus, at leastfour of the pointsof the objectfor which we usethe imagepointsmustbe noncoplanar
After theunknowns and areobtainedwe canextract , ,and byimposingthecondition

that and mustbeunitvectors.Thenwecanobtain  asthecross-productf  and

geometricmean
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An additionalintermediarystep that improves performanceand quality of resultsconsistsof using
unit vectors and thatare mutually perpendiculaand closestto and in theleastsquare
sense. Thesevectorscan be found by singularvalue decomposition(SVD) (seethe Matlab codein
[DeMenthon2001]).
How canwe computethe  componentsn equation(4) that determinethe right-handside rows
correspondindo imagepoint  ? We sav thatsetting for every pointis a good
rst stepbecaus& amountgo solvingtheproblemwith ascaledorthographianodelof projection.Once
we have the poseresultfor this rst step,we cancomputebetterestimategor the  usingequation(2).
Thenwe cansolve the systemof equationg4) againto obtainare ned pose.This processs repeated,

andtheiterationis stoppedvhenthe procesdecomestationary

3 Geometry and Objective Function

We now look ata geometridnterpretatiorof thismethodin orderto proposeavariantusinganobjective
function. As shavn in Figure4, considera pinholecamerawith centerof projectionat , opticalaxis
alignedwith  ,imageplane atdistance from , andimagecenter(principalpoint)at . Consider
anobject,theorigin of its coordinatesystemat , apoint of this object,a correspondingmagepoint
, andtheline of sight of . Theimagepoint is the scaledorthographigrojectionof objectpoint
. Theimagepoint is the scaledorthographigrojectionof point  obtainedby shifting to the
line of sightof in adirectionparallelto theimageplane.

Onecanshaw (seeAppendixB) thattheimageplanevectorfrom to is

In otherwords,the left-handsideof equation(4) representshevector  in theimageplane.Onecan

alsoshaowv thatthe imageplanevectorfrom to is . In otherwords, the
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Figure4: Geometridnterpretationof the POSIT computation.Imagepoint , the scaledorthographic
projectionof world point , is computedy theleft-handsideof equation(4). Imagepoint  thescaled
orthographiqorojectionof point  ontheline of sightof , is computedby theright-handsideof this

equation. The equationis satis ed whenthe two pointsare superposedyhich requiresthatthe world

point beontheline of sightof imagepoint . Theplaneof the gure is choseno containthe optical

axisandtheline of sight . Thepoints , , ,and aregenerallyoutof thisplane.
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right-handsideof equation(4) representshe vector in theimageplane.Theimagepoint canbe

interpretedasa correctionof theimagepoint from a perspectie projectionto a scaledorthographic

projectionof apoint  locatedontheline of sightatthe samedistanceas . isontheline of sight
of if, andonly if, theimagepoints and aresuperposedThen , I.e. equation(4) is
satis ed.
Whenwe try to matcha setof objectpoints , tothelinesof sight  of theirimage

points , it is unlikely thatall or evenary of thepointswill fall ontheir correspondinginesof sight,or
equialentlythat or . Theleastsquaresolutionof equationg4) for poseenforces

theseconstraints Alternatively, we canminimize a global objective function  equalto the sumof the

squaredlistances betweernimagepoints and
(5)
wherewe have introducedthevectors , ,and  with four homogeneousoordinatego simplify Poste
vectors
thesubsequentotation: '\N/' ﬁg,g
been
changed
to
and
through-
outthe
paper
Wecall and theposevectos.
Referringagainto Figure4, noticethat . Thereforeminimizing this ob-

jective function consistsof minimizing the scaledsumof squareddistance®f objectpointsto lines of
sight, whendistancesaretaken alongdirectionsparallelto the imageplane. This objectve functionis
minimizediteratively. Initially, the  areall setto 1. Thenthefollowing two operationdake placeat

eachiterationstep:
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1. Computetheposevectors and assumingheterms areknown (equation(5)).

2. Computethecorrectionterms  usingtheposevectors and  justcomputedequation(2)).

We now focusontheoptimizationof theposevectors and . Theposevectorghatwill minimize
the objective function at a giveniterationsteparethosefor which all the partial dervativesof the
objective function with respectto the coordinatesof thesevectorsare zero. This condition provides

linearsystemdor thecoordinate®f and  whosesolutionsare

(6)

(7)

Thematrix isa matrix thatcanbe precomputed.

With eithermethod,the point  canbe viewed asthe imagepoint “corrected”for scaledortho-
graphicprojectionusing computedat the previous stepof theiteration. The next iterationstep nds
the posesuchthatthe scaledorthographigorojectionof eachpoint is ascloseaspossibleto its cor-

rectedimagepoint.

4 PoseCalculation with Unknown Correspondences

Whencorrespondenceseunknavn, eachimagefeaturepoint  canpotentiallymatchary of theobject

featurepoints , andthereforemustbecorrectedusingthevalueof speci c to thecoordinate®f

(8)

Thereforefor eachimagepoint andeachobjectpoint  we generatea correctedmagepoint

alignedwith theimagecenter andwith , andde ned by

(9)
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We malke useof thesquaredlistancedbetweerthesecorrectedmagepoints  andthescaledortho-

graphicprojections of thepoints whosepositionsareprovidedby

(10)
Thesesquaredlistancesre

(11)
where and aretheimagecoordinateof theimagepoint is the vector ,and and

areposevectorsintroducedn the previous sectionandrecomputedit eachiterationstep. Theterm
is de ned by equation(8).
The simultaneouposeandcorrespondenceroblemcanthenbe formulatedasa minimizationof the

globalobjectve function Added
(12)

wherethe areweights,equalto 0 or 1, for eachof thesquaredlistances , andwhereJ andK are

the numberof imageandobjectpoints,respectiely. The arecorrespondenceariablesthatde ne

theassignmentbetweenmageandobjectfeaturepoints;thesemustsatisfyanumberof correspondenceAdded
n

constraintasdiscussedbelon. The termbiasegheobjectvefunctiontowardsmatching to  when {S%prgi‘se

(provided correspondenceonstarconstraintsineresatis ed),andit preventsthis matchwhen e
. Notethatwhenall theassignmentarewell-de ned, thisobjectivefunctionbecomegquialent
to the objectve functionde ned in equation(s).
This objective functionis minimizediteratively, with the following threeoperationsat eachiteration

step:
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1. Computethecorrespondenceariablesassumingaverythingelseis x ed(seebelaw).
2. Computetheposevectors and  assumingverythingelseis x ed(seebelow).

3. Computethe correctionterms  usingthe posevectors and  justcomputedasdescribed

in theprevioussection).

Thisiterative approachs relatedto thegenerakxpectation-maximizatio(EM) algorithm[Moon 1994.
In EM, givena guesdor the unknavn parametergthe posein our problem)anda setof obseneddata
(theimagepointsin our problem),the expectedvalueof the unobsered variables(the correspondence
matrix in our problem)is estimated.Then,giventhis estimatefor the unobsered variables the maxi-
mumlik elihoodestimate®f theparameterarecomputed.This processs repeatedintil theseestimates

converge.

4.1 PoseProblem

We now focuson nding theoptimalposes and , assuminghecorrespondenceariables  are
known and x ed. As in the previous section,the posevectorsthatwill minimizethe objectve function

at a giveniterationsteparethosefor which all the partial derivativesof the objective function with
respecto the coordinatef thesevectorsare0. This conditionprovides linear systemdor the

coordinate®f and whosesolutionsare

(13)
(14)
with . Theterms are matrices.Thereforecomputing and  requires
theinversionof a single matrix, , afairly inexpensve operation(notethat

becausehe termin column andslackrow (seebelow) is generallygreaterthanO,

is generallynot equalto 1, andL generallycannotbe precomputed).
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4.2 Correspondencd’roblem

We optimizethecorrespondenceariables  assumindghattheparameters intheexpressiorfor the
objectve function areknown and x ed. Ouraimisto nd azero-oneassignmenfor matd) matrix,

, thatexplicitly speci esthematchingdbetweerasetof imagepointsandasetof object Match

matrix
points,andthatminimizesthe objectve function .  hasonerow for eachof the imagepoints  changed
andonecolumnfor eachof the  objectpoints . Theassignmenmatrix mustsatisfythe constraint :“:”(,gr,ix
thateachimagepoint matchat mostoneobjectpoint, andvice versa(i.e., for all tC:anged
and ). A slakk row andasladk column areadded A valueof 1 in theslackcolumn

atrow indicatesghatimagepoint hasnotfoundany matchamongthe objectpoints. A valueof 1in
theslackrow atcolumn indicateshattheobjectpoint  is notseenn theimageanddoesnot
matchary imagefeature.The objective function  will be minimumif the assignmeninatrix matches
imageand objectpointswith the smallestdistances . This problemcanbe solved by the iterative
softassigrtechniqugGold 1996 Gold 1998]. Theiterationfor the assignmenmatrix  beginswith a
matrix in which element  is initialized to , with  very small,and
with all elementsn the slackrow andslackcolumnsetto a smallconstant.The exponentiatiorhasthe
effect of ensuringthatall elementwf the assignmeninatrix arepositive. The parameter determines
how far aparttwo points mustbe beforeconsideringthe pointsunmatchable.See[Gold 1998] for an
analyticaljusti cation. The continuousmatrix  corvergestowardthe discretematrix — dueto two

mechanismshatareusedconcurrently:

1. First, atechniquedueto Sinkhorn[Sinkhorn1964 is applied. Wheneachrow and column of
a squarecorrespondencenatrix is normalized(several times, alternatingly) by the sum of the
elementsf thatrow or columnrespectrely, the resultingmatrix haspositive elementswith all

rowsandcolumnssummingo 1.

2. Theterm is increasedasthe iteration proceeds.As increasesandeachrow or column of
Is renormalizedtheterms correspondingo thesmallest  tendto corvergeto 1, while

the othertermstendto corvergeto 0. This is a deterministicannealingprocesdGeiger1997
17



known as SoftmaxBridle 1990]. This is a desirablebehaior, sinceit leadsto an assignmenof

correspondencedbatsatisfythe matchingconstrainteandwhosesumof distancesn minimized.

This combinationof deterministicannealingand Sinkhorns techniquein an iterationloop was called
softassigrby Gold andRangarajariGold 1996 Gold 1999. Thematrix resultingfrom aniteration
loop that compriseghesetwo substepss the assignmenthat minimizesthe global objective function

. As thefollowing pseudocodshaws, thesewo substepsreinterleavedin the
iterationloop of SoftPOSIT alongwith the substepshatoptimizethe poseandcorrecttheimagepoints

by scaledorthographidistortions.

4.3 Pseudocoddor SoftPOSIT

The SoftPOSITalgorithmcanbe summarizedsfollows:

Inputs:

1. Alistof imagefeaturepoints

2. Alistof objectpoints

Initialize slackelementsof assignmentnatrix M to , to ( isaround
0.0004if nothingis known aboutthe pose,andis largerif aninitial posecanbeguessed).

Initialize posevectors and  usingtheexpectedooseor arandomposewithin the expectedrange.
Initialize

Do A until ( around0.5) (Deterministicannealingloop)

Computethe squaredistances

Compute
Removed
theO
. . andl
Do B until small (Sinkhorns method super
scripts
from
— Normalizematrix m acrossall nonslackrows: for '

18



— Normalizematrix m acrossall nonslackcolumns: for

End Do B
Compute matrix with
ComputeL
Compute Wrote
outcom-
ponents
Compute o
Compute
Compute
( isaround )
End Do A
Outputs: A rotationmatrixR R R R , atranslationvectorT , andanassignment
matrix betweerthelist of imagepointsandthelist of objectpointsof theinput.

5 Random Start SoftPOSIT

The SoftPOSITalgorithmdescribedabove performsa deterministicannealingsearchstartingfrom an
initial guessattheobjectspose.Becausehisis alocal searchthereis noguaranteef nding theglobal
optimum.Theprobabilityof nding theglobally optimalobjectposeandcorrespondencesartingfrom
aninitial guessdependsn a numberof factorsincludingthe accurag of theinitial guessthe number
of objectpoints,the numberof imagepoints,the amountof objectocclusion,the amountof clutterin
theimage,andthe imagemeasurementoise. A commonmethodof searchingor a global optimum,
andthe oneusedhere,is to run the searchalgorithmstartingfrom a numberof differentinitial guesses,
andkeepthe rst solutionthatmeetsa speci edterminationcriterion. Our initial guessesangeoverthe

range for thethreeEulerrotationangles,andover a 3D spaceof translationgknown to contain
19



the true translation. In this section,we describeour proceduregor generatingnitial guessegor pose

whenno knowledgeof the correctposeis available,andthenwe discussour terminationcriterion.

5.1 GeneratingInitial Guesses

Givenaninitial posethatlies in a valley of the costfunction in the parameteispace,we expectthe
algorithmto corverge to the minimum associateavith thatvalley. To examineothervalleys, we must
startwith pointsthatlie in them. We usea pseudo-randomumbergeneratorto generateandom6-
vectorsin a unit 6D hypercube.Thesepointsarescaledto cover the expectedrangesof translationand

rotation.

5.2 Search Termination

Ideally, onewouldlik eto repeathe searcHrom a new startingpointwheneerthe numberof object-to-
imagecorrespondencedeterminedy the searchis not maximal. With real data,however, oneusually
doesnot know whatthis maximalnumberis. Insteadwe repeatthe searchwhenthe numberof object
pointsthat matchimagepointsis lessthansomethreshold . Due to occlusionandimperfectimage
featureextractionalgorithmsnotall objectpointswill bedetectedasfeaturesn animageof thatobject.

Let thefractionof detectedbjectfeatureshe

numberof objectpointsdetectechsimagefeatures
total numberof objectpoints

In the Monte Carlo simulationsdescribedbelow,  is known. With realimagery however,  must
be estimatedasedon the scenecompleity andon thereliability of theimageprocessinglgorithmin
detectingobjectfeatures.

We terminatethe searchfor bettersolutionswhen the currentsolutionis suchthat the numberof

objectpointsthat matchary imagepointis greaterthanor equalto the threshold , Where
determinesvhat percentof the detectedobjectpoints mustbe matched ,and isthe
total numberof object points, so that is the numberof detectedobjectpoints. accountsfor

20
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measurememntoisethattypically preventssomedetectebjectfeaturedrom beingmatchedevenwhen
agoodposeis found. In the experimentgdiscussedbelow, we take . Thistestis not perfect,as
it is possiblefor a poseto be very accurateaven whenthe numberof matchedpointsis lessthanthis
threshold;this occursmainly in casesof high noise. Cornversely a wrong posemay be acceptedvhen
theratio of clutter featureso detectedbjectpointsis high. It hasbeenobsened, however, thatthese
situationsarerelatively uncommon.
We notethatGrimsonandHuttenlochefGrimson1997] have derivedanexpressiorfor athresholdon

thenumberof matchedbjectpointsnecessaryo accepialocal optimum;their expressions afunction
of the numbersof image and object points and of the sensomoise,and guaranteesvith a speci ed

probabilitythatthe globally optimal solutionhasbeenfound.

5.3 Early Search Termination

The deterministicannealingloop of the SoftPOSITalgorithm iteratesover a rangeof valuesfor the
annealingparameter . In the experimentgeportedhere, is initialized to andis updated
accordingto , andthe annealingterationendswhenthe valueof exceeds . (The
iterationmay endearlierif corvergences detected.)This meanghatthe annealindoop canrun for up
to 147iterations.It is usuallythe casethat, by viewing the originalimageand,overlaidon top of it, the
projectedbbjectpointsproducedy SoftPOSITapersoncandeterminevery early(e.g.,aroundteration
30)whetheror notthe algorithmis goingto convergeto the correctpose.lt is desiredthatthealgorithm
malke this determinationtself, sothatwheneerit detectghatit seemgo be headingdown anunfruitful
path,it canendthe currentsearchfor a local optimumandrestartfrom a new randominitial condition,
therebysaving a signi cant amountof processindime.

A simpletestis performedat ead iterationof SoftPOSITto determinef it shouldcontinuewith the
iterationor restart.At the ™ stepof the SoftPOSITiteration, the matchmatrix Is usedto
predictthe nal correspondences objecttoimagepoints.Uponcorvergenceof SoftPOSITonewould
expectimagepoint to correspondo modelpoint if for all andall (though
thisis notguaranteed)The numberof predictedcorrespondencestiteration , , is justthe numberof
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pairs thatsatisfythis relation. We thende ne thematchratioatstep as where
is thefractionof detectedbjectfeaturesasde ned above.

The earlyterminationtestcentersaroundthis matchratio measure This measuras commonlyused
[Grimson1991]atthe endof alocal searchto determindf the currentsolutionfor correspondencand
poseis good enoughto endthe searchfor the global optimum. We, however, usethis metric within
the local searchitself. Let C denotethe eventthat the SoftPOSITalgorithm eventually corvergesto
the correctpose. Thenthe algorithmrestartsafterthe ™ stepof the iterationif ,
where . Thatis, the searchis restartedrom a new randomstartingconditionwhenever the
posteriorprobability of eventually nding a correctposegiven dropsto lessthan somefraction of
the prior probability of nding the correctpose.Noticethata separatgosteriorprobabilityfunctionis
requiredfor eachiterationstepbecausehe ability to predictthe eventualoutcomeusing changesas
the iterationsprogress.Although this testmay resultin the terminationof somelocal searchesvhich
would have eventually producedgood posesit is expectedthat the total time requiredto nd a good
posewill beless.Our experimentsshaw thatthisis indeedthe case we obtaina speeduby afactorof
2.

Theposteriomprobabilityfunctionfor the ™ stepof theiterationcanbecomputedrom , theprior
probabilityof nding acorrectposeononerandomlocal searchandfrom and ~ ,the

probabilitiesof observinga particularmatchratio onthe ' iterationstepgiventhatthe eventualposeis

eithercorrector incorrect,respectrely:

: : , and ~areestimatedn Monte Carlo simulationsof the algorithmin
which the numberof objectpointsandthe levels of imageclutter, occlusion,andnoiseareall varied.
The detailsof thesesimulationsaredescribedn Section6. To estimate and ~, the
algorithmis repeatedlyun onrandomtestdata.For eachtest,the valuesof thematchratio computed

ateachiterationarerecorded Oncea SoftPOSlITiterationis completedgroundtruthinformationis used
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to determinewhetheror notthe correctposewasfound. If the poseis correct,therecordedvaluesof

areusedto updatehistogramgepresentinghe probability functions ; otherwise histograms

representing ~ areupdated. Upon completingthis training, the histogramsare normalized.
is easilyestimatedoasedon the percentof the randomteststhat produceche correctpose. We

alsohave . Two of theseestimatedrobabilityfunctionsareshavn in Figure5s.
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Figure5: Probability functionsestimatedfor (a) the rst iteration, and (b) the 31stiteration, of the
SoftPOSITalgorithm.

6 Experiments

Thetwo mostimportantquestiongelatedto the performanceof the SoftPOSITalgorithmare (a) How
oftendoesit nd a“good” pose?and(b) How long doesit take? Both of theseissuesareinvestigatedn

this section.

6.1 Monte Carlo Evaluation

Therandom-starSoftPOSITalgorithmhasbeenextensvely evaluatedn Monte Carlosimulations.The
simulationsand the performanceof the algorithm are discussedn this section. The simulationsare
characterizedy the ve parameters: , , , ,and . is the numberof independentandom

trials to performfor eachcombinationof valuesof the remainingfour parameters. is the numberof
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points(vertices)in a3D object. s theprobabilitythattheimageof any particularobjectpointwill be
detectedasafeaturepointin theimage. takesinto accountocclusionof the 3D objectpointsaswell
asthefactthatrealimageprocessinglgorithmsdo not detectall desiredfeaturepoints,evenwhenthe
correspondin@D pointsarenot occluded. is the probabilitythatary particularimagefeaturepoint
is clutter, thatis, is not theimageof some3D objectpoint. Finally, is the standarddeviation of the
normallydistributednoisein the and coordinate®f thenon-clutterfeaturepoints,measuredh pixels
fora image,generatethy asimulateccameranavinga -degree eld of view (afocallength
of 1500 pixels). The currenttestswere performedwith , :

: , and 1, With theseparameters]18,900
independentrials wereperformed.

For eachtrial, a 3D objectis createdn whichthe  modelverticesarerandomlylocatedin asphere
centeredht the origin. Becauseahe SoftPOSITalgorithmworks with points,not with line segments,it
is only the objectverticesthatareimportantin the currenttests.However, to make theimagesproduced
by the algorithmeasierto understandeachobjectvertex is connectedy anedgeto the two closestof
the remainingobjectvertices. Theseconnectingedgesare not usedby the SoftPOSITalgorithm. The
objectis thenrotatedinto somearbitrary orientation,andtranslatedo somerandompoint in the eld
of view of the camera.Next, the objectis projectedinto theimageplaneof the cameragachprojected
objectpointis detectedvith probability . Forthosepointsthataredetectednormallydistributednoise
with meanzeroandstandarddeviation is addedto boththe and coordinate®f thefeaturepoints.
Finally, randomlylocatedclutterfeaturepointsareaddedo thetrue (non-clutter)featurepoints,sothat

percenbf thetotal numberof featurepointsareclutter;to achieve this, clutter
pointsmustbe added. The clutter points arerequiredto lie in the generalvicinity of the true feature
points. However, to preventthe clutter pointsfrom replacingmissingtrue featurepoints, eachclutter
pointmustbefurtherthan ~ from ary projectedobjectpoint, whetheror not the point wasdetected.

Figure6 shavs a few examplesof clutteredimagesof randomobjectsthat aretypical of thoseusedin

1Becauseoneof our main applicationss autonomousavigationin cities, andbecausémagecornerpointsof the type
producedby buildings canbe locatedwith anaccurayg of th of a pixel [Brand 1994, thesevaluesof arelargerthan
whatis expectedn realimagery
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our experiments.

In our experimentswe considera poseto be goodwhenit allows 80% ( in Section5.2) or
moreof the detectedbjectpointsto be matchedo someimagepoint. The numberof randomstartsfor
eachtrial waslimited to 10,000.Thus,if agoodposeis notfoundafter10,000starts thealgorithmgives
up. Figures7 and8 shaov a numberof examplesof posesfoundby SoftPOSITwhenrandom6-vectors
areusedastheinitial guessesor pose.

Figure9 shaws the successate of the algorithm(percentof trials for which a goodposewasfound
in 10,000starts,given no knowledgeof the correctpose)asa function of the numberof objectpoints
for andfor all combination®of theparameters and . (Thealgorithmperformsalittle better
for and .) It canbe seenfrom this gure that, for morethan 92% of the different
combinationsf simulationparametersa good poseis foundin 90% or more of the associatedrials.
For theremaining8% of thetestsagoodposeis foundin 75%or moreof thetrials. Overall,agoodpose
wasfoundin 96.4%of thetrials. As expectedthe higherthe occlusionrate (lower ) andthe clutter
rate(higher , thelowerthe successate. For the high-cluttertests,the successateincreasessthe
numberof objectpointsdecreasesThisis dueto the algorithm's ability to moreeasilymatcha smaller
numberof objectpointsto clutterthanalargernumberof objectpointsto the sameevel of clutter.

Figure 10 shows the averagenumberof randomstartsrequiredto nd a goodpose. Thesenumbers
generallyincreasewith increasingimageclutter and occlusion. However, for the reasongivenin the
previous paragraphthe performancefor small numbersof object pointsis betterat higherlevels of
occlusionandclutter Otherthanin the highestocclusionand clutter case the meannumberof starts
is aboutconstantor increasesery slowly with increasingnumberof objectpoints. Also, theredoes
notappeaito beary signi cant increasan the standarddeviation of the numberof randomstartsasthe
numberof objectpointsincreasesThe meannumberof startsoverall of thetestsis approximatelys00;
themeanexceedsl100startsonly in the singlehardestase Figure1ll showvs the samedatabut plotted
asa function of the numberof imagepoints. Again, exceptfor the two highestocclusionand clutter
casesthe meannumberof startsis aboutconstantor increasessery slowly asthe numberof image

pointsincreases.
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(9 (h) (i)

Figure6: Typical imagesof randomlygeneratedbjectsandimages. The black points are projected
objectpointsandthewhite points(circles)areclutter points. The blacklines,which connecthe object
points,areincludedin thesepicturesto assisthereaderin understandinghe picturesithey arenotused
by the algorithm. The numberof pointsin the objectsare20for (a), 30 for (b), 40for (c), 50for (d) and

(e), 60for (f) and(qg), 70 for (h), and80 for (i). In all caseshawvn here, and . This
is the bestcasefor occlusion(none),but the worstcasefor clutter. In the actualexperiments, and

vary.
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@ (b)

() (d)

Figure 7: Some projectedobjectsand clutteredimagesfor which SoftPOSITwas successful. The
small circles are the image points (including projectedmodel and clutter) to which the objectsmust
bematched.Thelight graypointsandlinesshav the projectionsof the objectsin theinitial poseqran-
domguessesyvhich leadto goodposeseingfound. Theblack pointsandlinesshow the projectionsof

the objectsin the goodposeghatarefound. The black pointsthatarenot nearary circle areoccluded
objectpoints. Circlesnot nearary black point areclutter. Again,thegrayandblacklinesareincluded
in thesepicturesto assistthe readerin understandinghe pictures;they arenot usedby the algorithm.
The Monte Carlo parametergor thesetestsare , : : for (a) and(b),

for (c) and(d). 27



() (d)

Figure8: More projectedobjectsandclutteredimagesor which SoftPOSITwassuccessfulThe Monte
Carloparametersor thesetestsare , , and for (a) and(b),
for (c) and(d).
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Figure9: Successateasa functionof the numberof objectpointsfor x edvaluesof
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6.2 Run Time Comparison
This
section
The RANSAC algorithm [Fischler1987] is the bestknown algorithm that computesan objectspose Ipslgtoerln_
new. Do

givennoncorrespondingD objectand 2D imagepoints. In this section,we comparethe expectedrun %S?ee

time? of SoftPOSITto thatof RANSAC for eachof the simulateddatasetsdiscussedhn section6. 1. \f)vr'éhcéhe

The meanrun time of SoftPOSITon eachof thesedatasetswas recordedduring the Monte Carlo ?:Srgﬁlgg
experiments As will beseerbelow, to haverunRANSAC oneachof thesedatasetswould haverequired
a prohibitive amountof time. This wasnot necessaryhowever, sincewe canaccuratelyestimatethe
numberof randomsample®f thedatathatRANSAC will examinewhensolvingary particularproblem.
Theexpecteduntime of RANSAC is thenthe productof thatnumberof sampleswith theexpectedrun
time on onesampleof thatdata.

The complity of a poseproblemdepend®n thethreeparameters , ,and de nedin section

6.1. For eachcombinationof thesethreeparametersye needto determinethe expectedrun time of

2All algorithmsand experimentswereimplementedn MATLAB softwarerunningon a 2.4 GHz Pentium4 processor
whichwasrunningtheLinux operatingsystem.
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RANSAC for a singlesampleof threeobjectpointsandthreeimagepoints’® from that data. This was
accomplishedy running RANSAC on mary randomsamplesgeneratedising the samecompleity
parameters.The time per samplefor a given problemcompleity is estimatedas the total time used
by RANSAC to procesghosesamplegwhich excludestime for RANSAC to initialize) divided by the
numberof samplegrocessed.

We now estimatehow mary samplefRANSAC will examinefor problemsof a particularcompleity.
In AppendixA, we computethe probability, , asafunctionof , ,and ,thatarandomsampleof
threeobjectpointsandthreeimagepointsconsistof threecorrectcorrespondence3.hen,the number
of randomsamplesof correspondenctiples that mustbe examinedby RANSAC in orderto ensure

with probability thatatleastonecorrectcorrespondenctiple will be examinedis

Someimplementation®f RANSAC will haltassoonasthe rst goodsamples obsened,thusreducing
theruntime of thealgorithm.In this casetheexpectechumberof randomsampleghatwill beexamined

in orderto obserethe rst goodsampleis

Notethatfor all valuesof , ,and thatwe considemere,andfor (thesmallestobsened
successate for SoftPOSIT), . A RANSAC algorithmusing  will alwaysbe faster
thanoneusing , but it will not be asrobust sincerobustnessncreasesvith the numberof samples
examined.In the following, therun timesof SoftPOSITandRANSAC arecomparedisingboth  and
to determinghe numberof sampleghat RANSAC examines.
For adatasetwith compleity givenby , ,and , SoftPOSIThasa givenobsenedsuccessate

which we denoteby sorposiT (see gure 9). Sincewe did not run RANSAC on this data,

3Threecorrespondencesetweenobjectand imagepointsis the minimum necessaryo constrainthe objectto a nite
numberof poses.
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we cant comparethe successatesof SoftPOSITandRANSAC for agiven x ed amountof run time.
However, we cancompareheruntime requiredby bothto achieve the samerateof successn problems
of the samecompleity by estimatingheruntime of RANSAC whenits requiredprobability of success

is SoftPOSIT . Theserun timesareshavn in gures 12 and13. Fromthese gures, it ﬁ\ny itdea
ow 1o

canbe seenthatthe RANSAC algorithmrequiresoneto threeordersof magnitudemorerun time than Qﬁéﬁea

. L . gure
SoftPOSITfor problemswith thesamdevel of compleity in orderto achieze the samedevel of success. spantwo

ages?
Furthermorefor the majority of the complity casesruntime asa functionof input sizeincreaseat a -
fasteratefor theRANSAC algorithmsthanfor the SoftPOSITalgorithm. TheMonte Carloexperiments
describedn section6.1 requiredabout30 daysfor SoftPOSITto complete. From this analysisit can
be estimatedhata RANSAC algorithmwhich examines samplesvould requireabout19.4yearsto
completethe sameexperimentsanda RANSAC algorithmwhich examines samplesvould require

about4.5years.Clearly, it would not have beenpracticalto run RANSAC on all of theseexperiments.

6.3 Algorithm Complexity

The run-time compleity of a single invocationof SoftPOSITis where is the numberof
objectpointsand is the numberof imagepoints; this is becausehe numberof iterationson all of
the loopsin the pseudocodén Section4.3 are boundedby a constantand eachline inside a loop is
computedn time at most . As shavn in Figures10and11,the meannumberof randomstarts
(invocationsof SoftPOSIT)requiredto nd a goodpose,to ensurea probability of succes®f at least
0.95,appearso beboundedvy afunctionthatis linearin thesizeof theinput. Thatis, themeannumber
of randomstartsis , assuminghat , asis normallythe case.Thentherun-timecompleity
of SoftPOSITwith randomstartsis ). Thisis afactorof betterthanthe compleity of
ary publishedalgorithmthat solvesthe simultaneougposeand correspondencproblemundera full

perspectie cameramodel.
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Figure12: Comparisorof theruntimesof SoftPOSITto thoseof RANSAC for variousproblemcom-
plexities. The SoftPOSITruntimesareshavn with asolid line. TheRANSAC runtimesareshavn with
adashedine for the casethatthe numberof sampless determinedy , andwith adottedline for the
casethatthe numberof sampless determinedy
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Figurel3: Continuationof gure 12.
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6.4 Experimentswith Images
6.4.1 AutonomousNavigation Application

The SoftPOSITalgorithmis beingappliedto the problemof autonomouwehiclenavigationthrougha
city wherea 3D architecturamodelof thecity is registeredto imagesobtainedirom anon-boardvideo
camera. Thusfar, the algorithmhasbeenappliedonly to imagerygeneratedy a commercialvirtual
reality system.Figure 14 shovs animagegeneratedy this systemanda world modelprojectedinto
thatimageusingthe posecomputedoy SoftPOSIT

Imagefeaturepointsareautomaticallylocatedin theimageby detectingcornersalongthe boundary
of bright sky regions. Becausehe 3D world modelhasover 100,000datapoints,we usea roughpose
estimate(suchas might be generatedy an onboardnavigation system)to cull the majority of object
pointsthatdon't projectinto the estimatedeld of view. Thenthe objectpointsthat do fall into this
estimatedeld arefurther culled by keepingonly thosethat projectnearthe detectedskyline. Sofar,
the resultshave beenvery good. Although this is not real imagery the virtual reality systemusedis
very sophisticatedandassuch,shouldgive a goodindicationof how the systemwill performon real

imagery whichwe arecurrentlyin the procesf acquiring.

6.4.2 Robot Docking Application

Therobotdockingapplicationrequiresthata smallrobotdrive ontoa dockingplatformthatis mounted
onalargerrobot. Figure1l5shavs asmallrobotdockingontoalargerrobot. In orderto accomplishthis,
thesmallrobotmustdeterminegherelative poseof thelargerobot. Thisis doneby usingSoftPOSITto
aligna 3D modelof thelargerobotto cornerpointsextractedfrom animageof thelargerobot.
Themodelof thelargerobotconsistof asetof 3D pointsthatareextractedfrom atriangularfaceted
model of the robot which was generatedy a commercialCAD system. To detectthe corresponding
pointsin theimage,linesare rst detectedusinga combinationof the Canry edgedetectoythe Hough
transform,anda sortingproceduraisedto rankthelinesproducedy the Houghtransform.Cornersare

thenfoundattheintersection®f thoselinesthatsatisfysimplelength,proximity, andangleconstraints.
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(b)

Figurel4: (a) Originalimagefrom avirtual reality system.(b) World model(white lines) projectednto
thisimageusingthe posecomputecdby SoftPOSIT
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Figurel5: A smallrobotdockingontoalargerrobot.
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Figurel6shavsthelinesandcornerpointsdetectedn oneimageof thelargerobot. In thistestthereare
70 pointsin themodel;89% of theseareoccluded(or not detectedn theimage),and58% of theimage

pointsareclutter Figurel7ashows theinitial guessgeneratedy SoftPOSITwhich led to the correct

Figurel6: An imageof thelargerobotasseenfrom the smallrobot's point of view. Long straightlines
detectedn theimageare shavn in white, andtheir intersectionswhich ideally shouldcorrespondo
verticesin the 3D model,areshown in black.

posebeingfound,andFigurel7bshaownsthis correctpose.

7 Conclusions

We have developedandevaluatedthe SoftPOSITalgorithmfor determiningthe posesof objectsfrom
images.The correspondencandposecalculationcombinesnto oneef cient iterative processhe soft-
assignmalgorithmfor determiningcorrespondenceendthe POSITalgorithmfor determiningpose.This

algorithmwill beusedasa componentn anobjectrecognitionsystem.
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Figurel7: Theinitial guessattherobot's pose(a) thatleadsto the correctposeasshownin (b).
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Ourevaluationindicateghatthealgorithmperformswell underavarietyof levelsof occlusionclutter,
andnoise. The algorithmhasbeentestedon syntheticdatafor an autonomousavigation application,
andwe are currently collectingreal imageryfor further testswith this application. The algorithmhas
alsobeentestedn anautonomouslockingapplicationwith goodresults.

Thecomplity of SoftPOSIThasbeenempiricallydeterminedo be . Thisis betterthanary
known algorithmthat solvesthe simultaneougposeand correspondencproblemfor a full perspectie
cameranodel.More datashouldbe collectedto furthervalidatethis claim.

Futurework will involve extendingthe SoftPOSITalgorithmto work with linesin additionto points.
We arealsointerestedn performinga morethoroughcomparisorof the performanceof SoftPOSITto

thatof competingalgorithms.

Appendix A The Complexity of the Hypothesize-And-TestApproach

Theasymptoticcompleity of thegenerahypothesize-and-teapproachio model-to-imageegistration
is derivedin thisappendixWe rst de ne afew parameterslet

M bethe numberof 3D objectpoints,

N bethenumberof imagepoints,

bethefractionof modelpointsthatarepresen{non-occludedjn theimage,
R bethedesiredprobability of succesgi.e.,of nding agoodpose).
Givenasetof datawith outlierrate , it is well known [Fischler1981 thatthe number of random

sampleof thedataof size thatmustbeexaminedin orderto ensurewith probability thatatleastone

of thosesampless outlier-freeis

We needto determinehow this numberof sampledependon , , ,and for the hypothesize-
and-tesalgorithmfor largevaluesof  and
Becauseave assumehatthe hypothesize-and-teatgorithmhasno a priori informationaboutwhich

correspondenceare correct, correspondenceare formed from randomly chosenobject and image
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points. We assumehat three correspondenceare usedto estimatethe object's pose. Let

be the numberof detectednon-occludedpbjectpointsin theimage. For a correspondence be cor
rect,theobjectpointmustbenon-occlude@ndtheimagepointmustcorrespondo theobjectpoint. The
probabilitythatthe ™ ( randomlychosercorrespondends correctgiventhatall previously

chosercorrespondencemealsocorrectis

Thenthe probabilitythatany sampleconsistof threecorrectcorrespondences

The probabilitythateachof randomsampless bad(i.e., eachincludesat leastoneincorrectcorre-

spondenceis

Thusto ensurewith probability R that at leastone of the randomlychosensamplesconsistsof three

correctcorrespondencesie mustexamineT samplesvhere

Solvingfor T, we get

Noting that is alwayslessthat in our experimentsandusingthe approximation

for small,thenumberof sampleghatneedto be examinedis
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Sinceeachsamplerequires time for back-projectiorandveri cation (assuminganef cient
pointlocationalgorithmis usedto searcHor imagepoints'), thecompleity of thegenerahypothesize-

and-tesalgorithmis

Appendix B ScaledOrthographic Image Points

Here we give a geometricinterpretationof the relation betweenperspectre and scaledorthographic
imagepoints.ConsiderFigure4. A plane parallelto theimageplane is choserto passhroughthe
origin  of the objectcoordinatesystem.This planecutsthe cameraaxis at . Thepoint
projectsinto  onplane ,andtheimageof ontheimageplane is called
A plane , alsoparallelto theimageplane , passeshroughpoint andcutstheline of sight at

. Thepoint  projectsontotheplane at ,andtheimageof ontheimageplane is called

The planede ned by line andthe cameraaxisis chosenasthe planeof the gure. Therefore the
imagepoints and arealsoin the planeof the gure. Generally and areoutof the planeof the
gure, andtherefore is alsooutof the planeof the gure.

Consideragainthe equationf perspectie (equationg1, 2)):

(15)

with . We canseethat . Indeed,thetermsin
parenthesearethe and cameracoordinatef andthereforealsoof , andthefactor scales
downthesecoordinateso thoseof theimage of . Inotherwords,thecolumnvectorof theright-hand

sideof equation(15) representthevector  in theimageplane.

4Givenaset of 2D points,the problemof nding the pointin  closestto a 2D querypointis known asthe 2D
closestpoint problemin computationajeometry This problemcanbe solvedin time by searchinga fastplanar
pointlocationdatastructureconstructedrom a Voronoidiagramof thosepoints[Arya 1998§.
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Ontheotherhand, . Indeedthe -coordinateof in thecameracoordinate

systemis , l.e. . It isalsothe -coordinateof . Therefore . The
and cameracoordinatesof arealsothoseof , andthe factor scalesdown these
coordinateso thoseof theimage of . Thus . In otherwords,the columnvectorof the

left-handsideof equation(15) representghe vector in theimageplane.Theimagepoint canbe
interpretedasa correctionof theimagepoint from a perspectie projectionto a scaledorthographic

projectionof apoint  locatedontheline of sightatthe samedistanceas
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