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Abstract

Theproblemof poseestimationarisesin many areasof computervision, includingobjectrecognition,

objecttracking,site inspectionandupdating,andautonomousnavigationwhenscenemodelsareavail-

able. We presenta new algorithm,calledSoftPOSIT, for determiningthe poseof a 3D object from a

single2D imagewhencorrespondencesbetweenmodelpointsand imagepointsarenot known. The

algorithmcombinesGold's iterativesoftassignalgorithm[Gold 1996,Gold1998] for computingcorre-

spondencesandDeMenthon's iterativePOSITalgorithm[DeMenthon1995]for computingobjectpose

undera full-perspective cameramodel. Our algorithm,unlike mostprevious algorithmsfor posede-

termination,doesnot have to hypothesizesmall setsof matchesandthenverify the remainingimage

points. Instead,all possiblematchesaretreatedidentically throughoutthesearchfor anoptimalpose.

Theperformanceof thealgorithmis extensively evaluatedin MonteCarlosimulationsonsyntheticdata
�
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undera varietyof levelsof clutter, occlusion,andimagenoise.Thesetestsshow thatthealgorithmper-

formswell in a varietyof dif�cult scenarios,andempiricalevidencesuggeststhatthealgorithmhasan

asymptoticrun-timecomplexity thatis betterthanpreviousmethodsby a factorof thenumberof image

points.Thealgorithmis beingappliedto anumberof practicalautonomousvehiclenavigationproblems

includingtheregistrationof 3D architecturalmodelsof acity to images,andthedockingof smallrobots

ontolargerrobots.

1 Intr oduction

Thispaperpresentsanalgorithmfor solvingthemodel-to-imageregistrationproblem, which is thetask

of determiningthe positionandorientation(the pose) of a three-dimensionalobjectwith respectto a

cameracoordinatesystem,givenamodelof theobjectconsistingof 3D referencepointsandasingle2D

imageof thesepoints.Weassumethatnoadditionalinformationis availablewith which to constrainthe

poseof theobjector to constrainthecorrespondenceof modelfeaturesto imagefeatures.This is also

known asthesimultaneousposeandcorrespondenceproblem.

Automaticregistrationof 3D modelsto imagesis animportantproblem.Applicationsincludeobject

recognition,objecttracking,siteinspectionandupdating,andautonomousnavigationwhenscenemod-

elsareavailable.It is adif�cult problembecauseit comprisestwo coupledproblems,thecorrespondence

problemandtheposeproblem,eacheasyto solveonly if theotherhasbeensolved�rst:

1. Solvingthepose(or exterior orientation) problemconsistsof �nding therotationandtranslation

of theobjectwith respectto thecameracoordinatesystem.Givenmatchingmodelandimagefea-

tures,onecaneasilydeterminetheposethatbestalignsthosematches.For threeto � vematches,

the posecan be found in closedform by solving setsof polynomial equations[Fischler1981,

Haralick1991, Horaud1989, Yuan1989]. For six or more matches,linear and nonlinearap-

proximatemethodsaregenerallyused[DeMenthon1995, Fiore2001,Hartley 2000, Horn1986,

Lu 2000].

2. Solvingthecorrespondenceproblemconsistsof �nding matchingimagefeaturesandmodelfea-
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tures.If theobjectposeis known, onecanrelatively easilydeterminethematchingfeatures.Pro-

jecting the model in the known poseinto the original image,onecan identify matchesamong

the model featuresthat project suf�ciently close to an imagefeature. This approachis typi-

cally usedfor poseveri�cation, which attemptsto determinehow gooda hypothesizedposeis

[Grimson1991].

Theclassicapproachtosolvingthesecoupledproblemsis thehypothesize-and-testapproach[Grimson1990].

In this approach,a small setof imagefeatureto modelfeaturecorrespondencesare�rst hypothesized.

Basedon thesecorrespondences,theposeof theobjectis computed.Usingthis pose,themodelpoints

areback-projectedinto the image. If the original andback-projectedimagesaresuf�ciently similar,

thentheposeis accepted;otherwise,a new hypothesisis formedandthis processis repeated.Perhaps

the bestknown exampleof this approachis the RANSAC algorithm[Fischler1981] for the casethat

no information is available to constrainthe correspondencesof modelpoints to imagepoints. When

threecorrespondencesareusedto determineapose,ahighprobabilityof successcanbeachievedby the

RANSAC algorithmin
���
	���
����������

time whenthereare
�

imagepointsand
	

objectpoints(see “Model
point”
hasbeen
changed
to
“object
point”
through-
out the
paper.
Previ-
ously,
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both
“model”
and
“object”
to mean
thesame
thing.

AppendixA for details).

The problemaddressedhereis onethat is encounteredwhentaking a model-basedapproachto the

objectrecognitionproblem,andassuchhasreceivedconsiderableattention.(Theothermainapproach

to objectrecognitionis the appearance-basedapproach[Murase1995] in which multiple views of the

objectarecomparedto the image.However, since3D modelsarenot used,this approachdoesn't pro-

vide accurateobject pose.) Many investigators(e.g., [Cass1994, Cass1998, Ely 1995, Jacobs1992,

Lamdan1988, Procter1997]) approximatethe nonlinearperspective projectionvia linear af�ne ap-

proximations. This is accuratewhenthe relative depthsof object featuresaresmall comparedto the

distanceof the object from the camera. Among the pioneercontributionswere Baird's tree-pruning

method[Baird 1985],with exponentialtime complexity for unequalpoint sets,andUllman'salignment

method[Ullman 1989] with timecomplexity
���
����	



������	��

.

Thegeometrichashingmethod[Lamdan1988] determinesanobject's identityandposeusingahash-

ing metric computedfrom a set of imagefeatures. Becausethe hashingmetric mustbe invariant to
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cameraviewpoint,andbecausetherearenoview-invariantimagefeaturesfor general3D point sets(for

eitherperspectiveor af�ne cameras)[Burns1993], thismethodcanonly beappliedto planarscenes.

In [DeMenthon1993], we proposedan approachusingbinary searchby bisectionof poseboxesin

two 4D spaces,extendingthe researchof [Baird 1985, Cass1992, Breuel1992] on af�ne transforms,

but it hadhigh-ordercomplexity. The approachtaken by Jurie[Jurie1999] wasinspiredby our work

andbelongsto the samefamily of methods. An initial volumeof posespaceis guessed,andall of

thecorrespondencescompatiblewith this volumeare�rst takeninto account.Thentheposevolumeis

recursively reduceduntil it canbe viewedasa singlepose.As a Gaussianerrormodelis used,boxes

of posespaceareprunednot by countingthenumberof correspondencesthatarecompatiblewith the

boxasin [DeMenthon1993], but on thebasisof theprobabilityof having anobjectmodelin theimage

within therangeof posesde�ned by thebox.

Among the researcherswho have addressedthe full perspective problem, Wunschand Hirzinger

[Wunsch1996] formalizetheabstractproblemin a way similar to theapproachadvocatedhereasthe

optimizationof an objective function combiningcorrespondenceandposeconstraints.However, the

correspondenceconstraintsarenot representedanalytically. Instead,eachmodel featureis explicitly

matchedto theclosestlines of sightof the imagefeatures.Theclosest3D pointson the linesof sight

arefoundfor eachmodelfeature,andtheposethatbringsthemodelfeaturesclosestto these3D points

is selected;this allows an easier3D to 3D poseproblemto be solved. The processis repeateduntil a

minimumof theobjective functionis reached.

The object recognitionapproachof Beis [Beis1999] usesview-variant2D imagefeaturesto index

3D objectmodels. Off-line training is performedto learn2D featuregroupingsassociatedwith large

numbersof views of the objects. Then, the on-line recognitionstageusesnew featuregroupingsto

index into a databaseof learnedmodel-to-imagecorrespondencehypotheses,andthesehypothesesare

usedfor poseestimationandveri�cation.

Theposeclusteringapproachto model-to-imageregistrationis similar to theclassichypothesize-and-

testapproach.Insteadof testingeachhypothesisas it is generated,all hypothesesaregeneratedand

clusteredin aposespacebeforeany back-projectionandtestingtakesplace.This laterstepis performed

4



only on posesassociatedwith high-probabilityclusters. The idea is that hypothesesincluding only

correctcorrespondencesshouldform largerclustersin posespacethanhypothesesthatincludeincorrect

correspondences.Olson [Olson1997] givesa randomizedalgorithm for poseclusteringwhosetime

complexity is
����	���
��

.

The methodof BeveridgeandRiseman[Beveridge1992, Beveridge1995] is alsorelatedto our ap-

proach. Random-startlocal searchis combinedwith a hybrid poseestimationalgorithm employing

both full-perspective andweak-perspective cameramodels. A steepestdescentsearchin the spaceof

model-to-imageline segmentcorrespondencesis performed.A weak-perspectiveposealgorithmis used

to rankneighboringpointsin this searchspace,anda full-perspective posealgorithmis usedto update

the model's poseafter makinga move to a new setof correspondences.The time complexity of this

algorithmwasempiricallydeterminedto be
���
	���� ���

.

Whenthereare
	

objectpointsand
�

imagepoints, the dimensionof the solutionspacefor this

problemis
	 !#"

sincethereare
	

correspondencevariablesand6 posevariables.Eachcorrespon-

dencevariablehasthedomain $&%('�)*',+,+,+�'

�

'�-/. representinga matchof a objectpoint to oneof the
�

imagepointsor to no imagepoint (representedby - ), andeachposevariablehasa continuousdomain

determinedby theallowedrangeof objecttranslationsandrotations.Most algorithmsdon't explicitly

searchthis
	0!1"

-dimensionalspace,but insteadassumethatposeis determinedby correspondencesor

thatcorrespondencesaredeterminedby pose,andsosearcheitheran
	

-dimensionalor a6-dimensional

space.TheSoftPOSITapproachis differentin thatits searchalternatesbetweenthesetwo spaces.

The SoftPOSITapproachto solving the model-to-imageregistrationproblemappliesthe formalism

proposedby Gold, Rangarajanand others[Gold 1996, Gold1998] when they solved the correspon-

denceandposeproblemin matchingtwo imagesor two 3D models.We extendit to themoredif�cult

problemof registrationbetweena 3D model and its perspective image,which they did not address.

TheSoftPOSITalgorithmintegratesaniterative posetechniquecalledPOSIT(Posefrom Orthography

andScalingwith ITerations)[DeMenthon1995], andaniterativecorrespondenceassignmenttechnique

calledsoftassign[Gold 1996, Gold1998] into a single iteration loop. A global objective function is

de�ned thatcapturesthenatureof theproblemin termsof bothposeandcorrespondenceandcombines
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theformalismsof bothiterativetechniques.Thecorrespondenceandtheposearedeterminedsimultane-

ouslyby applyinga deterministicannealingscheduleandby minimizing this globalobjective function

ateachiterationstep.

Figure1 shows an examplecomputationof SoftPOSITfor an objectwith 15 points. Notice that it

would be impossibleto make hardcorrespondencedecisionsfor the initial pose(frame1), wherethe

object's imagedoesnotmatchtheactualimageatall. Thedeterministicannealingmechanismkeepsall

theoptionsopenuntil thetwo imagesarealmostaligned.As anotherexampleof SoftPOSIT, Figure2

showsthetrajectoryof theperspectiveprojectionof acubebeingalignedto animageof acube.

In thefollowing sections,we examineeachstepof themethod.We thenprovide pseudocodefor the

algorithm.We thenevaluatethealgorithmusingMonteCarlosimulationswith variouslevelsof clutter,

occlusionandimagenoise,and�nally weapplythealgorithmto somerealimagery.

2 POSIT Algorithm

One of the building blocks of the new algorithm is the POSIT algorithm, presentedin detail in

[DeMenthon1995],which determinesposefrom known correspondences.We give a differentpresen-

tationof this algorithmbelow, andthenpresenta variantof thealgorithm,still with known correspon-

dences,usingtheclosed-formminimizationof anobjective function. It is this objective functionwhich

is modi�ed in thenext sectionto analyticallycharacterizetheglobalpose-correspondenceproblem(i.e.,

withoutknown correspondences)in asingleequation.

Considerapinholecameraof focal length 2 andanimagefeaturepoint 3 with Euclideancoordinates

4 and 5 andhomogeneouscoordinates
�76

4

'

6

58'

69�

. Thepoint 3 is theperspectiveprojectionof the3D

objectpoint : with homogeneouscoordinates;=<

�?>

'�@A'CBD',%

�FE

in theframeof referenceof theobject
Throughout
the
paperGIH�G

changed
to J

K

,
and L

changed
to

K

.

whoseorigin is at :NM in thecameraframe.See�gure 3. TheEuclideancoordinatesof : in theobject

framearerepresentedby thevector O;=<

�?>

'P@Q'CB

�
E

from :NM to : .

In our problem,thereis an unknown coordinatetransformationbetweenthe objectandthe camera,

representedby a rotationmatrix RS< TVU�W/U

�
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YX

E

anda translationvector Z[<

�]\_^

'

\8`

'

\_a��bE

. The
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Figure1: Evolution of perspective projectionsfor a 15-pointobject(solid lines) beingalignedby the
SoftPOSITalgorithmto animage(dashedlines)with oneoccludedobjectpoint andtwo clutterpoints.
Theiterationstepof thealgorithmis shown undereachframe.
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Figure2: Thetrajectoryof theperspective projectionof a cube(solid lines)beingalignedby theSoft-
POSITalgorithmto an imageof a cube(dashedlines), whereonevertex of the cubeis occluded. A
simpleobjectis usedfor thesakeof clarity.
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Figure3: Camerageometry. A camerawith centerof projection
�

, focal length 2 , imagecenter i ,
andimageplane j , projectsobjectpoint : ontoimagepoint 3 . Z is thetranslationbetweenthecamera
frameandtheobjectframe,whoseorigin is at :kM with respectto thecameraframe.Thecoordinatesof
point : with respectto theobjectframearegivenby the3-vector
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 aretherow vectorsof therotationmatrix; they aretheunit vectorsof thecamera

coordinatesystemexpressedin theobjectcoordinatesystem.Thetranslationvector Z is thevectorfrom

thecenterof projection
�

of thecamerato theorigin :lM of theobject.Thecoordinatesof theperspective

imagepoint 3 canbeshown to berelatedto thecoordinatesof theobjectpoint : by
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The homogeneousimagepoint coordinatesare de�ned up to a multiplicative constant;thereforethe

validity of theequalityis notaffectedif wemultiply all theelementsof theperspectiveprojectionmatrix

by %vu

\_a

. We alsointroducethescalingfactor wx<y2Iu
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In theexpressionfor
6

thedotproductU


*z

O

; representstheprojectionof thevector
O

; ontotheoptical

axisof thecamera.Indeed,in theobjectcoordinatesystemwhere : is de�ned, U


 is theunit vectorof

theopticalaxis. Whenthedepthrangeof theobjectalongtheopticalaxisof thecamerais smallwith

respectto theobjectdistance,U


}z

O; is smallwith respectto
\_a

, andtherefore
6

is closeto 1. In this

case,perspectiveprojectiongivesresultsthataresimilar to thefollowing transformation:
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Thisexpressionde�nesthescaledorthographicprojection38~ of the3D point : . Thefactor w is thescal-
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ing factorof this scaledorthographicprojection.When w•<€% , this equationexpressesa transformation

of pointsfrom anobjectcoordinatesystemto acameracoordinatesystem,andusestwo of thethreeob-

jectpoint coordinatesin determiningtheimagecoordinates;this is thede�nition of apureorthographic

projection.With a factor w differentfrom 1, this imageis scaledandapproximatesa perspective image

becausethescalingis inverselyproportionalto thedistance
\ea

from thecameracenterof projectionto

theobjectorigin :|M ( w•<�2_u

\_a

).

Thegeneralperspectiveequation(1) canberewrittenas
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Assumethatfor eachimagepoint 3 with coordinates4 and 5 thecorrespondinghomogeneouscoordinate
6

hasbeencomputedatapreviouscomputationstepandis known. Thenweareableto calculate
6

4 and
6

5 , andthepreviousequationexpressestherelationshipbetweentheunknown posecomponentsw,U†W ,

w,U

� , w

\8^

, w

\8`

, andtheknown imagecomponents
6

4 and
6

5 andknown objectcoordinates
>

, @ , B

of O
; . If we know

	

objectpoints :|‡ , ˆ‰<Š%(',+,+‹+�'
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,

their correspondingimagepoints 38‡ , andtheir homogeneouscomponents
6

‡ , thenwe canthenwrite

two linearsystemsof
	

equationsthatcanbesolvedfor theunknown componentsof vectorsw,U1W , w,U

�

andtheunknowns w

\_^

and w

\t`

, providedtherankof thematrix of objectpoint coordinatesis at least4.

Thus,at leastfour of thepointsof theobjectfor which we usethe imagepointsmustbenoncoplanar.

After theunknowns w,U�W and w,U

� areobtained,wecanextract w , UŽW , and U

� by imposingthecondition

that U W and U

� mustbeunit vectors.Thenwecanobtain U
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An additional intermediarystep that improves performanceand quality of resultsconsistsof using

unit vectors U�~

W

and U�~

� that aremutually perpendicularandclosestto UŽW and U

� in the leastsquare

sense.Thesevectorscan be found by singularvaluedecomposition(SVD) (seethe Matlab codein

[DeMenthon2001]).

How can we computethe
6

‡ componentsin equation(4) that determinethe right-handside rows
�?6

‡

4

‡•'

6

‡�5�‡

�

correspondingto imagepoint 3�‡ ? We saw thatsetting
6

‡“<”% for every point is a good

�rst stepbecauseit amountsto solvingtheproblemwith ascaledorthographicmodelof projection.Once

wehave theposeresultfor this �rst step,wecancomputebetterestimatesfor the
6

‡ usingequation(2).

Thenwe cansolve thesystemof equations(4) againto obtaina re�ned pose.This processis repeated,

andtheiterationis stoppedwhentheprocessbecomesstationary.

3 Geometryand Objective Function

Wenow look atageometricinterpretationof thismethodin orderto proposeavariantusinganobjective

function. As shown in Figure4, considera pinholecamerawith centerof projectionat
�

, opticalaxis

alignedwith
�{•

, imageplane j atdistance2 from
�

, andimagecenter(principalpoint) at i . Consider

anobject,theorigin of its coordinatesystemat :kM , apoint : of thisobject,acorrespondingimagepoint

3 , andthe line of sight – of 3 . The imagepoint 3�~ is thescaledorthographicprojectionof objectpoint

: . The imagepoint 3—~ ~ is thescaledorthographicprojectionof point :k˜ obtainedby shifting : to the

line of sightof 3 in adirectionparallelto theimageplane.

Onecanshow (seeAppendixB) thattheimageplanevectorfrom i to 38~ is
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In otherwords,theleft-handsideof equation(4) representsthevector ™,š

› in theimageplane.Onecan

alsoshow that the imageplanevector from i to 3�~ ~ is ™vš

›•›

<

�?6

4

'
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�
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6

™,š . In otherwords, the
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Figure4: Geometricinterpretationof thePOSITcomputation.Imagepoint 3t~ , thescaledorthographic
projectionof world point : , is computedby theleft-handsideof equation(4). Imagepoint 3_~ ~�' thescaled
orthographicprojectionof point :|˜ on theline of sightof 3 , is computedby theright-handsideof this
equation.Theequationis satis�ed whenthe two pointsaresuperposed,which requiresthat theworld
point : beon theline of sightof imagepoint 3 . Theplaneof the�gure is chosento containtheoptical
axisandtheline of sight – . Thepoints :kM , : , :ž~ , and3Ÿ~ aregenerallyoutof thisplane.
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right-handsideof equation(4) representsthevector ™,š

› › in theimageplane.Theimagepoint 3 ~ ~ canbe

interpretedasa correctionof the imagepoint 3 from a perspective projectionto a scaledorthographic

projectionof a point :|˜ locatedon theline of sightat thesamedistanceas : . : is on theline of sight

– of 3 if, andonly if, the imagepoints 3�~ and 3Ÿ~ ~ aresuperposed.Then ™,š

›

<

™,š

› › , i.e. equation(4) is

satis�ed.

Whenwe try to matcha setof objectpoints :k‡ , ˆ�<¡%(',+‹+,+�'

	

, to thelinesof sight –Q‡ of their image

points3—‡ , it is unlikely thatall or evenany of thepointswill fall on their correspondinglinesof sight,or

equivalentlythat ™,š

› ¢
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™,š

› › ¢ or š

› ¢
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<�£ . Theleastsquaressolutionof equations(4) for poseenforces

theseconstraints.Alternatively, we canminimizea globalobjective function ¤ equalto thesumof the
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wherewe have introducedthevectors
©

W ,
©

� , and ;x‡ with four homogeneouscoordinatesto simplify Pose
vectors
M and
N have
been
changed
to ­D®

and ­°¯

through-
out the
paper.

thesubsequentnotation:

©

W„< w

�

U WC'

\t^Œ�

'

©

�

< w

�

U

�

'

\t`‹�

'

;x‡ <

�

O

;x‡•'‹%

�

+

Wecall
©

W and
©

� theposevectors.

Referringagainto Figure4, noticethat š

›

š

›•›

<”w²±

›

±

› ›

<³w²± ±µ´ . Thereforeminimizing this ob-

jective functionconsistsof minimizing thescaledsumof squareddistancesof objectpointsto linesof

sight,whendistancesaretakenalongdirectionsparallelto the imageplane.This objective function is

minimizediteratively. Initially, the
6

‡ areall setto 1. Thenthefollowing two operationstake placeat

eachiterationstep:
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1. Computetheposevectors
©

W and
©

� assumingtheterms
6

‡ areknown (equation(5)).

2. Computethecorrectionterms
6

‡ usingtheposevectors
©

W and
©

� just computed(equation(2)).

Wenow focusontheoptimizationof theposevectors
©

W and
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� . Theposevectorsthatwill minimize

the objective function ¤ at a given iterationstepare thosefor which all the partial derivativesof the

objective function with respectto the coordinatesof thesevectorsare zero. This conditionprovides
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Thematrix –¹<

�

¦

‡

;•‡�;

E

‡

�

is a
¶

‘

¶

matrix thatcanbeprecomputed.

With eithermethod,the point 3
~ ~ canbe viewed asthe imagepoint 3 “corrected” for scaledortho-

graphicprojectionusing
6

computedat thepreviousstepof the iteration. Thenext iterationstep�nds

theposesuchthat thescaledorthographicprojectionof eachpoint : is ascloseaspossibleto its cor-

rectedimagepoint.

4 PoseCalculation with Unknown Corr espondences

Whencorrespondencesareunknown,eachimagefeaturepoint 3Ÿº canpotentiallymatchany of theobject

featurepoints :|‡ , andthereforemustbecorrectedusingthevalueof
6

speci�c to thecoordinatesof :A‡ :

6
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Thereforefor eachimagepoint 3*º andeachobjectpoint :|‡ we generatea correctedimagepoint 3�~ ~
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,

alignedwith theimagecenteri andwith 3*º , andde�ned by

™,š
› ›

»

¢

<

6

‡

™,š

»

+ (9)
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Wemakeuseof thesquareddistancesbetweenthesecorrectedimagepoints3 ~ ~

ºF‡

andthescaledortho-

graphicprojections3—~

‡

of thepoints :N‡ whosepositionsareprovidedby

™,š ›

¢

<

mn

o

©

W

z

;•‡

©

�Az

;•‡

prq

s

+ (10)

Thesesquareddistancesare

¥

�

º«‡

<

§

§

š ›

¢

š › ›

¢

§

§

�

<

�ª©

W

z

;x‡

¨

6

‡

4

º

�

�

!��ª©

�Qz

;•‡

¨

6

‡�5‹º

�

�

' (11)

where 4

º and 5,º arethe imagecoordinatesof the imagepoint 3*º , ;•‡ is thevector
�

O

;x‡•',%

�

, and
©

W and
©

� areposevectorsintroducedin theprevioussectionandrecomputedat eachiterationstep.Theterm
6

‡ is de�ned by equation(8).

Thesimultaneousposeandcorrespondenceproblemcanthenbeformulatedasaminimizationof the

globalobjective function Added ¼

¤ <
¦�½

ºY¾tW

¦�¿

‡�¾tW*À

º«‡

�

¥

�

º«‡

¨œÁ

�

< ¦
½

ºY¾tW

¦
¿

‡�¾tW
À

º«‡

�F�ª©

W

z

;•‡

¨

6

‡

4

º

�«�N!��¬©

�Qz

;•‡

¨

6

‡�5,º

�b�

¨œÁ

�

(12)

wherethe
À

º«‡ areweights,equalto 0 or 1, for eachof thesquareddistances¥

�

º«‡

, andwhereJ andK are

thenumberof imageandobjectpoints,respectively. The
À

º«‡ arecorrespondencevariablesthatde�ne

theassignmentsbetweenimageandobjectfeaturepoints;thesemustsatisfyanumberof correspondenceAdded
in
response
to a re-
viewer.

constraintsasdiscussedbelow. The Á termbiasestheobjectivefunctiontowardsmatching3—º to :N‡ when

¥²º«‡xÂ

Á (providedcorrespondenceconstarconstraintsintsaresatis�ed),andit preventsthis matchwhen

¥²º«‡9Ã

Á . Notethatwhenall theassignmentsarewell-de�ned,thisobjectivefunctionbecomesequivalent

to theobjective functionde�ned in equation(5).

This objective functionis minimizediteratively, with thefollowing threeoperationsat eachiteration

step:
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1. Computethecorrespondencevariablesassumingeverythingelseis �x ed(seebelow).

2. Computetheposevectors
©

W and
©

� assumingeverythingelseis �x ed(seebelow).

3. Computethecorrectionterms
6

‡ usingtheposevectors
©

W and
©

� just computed(asdescribed

in theprevioussection).

Thisiterativeapproachis relatedto thegeneralexpectation-maximization(EM) algorithm[Moon 1996].

In EM, givena guessfor theunknown parameters(theposein our problem)anda setof observeddata

(the imagepointsin our problem),theexpectedvalueof theunobservedvariables(thecorrespondence

matrix in our problem)is estimated.Then,giventhis estimatefor theunobservedvariables,themaxi-

mumlikelihoodestimatesof theparametersarecomputed.Thisprocessis repeateduntil theseestimates

converge.

4.1 PoseProblem

Wenow focuson �nding theoptimalposes
©

W and
©

� , assumingthecorrespondencevariables
À

ºF‡ are

known and�x ed. As in theprevioussection,theposevectorsthatwill minimizetheobjective function

¤ at a given iterationsteparethosefor which all thepartial derivativesof theobjective functionwith

respectto thecoordinatesof thesevectorsare0. This conditionprovides
¶

‘

¶

linearsystemsfor the

coordinatesof
©

W and
©

� whosesolutionsare

©

Wl<

�

¿

·

‡�¾tW

À

~

‡

;•‡�;

E

‡

��¸

W

�

½

·

ºY¾tW

¿

·

‡P¾tW

À

ºF‡

6

‡

4

ºC;•‡

�

' (13)

©

�

<

�

¿

·

‡�¾tW

À

~

‡

;x‡‹;

E

‡

�
¸

W

�

½

·

ºY¾tW

¿

·

‡�¾tW

À

ºF‡

6

‡‹5‹º�;•‡

�

' (14)

with
À

~

‡

<

¦
½

ºY¾tW
À

ºF‡ . Theterms ;•‡�;

E

‡

are
¶

‘

¶

matrices.Thereforecomputing
©

W and
©

� requires

theinversionof a single
¶

‘

¶

matrix, –Ä<

�

¦�¿

‡�¾tW
À

~

‡

;x‡�;

E

‡

�

, a fairly inexpensiveoperation(notethat

becausethe term in column ˆ and slack row
�0!

% (seebelow) is generallygreaterthan 0,
À

~

‡

<

¦�½

ºF¾tW
À

ºF‡ is generallynotequalto 1, andL generallycannotbeprecomputed).
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4.2 Corr espondenceProblem

Weoptimizethecorrespondencevariables
À

º«‡ assumingthattheparameters¥
�

º«‡

in theexpressionfor the

objective function ¤ areknown and�x ed. Our aim is to �nd a zero-oneassignment(or match) matrix,

ÅÇÆŽÈYÅ°É�Ê‹Ë , thatexplicitly speci�esthematchingsbetweenasetof
�

imagepointsandasetof
	

object Match
matrixÌ

changed
to Å ,
and
matrixÌÎÍ

changed
to Å

Í

.

points,andthatminimizestheobjective function ¤ .
À

hasonerow for eachof the
�

imagepoints 3—º

andonecolumnfor eachof the
	

objectpoints :l‡ . Theassignmentmatrix mustsatisfytheconstraint

thateachimagepoint matchatmostoneobjectpoint,andvice versa(i.e., ÏµÐ

À

º«ÐÑ<yÏ�Ð

À

Ðr‡Ò<Ó% for all Ô

and ˆ ). A slack row
��!

% andaslack column
	„!

% areadded.A valueof 1 in theslackcolumn
	Õ!

%

at row Ô indicatesthatimagepoint 3Öº hasnot foundany matchamongtheobjectpoints.A valueof 1 in

theslackrow
�€!

% at column ˆ indicatesthattheobjectpoint :l‡ is not seenin theimageanddoesnot

matchany imagefeature.Theobjective function × will beminimumif theassignmentmatrix matches

imageandobjectpointswith the smallestdistances¥

�

º«‡

. This problemcanbe solved by the iterative

softassigntechnique[Gold 1996, Gold1998]. Theiterationfor theassignmentmatrix
À

beginswith a

matrix
À

M

<Ø$

À

M

ºF‡

. in which element
À

M

º«‡

is initialized to Ù�Ú*Û

�

¨µÜ

�

¥

�

º«‡

¨ÝÁ

�Y�

, with Ü very small,and

with all elementsin theslackrow andslackcolumnsetto a smallconstant.Theexponentiationhasthe

effect of ensuringthatall elementsof theassignmentmatrix arepositive. TheparameterÁ determines

how far aparttwo pointsmustbe beforeconsideringthe pointsunmatchable.See[Gold 1998] for an

analyticaljusti�cation. Thecontinuousmatrix
À

M convergestoward the discretematrix
À

dueto two

mechanismsthatareusedconcurrently:

1. First, a techniquedueto Sinkhorn[Sinkhorn1964] is applied. Wheneachrow andcolumnof

a squarecorrespondencematrix is normalized(several times, alternatingly)by the sum of the

elementsof that row or columnrespectively, the resultingmatrix haspositive elementswith all

rowsandcolumnssummingto 1.

2. The term Ü is increasedas the iteration proceeds.As Ü increasesandeachrow or column of

À

M is renormalized,theterms
À

M

ºF‡

correspondingto thesmallest¥

�

º«‡

tendto convergeto 1, while

the other termstendto converge to 0. This is a deterministicannealingprocess[Geiger1991]
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known asSoftmax[Bridle 1990]. This is a desirablebehavior, sinceit leadsto anassignmentof

correspondencesthatsatisfythematchingconstraintsandwhosesumof distancesin minimized.

This combinationof deterministicannealingandSinkhorn's techniquein an iterationloop wascalled

softassignby Gold andRangarajan[Gold 1996, Gold 1998]. Thematrix
À

resultingfrom an iteration

loop that comprisesthesetwo substepsis the assignmentthat minimizesthe global objective function

¤=<�¦ßÞ

ºY¾tW

¦�à

‡�¾tW À

ºF‡I¥

�

º«‡

. As thefollowing pseudocodeshows,thesetwo substepsareinterleavedin the

iterationloopof SoftPOSIT, alongwith thesubstepsthatoptimizetheposeandcorrecttheimagepoints

by scaledorthographicdistortions.

4.3 Pseudocodefor SoftPOSIT

TheSoftPOSITalgorithmcanbesummarizedasfollows:

Inputs:

1. A list of
�

imagefeaturepoints3*º}<

�

4

º²'P5,º

�

.

2. A list of
	

objectpoints ;•‡µ<

�?>

‡Œ'�@�‡•'CBl‡�'‹%

�bE

<

�

O

;x‡•',%

�

.

Initialize slackelementsof assignmentmatrix M to á�<S%²u

�7âäã

Ú�$’å*'�æç.

!

%

�

, Ü to Ü

M ( Ü

M is around

0.0004if nothingis known aboutthepose,andis largerif aninitial posecanbeguessed).

Initialize posevectors
©

W and
©

� usingtheexpectedposeor a randomposewithin theexpectedrange.

Initialize
6

‡µ<=% .

Do A until Ü

Ã

Ü�è

Ð•é,ê«ë ( Ü�è

Ð•é,ê«ë around0.5)(Deterministicannealingloop)

ì Computethesquareddistances¥

�

º«‡

<

�ª©

W

z

;x‡

¨

6

‡

4

º

�
�

!��ª©

�Qz

;x‡

¨

6

‡�5‹º

�
�

ì Compute
À

ºF‡µ<Äá•Ù�Ú*Û

�

¨µÜ

�

¥

�

ºF‡

¨¹Á

�F�

Removed
the0
and1
super-
scripts
from

Å
É�Ê .

ì Do B until í

À

small (Sinkhorn'smethod)

– Normalizematrixm acrossall nonslackrows:
À

ºF‡µ<

À

ºF‡‹uQ¦�¿Òî

W

‡P¾tW
À

º«‡ for ÔŽï <

�ð!

% .
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– Normalizematrixm acrossall nonslackcolumns:
À

ºF‡µ<

À

º«‡,uA¦ ½Nî

W

ºF¾tW À

º«‡ for ˆ…ï <

	 !

% .

ì End Do B

ì Compute
¶

‘

¶

matrix –¹<

�

¦ ¿

‡�¾tW À

~

‡

;x‡�;

E

‡

�

with
À

~

‡

<�¦ ½

ºY¾tW À

ºF‡

ì ComputeL
¸

W

ì Compute
©

WA<

�
ñ

W

W

'

ñ �

W

'

ñ 


W

'

ñž�

W

�

<#–

¸

W

�

¦ ½

ºY¾tW

¦ ¿

‡�¾tW

À

º«‡

6

‡

4

º�;x‡

�

Wrote
outcom-
ponents
of ­µ®

and ­ ¯ .
ì Compute

©

�

<

�
ñ

W

�

'

ñž�

�

'

ñž


�

'

ñ �

�

�

<#–

¸

W

�

¦ ½

ºY¾tW

¦ ¿

‡�¾tW À

º«‡

6

‡_5,ºC;•‡

�

ì ComputewD<ðò

�
ñ

W

W

'

ñx�

W

'

ñž


W

�

òN'QU Wk<

�7ñ

W

W

'

ñž�

W

'

ñž


W

�

u(w('QU

�

<

�7ñ

W

�

'

ñx�

�

'

ñx


�

�

u(w('AU




<ÄU Wó‘�U

�

ì Compute
6

‡µ<#U


Az

O

;x‡,u

\ta|!

%

ì

Ü

<

ÜŸô«õCö

ê«÷ùø

Ü ( ÜŸô«õCö

ê«÷ùø is around %(+•ú(û )

End Do A

Outputs: A rotationmatrix R <ðT R W R � R 
YX

E

, a translationvectorT <

�?\_^

'

\t`

'

\ta��

, andanassignment

matrix
À

<ß$

À

º«‡Œ. betweenthelist of imagepointsandthelist of objectpointsof theinput.

5 RandomStart SoftPOSIT

TheSoftPOSITalgorithmdescribedabove performsa deterministicannealingsearchstartingfrom an

initial guessattheobject'spose.Becausethis is alocalsearch,thereis noguaranteeof �nding theglobal

optimum.Theprobabilityof �nding thegloballyoptimalobjectposeandcorrespondencesstartingfrom

aninitial guessdependson a numberof factorsincludingtheaccuracy of the initial guess,thenumber

of objectpoints,thenumberof imagepoints,theamountof objectocclusion,theamountof clutter in

the image,andthe imagemeasurementnoise. A commonmethodof searchingfor a global optimum,

andtheoneusedhere,is to run thesearchalgorithmstartingfrom a numberof differentinitial guesses,

andkeepthe�rst solutionthatmeetsaspeci�edterminationcriterion.Our initial guessesrangeover the

range T

¨µü

'

ü

X for thethreeEuler rotationangles,andover a 3D spaceof translationsknown to contain
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the true translation. In this section,we describeour procedurefor generatinginitial guessesfor pose

whenno knowledgeof thecorrectposeis available,andthenwediscussour terminationcriterion.

5.1 Generating Initial Guesses

Given an initial posethat lies in a valley of the cost function in the parameterspace,we expect the

algorithmto converge to theminimumassociatedwith that valley. To examineothervalleys, we must

startwith points that lie in them. We usea pseudo-randomnumbergeneratorto generaterandom6-

vectorsin a unit 6D hypercube.Thesepointsarescaledto cover theexpectedrangesof translationand

rotation. The
material
on
quasi-
random
numbers
wasre-
moved.

5.2 Search Termination

Ideally, onewould like to repeatthesearchfrom anew startingpointwhenever thenumberof object-to-

imagecorrespondencesdeterminedby thesearchis not maximal. With realdata,however, oneusually

doesnot know what this maximalnumberis. Instead,we repeatthesearchwhenthenumberof object

pointsthatmatchimagepointsis lessthansomethresholdýYþ . Due to occlusionandimperfectimage

featureextractionalgorithms,notall objectpointswill bedetectedasfeaturesin animageof thatobject.

Let thefractionof detectedobjectfeaturesbe

3

ö

<

numberof objectpointsdetectedasimagefeatures
total numberof objectpoints

+

In the Monte Carlo simulationsdescribedbelow, 3

ö is known. With real imagery, however, 3

ö must

beestimatedbasedon thescenecomplexity andon thereliability of theimageprocessingalgorithmin

detectingobjectfeatures.

We terminatethe searchfor bettersolutionswhen the currentsolution is suchthat the numberof

objectpointsthat matchany imagepoint is greaterthanor equalto the thresholdýYþÓ< ÿ,3

ö

	

, where

ÿ determineswhat percentof the detectedobjectpointsmustbe matched
�

ú†ÂŠÿ

�

%

�

, and
	

is the

total numberof object points, so that 3

ö

	

is the numberof detectedobject points. ÿ accountsfor
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measurementnoisethattypically preventssomedetectedobjectfeaturesfrom beingmatchedevenwhen

a goodposeis found. In theexperimentsdiscussedbelow, we take ÿ‰<¡ú/+�� . This testis not perfect,as

it is possiblefor a poseto be very accurateeven whenthe numberof matchedpointsis lessthanthis

threshold;this occursmainly in casesof high noise.Conversely, a wrongposemaybeacceptedwhen

theratio of clutter featuresto detectedobjectpointsis high. It hasbeenobserved,however, that these

situationsarerelatively uncommon.

WenotethatGrimsonandHuttenlocher[Grimson1991] havederivedanexpressionfor athresholdon

thenumberof matchedobjectpointsnecessaryto accepta localoptimum;their expressionis a function

of the numbersof imageand object points and of the sensornoise,and guaranteeswith a speci�ed

probabilitythatthegloballyoptimalsolutionhasbeenfound.

5.3 Early Search Termination

The deterministicannealingloop of the SoftPOSITalgorithm iteratesover a rangeof valuesfor the

annealingparameterÜ . In theexperimentsreportedhere,Ü is initialized to Ü

Mµ<ßú/+•ú�ú(ú

¶

andis updated

accordingto Ü

< %(+ ú’û‰‘

Ü , andthe annealingiterationendswhenthe valueof Ü exceedsú/+ û . (The

iterationmayendearlierif convergenceis detected.)This meansthattheannealingloop canrun for up

to 147iterations.It is usuallythecasethat,by viewing theoriginal imageand,overlaidon top of it, the

projectedobjectpointsproducedby SoftPOSIT, apersoncandetermineveryearly(e.g.,arounditeration

30)whetheror not thealgorithmis goingto convergeto thecorrectpose.It is desiredthatthealgorithm

makethisdeterminationitself, sothatwhenever it detectsthatit seemsto beheadingdown anunfruitful

path,it canendthecurrentsearchfor a local optimumandrestartfrom a new randominitial condition,

therebysaving asigni�cant amountof processingtime.

A simpletestis performedat each iterationof SoftPOSITto determineif it shouldcontinuewith the

iterationor restart.At the �

th stepof theSoftPOSITiteration, thematchmatrix
À

Ð

<Š$

À

Ð

º�� ‡

. is usedto

predictthe�nal correspondencesof objectto imagepoints.Uponconvergenceof SoftPOSIT, onewould

expectimagepoint Ô to correspondto modelpoint ˆ if
À

Ð

º�� ‡

Ã

À

Ð

ô

� �

for all 	œï < Ô andall 
…ï <ßˆ (though

this is notguaranteed).Thenumberof predictedcorrespondencesat iteration � , �eÐ , is just thenumberof
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pairs
�

Ô('Cˆ

�

thatsatisfythis relation.We thende�ne thematchratio at step � as �²ÐÑ<
�8Ð7u

�

3

ö

æ

�

where3

ö

is thefractionof detectedobjectfeaturesasde�ned above.

Theearly terminationtestcentersaroundthis matchratio measure.This measureis commonlyused

[Grimson1991]at theendof a local searchto determineif thecurrentsolutionfor correspondenceand

poseis goodenoughto endthe searchfor the global optimum. We, however, usethis metric within

the local searchitself. Let C denotethe event that the SoftPOSITalgorithmeventuallyconvergesto

thecorrectpose. Thenthealgorithmrestartsafter the �

th stepof the iterationif :

���[•

�,Ð

�

Â

Á

:

���•�

,

where úŽÂ

Á

�

% . That is, thesearchis restartedfrom a new randomstartingconditionwhenever the

posteriorprobability of eventually �nding a correctposegiven �²Ð dropsto lessthansomefraction of

theprior probabilityof �nding thecorrectpose.Noticethata separateposteriorprobabilityfunctionis

requiredfor eachiterationstepbecausetheability to predicttheeventualoutcomeusing �ŒÐ changesas

the iterationsprogress.Although this testmay resultin the terminationof somelocal searcheswhich

would have eventuallyproducedgoodposes,it is expectedthat the total time requiredto �nd a good

posewill beless.Our experimentsshow thatthis is indeedthecase;we obtaina speedupby a factorof

2.

Theposteriorprobabilityfunctionfor the �

th stepof theiterationcanbecomputedfrom :

���{�

, theprior

probabilityof �nding acorrectposeononerandomlocalsearch,andfrom :

�

�ŒÐ

•��{�

and :

�

�‹Ð

• �{�

, the

probabilitiesof observinga particularmatchratioon the �

th iterationstepgiventhattheeventualposeis

eithercorrector incorrect,respectively:

:

��� •

�‹Ð

�

<

:

���{�

:

�

�‹Ð

•��{�

:

���{�

:

�

�‹Ð

•��•�Ñ!

:

� �•�

:

�

�‹Ð

• �•�

+

:

���•�

, :

� �•�

, :

�

�‹Ð

•��•�

, and :

�

�‹Ð

• �•�

areestimatedin Monte Carlo simulationsof the algorithmin

which the numberof objectpointsandthe levelsof imageclutter, occlusion,andnoiseareall varied.

Thedetailsof thesesimulationsaredescribedin Section6. To estimate:

�

�ŒÐ

•��•�

and :

�

�‹Ð

• �•�

, the

algorithmis repeatedlyrunonrandomtestdata.For eachtest,thevaluesof thematchratio �ŒÐ computed

ateachiterationarerecorded.OnceaSoftPOSITiterationis completed,groundtruthinformationis used
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to determinewhetheror not thecorrectposewasfound. If theposeis correct,therecordedvaluesof ��Ð

areusedto updatehistogramsrepresentingtheprobability functions :

�

�ŒÐ

•��{�

; otherwise,histograms

representing:

�

�‹Ð

• �{�

are updated. Upon completingthis training, the histogramsare normalized.

:

���•�

is easilyestimatedbasedon thepercentof the randomteststhatproducedthecorrectpose.We

alsohave :

� �•�

< %

¨

:

���•�

. Two of theseestimatedprobabilityfunctionsareshown in Figure5.
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Figure 5: Probability functionsestimatedfor (a) the �rst iteration, and (b) the 31st iteration, of the
SoftPOSITalgorithm.

6 Experiments

Thetwo mostimportantquestionsrelatedto theperformanceof theSoftPOSITalgorithmare(a) How

oftendoesit �nd a “good” pose?and(b) How longdoesit take?Bothof theseissuesareinvestigatedin

thissection.

6.1 Monte Carlo Evaluation

Therandom-startSoftPOSITalgorithmhasbeenextensively evaluatedin MonteCarlosimulations.The

simulationsand the performanceof the algorithm are discussedin this section. The simulationsare

characterizedby the � ve parameters:�I÷ ,
	

, 3

ö , 3�� , and � . �t÷ is the numberof independentrandom

trials to performfor eachcombinationof valuesof theremainingfour parameters.
	

is thenumberof
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points(vertices)in a3D object. 3

ö is theprobabilitythattheimageof any particularobjectpointwill be

detectedasa featurepoint in theimage. 3

ö takesinto accountocclusionof the3D objectpointsaswell

asthefact thatreal imageprocessingalgorithmsdo not detectall desiredfeaturepoints,evenwhenthe

corresponding3D pointsarenot occluded.3�� is theprobability thatany particularimagefeaturepoint

is clutter, that is, is not the imageof some3D objectpoint. Finally, � is the standarddeviation of the

normallydistributednoisein the 4 and 5 coordinatesof thenon-clutterfeaturepoints,measuredin pixels

for a %vú(ú(úe‘•%,ú(ú(ú image,generatedbyasimulatedcamerahaving a ��� -degree�eld of view (afocallength

of 1500pixels). The currenttestswereperformedwith �Ñ÷Î< %,ú(ú ,
	 �

$•)�ú/'��(ú*'

¶

ú/'Cû•ú/'

"

ú/'���ú/'��(úÖ. ,

3

ö

�

$Œú/+

¶

'�ú/+

"

'�ú/+��*. , 3��

�

$Œú*+ )*'Pú/+

¶

'�ú/+

"

. , and �

�

$Œú/+•û*',%�+•ú/'�)*+ û&.

1. With theseparameters,18,900

independenttrials wereperformed.

For eachtrial, a3D objectis createdin which the
	

modelverticesarerandomlylocatedin asphere

centeredat theorigin. BecausetheSoftPOSITalgorithmworkswith points,not with line segments,it

is only theobjectverticesthatareimportantin thecurrenttests.However, to make theimagesproduced

by thealgorithmeasierto understand,eachobjectvertex is connectedby anedgeto thetwo closestof

the remainingobjectvertices.Theseconnectingedgesarenot usedby theSoftPOSITalgorithm. The

objectis thenrotatedinto somearbitraryorientation,andtranslatedto somerandompoint in the �eld

of view of thecamera.Next, theobjectis projectedinto theimageplaneof thecamera;eachprojected

objectpoint is detectedwith probability 3

ö . For thosepointsthataredetected,normallydistributednoise

with meanzeroandstandarddeviation � is addedto boththe 4 and 5 coordinatesof thefeaturepoints.

Finally, randomlylocatedclutterfeaturepointsareaddedto thetrue(non-clutter)featurepoints,sothat

%,ú(úÒ‘x3�� percentof thetotalnumberof featurepointsareclutter;to achievethis,
	

3

ö

3��«u

�

%

¨

3��

�

clutter

pointsmustbe added.The clutter pointsarerequiredto lie in the generalvicinity of the true feature

points. However, to prevent the clutter pointsfrom replacingmissingtrue featurepoints,eachclutter

point mustbefurtherthan � )�� from any projectedobjectpoint,whetheror not thepoint wasdetected.

Figure6 shows a few examplesof clutteredimagesof randomobjectsthataretypical of thoseusedin

1Becauseoneof our mainapplicationsis autonomousnavigation in cities,andbecauseimagecornerpointsof the type
producedby buildingscanbelocatedwith anaccuracy of

���,�! 

th of a pixel [Brand1994], thesevaluesof " arelarger than
whatis expectedin realimagery.
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ourexperiments.

In our experiments,we considera poseto be goodwhenit allows 80%( ÿ…<Øú*+#� in Section5.2) or

moreof thedetectedobjectpointsto bematchedto someimagepoint. Thenumberof randomstartsfor

eachtrial waslimited to 10,000.Thus,if agoodposeis not foundafter10,000starts,thealgorithmgives

up. Figures7 and8 show a numberof examplesof posesfoundby SoftPOSITwhenrandom6-vectors

areusedastheinitial guessesfor pose.

Figure9 shows thesuccessrateof thealgorithm(percentof trials for which a goodposewasfound

in 10,000starts,givenno knowledgeof thecorrectpose)asa functionof thenumberof objectpoints

for �Ž<�)Ö+ û andfor all combinationsof theparameters3 ö and3�� . (Thealgorithmperformsa little better

for � <Sú/+ û and � < %(+ ú .) It canbe seenfrom this �gure that, for more than92% of the different

combinationsof simulationparameters,a goodposeis found in 90% or moreof the associatedtrials.

For theremaining8%of thetests,agoodposeis foundin 75%or moreof thetrials. Overall,agoodpose

wasfound in 96.4%of the trials. As expected,thehighertheocclusionrate(lower 3

ö ) andtheclutter

rate(higher 3$�

�

, the lower thesuccessrate. For thehigh-cluttertests,thesuccessrateincreasesasthe

numberof objectpointsdecreases.This is dueto thealgorithm'sability to moreeasilymatcha smaller

numberof objectpointsto clutterthana largernumberof objectpointsto thesamelevel of clutter.

Figure10 shows theaveragenumberof randomstartsrequiredto �nd a goodpose.Thesenumbers

generallyincreasewith increasingimageclutter andocclusion. However, for the reasongiven in the

previous paragraph,the performancefor small numbersof object points is betterat higher levels of

occlusionandclutter. Otherthanin the highestocclusionandclutter case,the meannumberof starts

is aboutconstantor increasesvery slowly with increasingnumberof objectpoints. Also, theredoes

notappearto beany signi�cant increasein thestandarddeviationof thenumberof randomstartsasthe

numberof objectpointsincreases.Themeannumberof startsoverall of thetestsis approximately500;

themeanexceeds1100startsonly in thesinglehardestcase.Figure11 shows thesamedatabut plotted

asa function of the numberof imagepoints. Again, exceptfor the two highestocclusionandclutter

cases,the meannumberof startsis aboutconstantor increasesvery slowly as the numberof image

pointsincreases.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure6: Typical imagesof randomlygeneratedobjectsand images. The black pointsareprojected
objectpointsandthewhite points(circles)areclutterpoints.Theblacklines,which connecttheobject
points,areincludedin thesepicturesto assistthereaderin understandingthepictures;they arenotused
by thealgorithm.Thenumberof pointsin theobjectsare20 for (a),30 for (b), 40 for (c), 50 for (d) and
(e), 60 for (f) and(g), 70 for (h), and80 for (i). In all casesshown here,3

ö

<Ø%(+ ú and 3��µ<€ú/+

"

. This
is thebestcasefor occlusion(none),but theworstcasefor clutter. In theactualexperiments,3 ö and 3��

vary.
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(a) (b)

(c) (d)

Figure 7: Someprojectedobjectsand clutteredimagesfor which SoftPOSITwas successful. The
small circlesare the imagepoints (including projectedmodelandclutter) to which the objectsmust
bematched.Thelight graypointsandlinesshow theprojectionsof theobjectsin theinitial poses(ran-
domguesses)which leadto goodposesbeingfound.Theblackpointsandlinesshow theprojectionsof
theobjectsin thegoodposesthatarefound. Theblackpointsthatarenot nearany circle areoccluded
objectpoints.Circlesnot nearany blackpoint areclutter. Again, thegrayandblacklinesareincluded
in thesepicturesto assistthe readerin understandingthepictures;they arenot usedby thealgorithm.
TheMonteCarloparametersfor thesetestsare 3

ö

<ðú/+

"

, 3��µ<Šú/+

¶

, � <ð)*+ û ,
	

<%�(ú for (a) and(b),
	

<�û•ú for (c) and(d).
27



(a) (b)

(c) (d)

Figure8: Moreprojectedobjectsandclutteredimagesfor whichSoftPOSITwassuccessful.TheMonte
Carloparametersfor thesetestsare 3

ö

<¡ú/+

"

, 3��}<¡ú*+

¶

, �¹<¡)*+ û and
	

<&��ú for (a) and(b),
	

<&�(ú

for (c) and(d).
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Figure10: Numberof randomstartsrequiredto �nd a goodposeasa functionof thenumberof object
pointsfor �x edvaluesof 3

ö and3�� . (a) Mean. (b) Standarddeviation.
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Figure11: Numberof randomstartsrequiredto �nd a goodposeasa functionof thenumberof image
pointsfor �x edvaluesof 3

ö and3�� . (a) Mean. (b) Standarddeviation.

6.2 Run Time Comparison
This
section
is com-
pletely
new. Do
you
agree
with the
proce-
dureand
results?

The RANSAC algorithm [Fischler1981] is the bestknown algorithm that computesan objectspose

givennoncorresponding3D objectand2D imagepoints. In this section,we comparetheexpectedrun

time2 of SoftPOSITto thatof RANSAC for eachof thesimulateddatasetsdiscussedin section6.1.

The meanrun time of SoftPOSITon eachof thesedatasetswasrecordedduring the Monte Carlo

experiments.As will beseenbelow, to haverunRANSAC oneachof thesedatasetswouldhaverequired

a prohibitive amountof time. This wasnot necessary, however, sincewe canaccuratelyestimatethe

numberof randomsamplesof thedatathatRANSAC will examinewhensolvingany particularproblem.

Theexpectedrun timeof RANSAC is thentheproductof thatnumberof sampleswith theexpectedrun

timeononesampleof thatdata.

Thecomplexity of a poseproblemdependson thethreeparameters
	

, 3

ö , and 3�� de�ned in section

6.1. For eachcombinationof thesethreeparameters,we needto determinethe expectedrun time of

2All algorithmsandexperimentswereimplementedin MATLAB softwarerunningon a 2.4 GHz Pentium4 processor
whichwasrunningtheLinux operatingsystem.
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RANSAC for a singlesampleof threeobjectpointsandthreeimagepoints3 from thatdata. This was

accomplishedby running RANSAC on many randomsamplesgeneratedusing the samecomplexity

parameters.The time per samplefor a given problemcomplexity is estimatedas the total time used

by RANSAC to processthosesamples(which excludestime for RANSAC to initialize) dividedby the

numberof samplesprocessed.

Wenow estimatehow many samplesRANSAC will examinefor problemsof aparticularcomplexity.

In AppendixA, we computetheprobability, 3 , asa functionof
	

, 3

ö , and 3�� , thata randomsampleof

threeobjectpointsandthreeimagepointsconsistsof threecorrectcorrespondences.Then,thenumber

of randomsamplesof correspondencetriples that mustbe examinedby RANSAC in order to ensure

with probability
•

thatat leastonecorrectcorrespondencetriple will beexaminedis

w•W

�7•

'�3

�

<

� �(���

%

¨

•’�

� �(���

%

¨

3

�
+

Someimplementationsof RANSAC will haltassoonasthe�rst goodsampleis observed,thusreducing

theruntimeof thealgorithm.In thiscase,theexpectednumberof randomsamplesthatwill beexamined

in orderto observe the�rst goodsampleis

w

�

�

3

�

<

%

3

+

Notethatfor all valuesof
	

, 3

ö , and 3�� thatwe considerhere,andfor
•)(

ú/+*��û (thesmallestobserved

successrate for SoftPOSIT), w

�

�

3

�

Â w•W

�7•

'�3

�

. A RANSAC algorithmusing w

� will alwaysbe faster

thanoneusing w�W , but it will not be asrobust sincerobustnessincreaseswith the numberof samples

examined.In thefollowing, therun timesof SoftPOSITandRANSAC arecomparedusingboth w*W and

w

� to determinethenumberof samplesthatRANSAC examines.

For a datasetwith complexity givenby
	

, 3

ö , and 3�� , SoftPOSIThasa givenobservedsuccessrate

which we denoteby
•

softPOSIT
�
	

'�3

ö

'
3��

�

(see�gure 9). Sincewe did not run RANSAC on this data,

3Threecorrespondencesbetweenobjectandimagepoints is the minimum necessaryto constrainthe object to a �nite
numberof poses.
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we can't comparethesuccessratesof SoftPOSITandRANSAC for a given�x edamountof run time.

However, wecancomparetheruntimerequiredby bothto achievethesamerateof successonproblems

of thesamecomplexity by estimatingtheruntimeof RANSAC whenits requiredprobabilityof success

is
•

<

•

softPOSIT
��	

'�3

ö

'�3��

�

. Theserun timesareshown in �gures 12 and13. From these�gures, it Any idea
how to
makea
single
�gure
spantwo
pages?

canbeseenthat theRANSAC algorithmrequiresoneto threeordersof magnitudemorerun time than

SoftPOSITfor problemswith thesamelevel of complexity in orderto achievethesamelevel of success.

Furthermore,for themajority of thecomplexity cases,run time asa functionof input sizeincreaseat a

fasterratefor theRANSAC algorithmsthanfor theSoftPOSITalgorithm.TheMonteCarloexperiments

describedin section6.1 requiredabout30 daysfor SoftPOSITto complete.From this analysisit can

beestimatedthata RANSAC algorithmwhich examinesw’W sampleswould requireabout19.4yearsto

completethesameexperiments,anda RANSAC algorithmwhich examinesw

� sampleswould require

about4.5years.Clearly, it wouldnothavebeenpracticalto runRANSAC onall of theseexperiments.

6.3 Algorithm Complexity

The run-timecomplexity of a single invocationof SoftPOSITis
���
	��Ž�

where
	

is the numberof

objectpointsand
�

is the numberof imagepoints; this is becausethe numberof iterationson all of

the loops in the pseudocodein Section4.3 areboundedby a constant,andeachline insidea loop is

computedin time at most
����	��Ž�

. As shown in Figures10 and11, themeannumberof randomstarts

(invocationsof SoftPOSIT)requiredto �nd a goodpose,to ensurea probabilityof successof at least

0.95,appearsto beboundedby afunctionthatis linearin thesizeof theinput. Thatis, themeannumber

of randomstartsis
���
���

, assumingthat
	

Â

�

, asis normallythecase.Thentherun-timecomplexity

of SoftPOSITwith randomstartsis
����	����

). This is a factor of
�

better than the complexity of

any publishedalgorithmthat solves the simultaneousposeandcorrespondenceproblemundera full

perspectivecameramodel.
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Figure12: Comparisonof therun timesof SoftPOSITto thoseof RANSAC for variousproblemcom-
plexities. TheSoftPOSITruntimesareshown with asolid line. TheRANSAC runtimesareshown with
adashedline for thecasethatthenumberof samplesis determinedby w&W , andwith adottedline for the
casethatthenumberof samplesis determinedby w

� .
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Figure13: Continuationof �gure 12.
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6.4 Experimentswith Images

6.4.1 AutonomousNavigation Application

TheSoftPOSITalgorithmis beingappliedto theproblemof autonomousvehiclenavigationthrougha

city wherea3D architecturalmodelof thecity is registeredto imagesobtainedfrom anon-boardvideo

camera.Thusfar, the algorithmhasbeenappliedonly to imagerygeneratedby a commercialvirtual

reality system.Figure14 shows an imagegeneratedby this systemanda world modelprojectedinto

thatimageusingtheposecomputedby SoftPOSIT.

Imagefeaturepointsareautomaticallylocatedin theimageby detectingcornersalongtheboundary

of bright sky regions. Becausethe3D world modelhasover 100,000datapoints,we usea roughpose

estimate(suchasmight be generatedby an onboardnavigation system)to cull the majority of object

points that don't project into the estimated�eld of view. Thenthe objectpoints that do fall into this

estimated�eld arefurther culled by keepingonly thosethat projectnearthe detectedskyline. So far,

the resultshave beenvery good. Although this is not real imagery, the virtual reality systemusedis

very sophisticated,andassuch,shouldgive a goodindicationof how thesystemwill performon real

imagery, which wearecurrentlyin theprocessof acquiring.

6.4.2 Robot Docking Application

Therobotdockingapplicationrequiresthata smallrobotdriveontoa dockingplatformthatis mounted

onalargerrobot.Figure15showsasmallrobotdockingontoalargerrobot. In orderto accomplishthis,

thesmallrobotmustdeterminetherelativeposeof thelargerobot. This is doneby usingSoftPOSITto

aligna3D modelof thelargerobotto cornerpointsextractedfrom animageof thelargerobot.

Themodelof thelargerobotconsistsof asetof 3D pointsthatareextractedfrom atriangularfaceted

modelof the robot which wasgeneratedby a commercialCAD system.To detectthe corresponding

pointsin theimage,linesare�rst detectedusinga combinationof theCanny edgedetector, theHough

transform,andasortingprocedureusedto rankthelinesproducedby theHoughtransform.Cornersare

thenfoundat theintersectionsof thoselinesthatsatisfysimplelength,proximity, andangleconstraints.

35



(a)

(b)

Figure14: (a)Original imagefrom avirtual realitysystem.(b) World model(white lines)projectedinto
this imageusingtheposecomputedby SoftPOSIT.
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Figure15: A smallrobotdockingontoa largerrobot.
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Figure16showsthelinesandcornerpointsdetectedin oneimageof thelargerobot. In thistestthereare

70pointsin themodel;89%of theseareoccluded(or not detectedin theimage),and58%of theimage

pointsareclutter. Figure17ashows the initial guessgeneratedby SoftPOSITwhich led to thecorrect

Figure16: An imageof thelargerobotasseenfrom thesmallrobot'spoint of view. Long straightlines
detectedin the imageareshown in white, andtheir intersections,which ideally shouldcorrespondto
verticesin the3D model,areshown in black.

posebeingfound,andFigure17bshowsthiscorrectpose.

7 Conclusions

We have developedandevaluatedthe SoftPOSITalgorithmfor determiningthe posesof objectsfrom

images.Thecorrespondenceandposecalculationcombinesinto oneef�cient iterativeprocessthesoft-

assignalgorithmfor determiningcorrespondencesandthePOSITalgorithmfor determiningpose.This

algorithmwill beusedasacomponentin anobjectrecognitionsystem.
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(a)

(b)

Figure17: Theinitial guessat therobot'spose(a) thatleadsto thecorrectposeasshown in (b).
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Ourevaluationindicatesthatthealgorithmperformswell underavarietyof levelsof occlusion,clutter,

andnoise. Thealgorithmhasbeentestedon syntheticdatafor anautonomousnavigationapplication,

andwe arecurrentlycollectingreal imageryfor further testswith this application.The algorithmhas

alsobeentestedin anautonomousdockingapplicationwith goodresults.

Thecomplexity of SoftPOSIThasbeenempiricallydeterminedtobe
���
	�� � �

. Thisis betterthanany

known algorithmthat solvesthesimultaneousposeandcorrespondenceproblemfor a full perspective

cameramodel.Moredatashouldbecollectedto furthervalidatethis claim.

Futurework will involveextendingtheSoftPOSITalgorithmto work with linesin additionto points.

We arealsointerestedin performinga morethoroughcomparisonof theperformanceof SoftPOSITto

thatof competingalgorithms.

Appendix A The Complexity of the Hypothesize-And-TestApproach

Theasymptoticcomplexity of thegeneralhypothesize-and-testapproachto model-to-imageregistration

is derivedin thisappendix.We �rst de�ne a few parameters.Let

M bethenumberof 3D objectpoints,

N bethenumberof imagepoints,

3

ö bethefractionof modelpointsthatarepresent(non-occluded)in theimage,

R bethedesiredprobabilityof success(i.e.,of �nding agoodpose).

Givena setof datawith outlier rate
6

, it is well known [Fischler1981] thatthenumber̂ of random

samplesof thedataof size � thatmustbeexaminedin orderto ensurewith probability
•

thatat leastone

of thosesamplesis outlier-freeis

ˆ <

� �(���

%

¨

•’�

�������

%

¨

�

%

¨

69�

é

�
+

We needto determinehow this numberof samplesdependson
	

,
�

, 3

ö , and R for the hypothesize-

and-testalgorithmfor largevaluesof
	

and
�

.

Becausewe assumethatthehypothesize-and-testalgorithmhasno a priori informationaboutwhich

correspondencesare correct, correspondencesare formed from randomly chosenobject and image
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points. We assumethat threecorrespondencesareusedto estimatethe object's pose. Let +Ó<ð3

ö

	

bethenumberof detected(non-occluded)objectpointsin the image. For a correspondenceto becor-

rect,theobjectpointmustbenon-occludedandtheimagepointmustcorrespondto theobjectpoint. The

probabilitythatthe �

th ( � < %('�)*'��

�

randomlychosencorrespondenceis correctgiventhatall previously

chosencorrespondencesarealsocorrectis
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Thentheprobabilitythatany sampleconsistsof threecorrectcorrespondencesis
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Theprobability that eachof
\

randomsamplesis bad(i.e., eachincludesat leastoneincorrectcorre-

spondence)is
�

%

¨

�
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ö

�
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Thusto ensurewith probability R that at leastoneof the randomlychosensamplesconsistsof three

correctcorrespondences,wemustexamineT sampleswhere
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Solvingfor T, weget
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Noting that
�
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is alwayslessthat %vú

¸

�

in our experiments,andusingtheapproximation
���(���
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4 for 4 small,thenumberof samplesthatneedto beexaminedis
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Sinceeachsamplerequires
����	³� �(�Q�Ž�

timefor back-projectionandveri�cation (assuminganef�cient

point locationalgorithmis usedto searchfor imagepoints4), thecomplexity of thegeneralhypothesize-

and-testalgorithmis
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Appendix B ScaledOrthographic ImagePoints

Here we give a geometricinterpretationof the relation betweenperspective and scaledorthographic

imagepoints.ConsiderFigure4. A planej ~ parallelto theimageplane j is chosento passthroughthe

origin :NM of theobjectcoordinatesystem.This planecutsthecameraaxisat 2

�
�

2³<

\ea��

. Thepoint

: projectsinto :ž~ onplane jµ~ , andtheimageof :x~ on theimageplane j is called3�~ .

A plane j
~ ~ , alsoparallelto theimageplane j , passesthroughpoint : andcutstheline of sight – at

: ˜ . Thepoint :N˜ projectsontotheplane jD~ at :Ò~ ~ , andtheimageof :ž~ ~ on theimageplane j is called

3/~ ~ .

Theplanede�ned by line – andthecameraaxis is chosenastheplaneof the �gure. Therefore,the

imagepoints3 and3

~ ~ arealsoin theplaneof the�gure. Generally:kM and : areout of theplaneof the

�gure, andtherefore3—~ is alsooutof theplaneof the�gure.

Consideragaintheequationsof perspective (equations(1, 2)):

mn

o

6

4

6

5

prq

s

<

mn

o

w,U

E

W

w

\t^

w,U

E

�

w

\t`

prq

s

mn

o

O

;

%

prq

s

+ (15)

with
6

< U


}z

O

;{u

\_a�!

% . We canseethat ™,š

›

<Øw

�

U W

z

O

;

! \t^

'YU

�}z

O

;

! \8`,�

. Indeed,the termsin

parenthesesarethe 4 and 5 cameracoordinatesof : andthereforealsoof :Î~ , andthe factor w scales

downthesecoordinatesto thoseof theimage3�~ of :ž~ . In otherwords,thecolumnvectorof theright-hand

sideof equation(15) representsthevector ™,š

› in theimageplane.

4Given a set 3 of 4 2D points,the problemof �nding the point in 3 closestto a 2D querypoint is known asthe 2D
closestpoint problemin computationalgeometry. This problemcanbesolved in 57698#:<;�4>= time by searchinga fastplanar
point locationdatastructureconstructedfrom a Voronoidiagramof thosepoints[Arya 1998].
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On theotherhand, ™,š

› ›

<

�76

4

'

6

5

�

<

6

™,š . Indeedthe
•

-coordinateof : in thecameracoordinate

systemis U


óz

O;

!Ç\ta

, i.e.
6D\_a

. It is alsothe
•

-coordinateof :|˜ . Therefore? ±µ´ç<

6µ\_a

?

š

u(2 . The

4 and 5 cameracoordinatesof :|˜ arealso thoseof : ~ ~ , and the factor w†<S2Iu

\_a

scalesdown these

coordinatesto thoseof theimage3�~ ~ of :ž~ ~ . Thus ™,š

› ›

<

6

™,š . In otherwords,thecolumnvectorof the

left-handsideof equation(15) representsthevector ™vš

›•› in theimageplane.Theimagepoint 3 ~ ~ canbe

interpretedasa correctionof the imagepoint 3 from a perspective projectionto a scaledorthographic

projectionof apoint :|˜ locatedon theline of sightat thesamedistanceas : .
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