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A T-matrix based method of solution of the multiple scattering problem was presented by the authors
[J. Acoust Soc. Am112 2688-2701(2002]. This method can be applied to the computation of
relatively small problems, since the number of operations required grows with the number of
spheresN asO(N?®), and with the sixth power of the wave number. The use of iterative techniques
accelerated using the fast multipole mettiBWIM) can accelerate this solution, as presented by Koc
and Chew[J. Acoust. Soc. Am103 721-734(1998] originally. In this study we present a method

that combines preconditioned Krylov subspace iterative techniques, FMM accelerated matrix vector
products, a novel FMM-based preconditioner, and fast translation techniques that enable us to
achieve an overall algorithm in which the cost of the matrix-vector multiplication growsNviah
O(NlogN) and with the third power of the wave number. We discuss the convergence of the
iterative techniques, selection of the truncation number, errors in the solution, and other issues. The
results of the solution of test problems obtained with the methoblfod 0°— 10" for different wave
numbers are presented. 2005 Acoustical Society of AmericdDOI: 10.1121/1.1853017

PACS numbers: 43.20.Fn Pages: 1744-1761

I. INTRODUCTION computations, stochastic and continuum medium approach to

. . extend their limits, and, in fact, this is not a purpose of this
Problems of acoustic and electromagnetic wave propa-

gation through a medium consisting of the carrier fluid orfnaepd?;tg,eg; ;’Vseo?rer(;gtlzrriztﬁhv;ﬁhOansf[ﬂ:t;z ?\fa?l%mtie"r:fr:
solid and inclusions in the form of solid particles, droplets P ’ ’ ’

and bubbles are of great practical and theoretical interest, ar%er.Of. particles is large enough to make conclusions of a
there are several approaches for the modeling of these. Or?éatlstmal nature, and, on the other hand, may be small com-
approach is based on the development of continuum theorie,%ared to real systems._ .

that treat a large system as a single complex medium with The problems, which are out of the range of continuum

special properties that are obtained on the basis of spatial &peries, are related to the acoustic wavelengths, which are
other types of averagin(e.g., see Nigmatulin, 1990; Caf- comparable with the size of the particles. This may include

lisch et al, 1985. This approach is validated against experi- POth ultrasound propagation in dispersed systems, or lower-
ments and has many strengths, such as a relative simplicity@duéncy sound propagation in some environment with
of the description, a clear relation to the physics, and théarger objectge.qg., fish. In this case the number of sgatter'ers
operation with quantities that can be measured. However, 48 the system can be, say, several thousands. Since in the
with any theory, the continuum theories have some limits and®"esent paper we are solving the problem for the three-
restrictions that follow from basic assumptions. For exampledimensional3D) Helmholtz equation, which also appears in
the models normally are based on assumptions that the mglectromagnetics, the method may also be applicable to the
dium is acoustically homogeneoy&umerovet al, 1988; solution of problems in diffraction optics, x-ray scattering,
Duraiswami and Prosperetti, 1995This means that the and so on. In many situations the scatterers can be assumed
wavelengths should be much larger than the characteristi® be spherical, and the boundary conditions on the scatterer
sizea and distancel between the particlesk@<1, kd<1, have a strong influence on the results.
wherek is the wave number While some assumptions can There exist several approaches to the solution of the
be relaxed, an accurate averaging procedure should take infaultiple scattering problems, and the T-matrix method and
account many real effects, and unavoidably introduces adts modifications are among these approadhiésterman and
sumptions that permit one to link the description of the pro-Truell, 1961; Peterson and Strom, 1974; Varadan and
cesses at the “microlevel” with the behavior of quantities atVaradan, 1980; Wang and Chew, 1993; Mischemtal,
the “macrolevel.” 1996; Koc and Chew, 1998and recently in our paper
Another approach is based on the direct computation ofGumerov and Duraiswami, 2002; which in the sequel we
the acoustic field in the system at the level of particle sizeswill refer to as (GD02)]. A solution of the problem for
based on fundamental governing equations applicable at ttepherical scatterers based on a multipole re-expansion tech-
“microlevel.” While valid and free of many limitations of nique was presented ((GD02). This solution is based on a
the continuum theory, this approach is computationally chalfrepresentation of the scattered field for each sphere by a se-
lenging. It is more or less obvious that there should be subries of multipoles, the coefficients of which can be deter-
stantial efforts toward some theories that combine directmined by applying the impedance boundary conditions cor-
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responding to each sphere. This was achieved using réderms of the translation operators and has complexity
expansion matrices, which enable one to find the expansio®(p*N-+p2NlogN). Recently some modifications of the
coefficients in a basis conveniently located at the center of aRMMFFT, such as the FFTNOnget al,, 2004 appeared in
arbitrary scatterer. Since the series are infinite, we used trurthe literature, which utilize different translation methdds-
cation to keep onlyp? terms in the series, whene is a  cursively computed translation matrigemd have complex-
guantity termed the truncation number. ity O(p*N logN).

In (GD02 the computational complexity for solution of The FMM was introduced in Greengard and Rokhlin
this problem forN scatterers iQ(p®N®). While we found (1987 for solution of the Laplace equation in two and three
that this method is reliable and fast for relatively sntind  dimensions. Later, this method was intensively studied and
p, the solution of problems for a larger number of scatterer&xtended to a solution of many other problems. Sangani and
(N=10% or higher frequenciegsince for convergence Mo (1996 applied it to multiparticle systems using the ana-
>ka) with this method is computationally intractable. log of the T-matrix idea for the case of Laplace and Stokes

Such computations are also known as “brute-force”interactions of multiple particles via the FMM.
method, and there exist several papers in electromagnetics In the original work, functions were represented via a set
and acoustics that present algorithms of lower complexityof expansion coefficients over a local or multipole basis. The
For example, Wang and Che{#993, present a generalized translation operators in this case appeared to be dense matri-
recursive aggregate T-matrix algorithfRATMA), with ces converting one set of the expansion coefficients to the
complexity O(p?P*N) (in our notation, where P2 is the  other. If the number of expansion coefficients@$, this
number of harmonics to expand the field of the aggregatedesults inO(p*) translation complexity and i®(p*N) over-
scatterers. The latter quantity is related to the size of thall complexity of the algorithm ifp is the same for all the
computational domair),, andP~kD,. If we assume that levels of hierarchical space subdivision. In the case of the
the volume fraction of scatterers is constant, andDgp Laplace equation, this results in a fast enough algorithm.
~N%¥3a, and since the truncation numbers can be estimatetlowever, for the Helmholtz equation for a given accuracy,
as p~ka, we can see that actually the RATMA scales asthe number of terms needed in the expansion grows with the
O(p®N"?). The RATMA does not improve the sixth power largest length scale in the problem. Consequently, if we want
in the complexity dependence @nThat is why the compu- to use the method as is, then for the Helmholtz equation
tations with this algorithm can be performed only for Ipv  instead ofp? we should useP?, which is the number of
(i.e., low ka). For example, Wang and Che{®993 pre- terms needed to represent the function at the coarsest level.
sented computations of electromagnetic scattering probleror a uniform volume distribution of the scatterers with a
for large enoughN=6859, but for relatively lonkD,<10  constant volume fraction, we haveP~kDy~kaN
(truncation numbers in these computations:3). In this  ~pNY3 which results inO(p*N"?) complexity. This is
context we should note that the accuracy of computationslower thanO(p*N?) required for direct matrix-vector mul-
depends not only on the size of the domain or the size ofiplication, and so the FMM in its original form is not appli-
scatterers KD, and ka), but also on the interparticle dis- cable to the scattering problem.
tancesd/a. Even forka<1, truncation numbers can be, say To reduce the cost of the FMM, an alternative function
p~15, for the relatively low accuracy of computations of representation, via samples of the so-called “signature func-
1%, in the case that the scatterers are nearly toudsegythe tion” (also called the Herglotz wave functigrwas intro-
discussion on truncation numbers later in this paper duced by Rokhlin(1993. This representation gives rise to

Another, rather obvious, idea to improve the “brute- the diagonal forms of the translation operators. The number
force” method is to use iterative methods for a solution ofof samples is proportional to the number of harmonics in
the linear system. IfN;ye, iS the number of iterations to spectral representation, and here we can treat this quantity as
achieve a required accuracy and each iteration requires on. The diagonal forms provid®(p?) translation complex-
matrix-vector multiplication, which can be performed di- ity. If the original FMM using the diagonal forms is em-
rectly for O(p*N?) operations, the total complexity of the ployed for a solution of the Helmholtz equations, we should
algorithm will be O(p*N?N;). Comparing with the use P? instead ofp? that results inO(P?N)=O(p>N>3)
RATMA, we can see that fo;.,<p2N'3 an iterative tech- complexity of the matrix-vector multiplication. As was sug-
nigue is faster. gested by Rokhlin, the way to overcome these large com-

A further improvement of the algorithm complexity plexities in the FMM is to vary the size of the vectors rep-
comes from the acceleration of the matrix-vector multiplica-resenting functions from level to level.
tion. Currently two major techniques are known to reduce  The algorithm of this type based on the diagonal forms
the complexity of solution fromO(N?) to O(NlogN) or  of the translation operators with interpolation/anterpolation
O(N) (if we assume that the truncation number does noproceduresMLFMA) is presented in Chewt al. (2001 and
depend oN): the Fast Fourier TransforfFT) and the Fast used for the acoustic scattering problems by Koc and Chew
Multipole Method(FMM). (1998. If the interpolation/anterpolation procedures are per-

The FFT cannot be applied if the scatterers are not loformed with complexityO(M) for O(M) samples of the
cated in a regular grid. However, this can be fixed by usingsignature function with the required accuracy, then a solution
translations from the scatterer locations to the regular gridpf the Helmholtz equation can be obtained @¢p?N) op-
which is an idea of the FMMFF{Koc and Chew, 1998As  erations. The algorithm of Koc and Che&i998, however,
originally introduced, the FMMFFT utilizes the diagonal formally has complexityO(p*N), since it requires a conver-
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sion of the function representation from the set of multipoleeral practical acoustical problems. Finally, we used a variant

expansion coefficients to samples of the signature functiomf the FMM operating with expansion coefficients only,

and further accounting for near interactions is also estimatedhere the rectangularly truncated translation operators were

(by ug asO(p>N). Our computations show that for dense computed using fast recursive algorithms and decomposi-

systems a computation of the near interactions can be sevett@ns (Gumerov and Duraiswami, 20p3Numerical experi-

times more expensive than a computation of the farfield inients show the performance and efficiency of our algorithm

teractions. and support, that the matrix-vector multiplication is per-
In fact, theO(p*N) conversion is not a necessary stepformed withO(N) or O(N logN) complexity.

for the algorithm if it operates with the expansion coeffi-

cients and uses matrix translation operators. The complexity

of such nondiagonalized operations can be reduc&@{(p?)  |l. STATEMENT OF THE PROBLEM

for p? expansion coefficients using rotational—coaxial trans-

lation decomposition, and this is sufficient to achieve

3 , o .
O(p°N logN) overall complexity of the matrix-vector multi ing by N spheres with radia, ,...,ay situated inR3. The

pllcal_t|on for the volume d|§tr|k)_ut|on of .scatt_erers. Whlle this coordinates of the centers of the spheres are denoteg as
fact is simple and we provide its proof in this paper, it seems

to have been overlooked in the previous publications, where (Xq.Yq:2q), _q—_l,...N. The scattering _problem in the fre-
: . duency domain is reduced to the solution of the Helmholtz

one can find statements that only the diagonal forms of th%quation for complex potentiak(r)
translation operators provide algorithms scaledogsl) or ’
O(N logN) for the Helmholtz equation. The benefits of op- V2y+Kk2y=0, (1)
erating in the space of expansion coefficients also includgi the following general impedance boundary conditions
;tablllty pf the tran;latlons, Whl_ch QOes_ not require y, the surface, of the gth sphere:
interpolation/anterpolation or spherical filtering procedures
that are necessary for the methods using diagonal forms and ﬁ_lﬁ+. )
is an expensive part of {Darve, 2000a; Chewt al., 2001). an logd
Another benefit is the stability of computations for the cases
of low ka and relatively largep. wherek is the wave number and, are complex admit-

While the paper of Koc and Che(®998 presumably is tances, and = J=1. In the particular case of sound-hard
the first that uses a combination of the T-matrix method angurfaces ¢4=0) we have the Neumann boundary condi-
iterative techniques accelerated by the FMM and/or FFT fotions,
§o|uti0n pf acou'stic scattering problems, sev_eral important gylon|s =0, 3)
issues still remain to be worked out. First, the iterative tech- q
niques presented in that paper are relatively standard, arahd in the case of sound soft surfaceg € «) we have the
their rate of convergence can be slow. As we found from ouBirichlet boundary conditions,
numerical experiments for systems of densely packed scat- ¥ls =0. (4)
terers,N, at sufficiently largeN may even grow a®(N), q
which brings the total complexity of the FMM accelerated Usually the potential is represented in the form
methods taO(N?) or O(N?logN). One of the ways to treat B
this problem is to use properly designed preconditioners. In Y0 = (1) + thscal ), ®)
this paper we introduce for the first time the flexible gener-whereys.{r) is the potential of the scattered field. Far from
alized minimal residual methodFGMRES with a right  the region occupied by spheres, the scattered field should
dense preconditioner, which can also be computed with theatisfy the Sommerfeld radiation condition:
FMM/GMRES. Our results show that this can substantially Irecat )

i/ =0.

The problem considered is that (GD02), and is re-
peated here to establish the notation. Consider sound scatter-

=0, g=1,..N, (2)
Sq

speed up the algorithm, and experimental data on the com-  [im r —iKthscq
plexity fit complexitiesO(N'*#) with low B. Second, we r—o
establish botfa priori error bounds and used anposteriori  \we must determing(r) or ¢.,(r) at anyr on the surface of
error check of the solution to see how the error depends ofe spheres or outside them.

the relative scatterer locations and the truncation numbers

used. Third, as it was presented, the T-matrix could be arbi-

trary, but at the same time the application of the method tq|;. SOLUTION USING THE MULTIPOLE

real problems of interest in computational acoustics was ImMRE-EXPANSION METHOD

ited. In the present paper we apply the solution to problem
that have been studied extensively in acoustics, of multipl
scattering from spheres. To solve this problem, we exploited  We first solve the scattering problefh—(6) for a single

the multipole solution for the boundary value problem forscatterer N=1) in an arbitrary incident field. We assume
spheres presented {GD02 and used the explicit T matri- that the incident field has no singularities in the domain in-
ces, which depend on the scatterer sizes, impedances, eside the scatterer or on its boundary, and since it satisfies the
This allows one to model and investigate various parametri¢ielmholtz equation it can be expanded near the center of this
dependencies, and, move the method to the solution of gerscatterery (q=1), in the form

(6)

. T matrix for a single scatterer

1746 J. Acoust. Soc. Am., Vol. 117, No. 4, Pt. 1, April 2005 N. A. Gumerov and R. Duraiswami: FMM for multiple scattering



[

Un(N)=2, > EWMRM(r)=ED-R(ry),

=0 m=-n

!
=TI rq.

()

g

Here E{Y™ are the expansion coefficients of the potential

over the basis of the regular solutiovﬁé?(r—r[q) of the
Helmholtz equation in the spherical coordinates
=(rq,0q.94) connected with the center of the sphere:

an(rq) =] n(qu)Ynm( ﬁq ) Qoq),
rq="rq(sinfy cosey,sind, singy,cosdy),

n=0,1,..., m=-—n,...n, (8

wherej,(kr) are the spherical Bessel functions of the first

kind andY['(#,¢) are the orthonormal spherical harmonics:

2n+1 (n—|m|)!
47 (n+|m|)!

PIM(cosg)e™e,

AUPEETN|

n=0,1,..., m=-—n,...n, 9

Based on this solution, the T matrix for a spherical scatterer
of radiusa, and complex admittance, is a diagonal matrix
with elements

, ir(kay)+ (oy/k)ja(k
(n?m)’mm:_h:( aq) ( - )Jn( aq) nn"smm’r (14)
hp(kag) + (aq/k)h,(kag)
wheren, n’=0,1,...,m=—n,...,n; andm’'=—-n’,....n".

B. Decomposition of the scattered field

Due to the linearity of the problem, the scattered field
can be represented in the form

N
Vsl D)= 2, ¥1(0), (15
where ¢(9(r) can loosely be thought of as the part of the
scattered field introduced by theth sphere, though, of
course, it contains the influence of all the spheres. Each po-
tential ¢4(r) is regular outside theth sphere and satisfies

whereP['(u) are the associated Legendre functions. Furtherthe Sommerfeld radiation condition, so that it can be repre-
for compactness of notation, we use the following abbreviasented as prescribed by E@.1). In the vicinity of theqth
tion to denote the sum represented by the product of twécatterer we can write E@L5) as

vectors:A={A["} andB={B'}:

A-B= i é

n=0 m=—

ARBY.  A={A7}, B={B;}. (10

The scattered fielg/(?(r) = y.o{r) can be represented
in the form

PIn=> >

n=0 m=—

n Agc‘)mS?(rq):A(q)‘S(rq)- (11)

Wscal 1) = (ﬂ(q)(r) + ¢(Q)(r)!

V(=2 ), (16
a'#q

The latter sum represents the functigff(r) that is regular

in the part of the domain occupied by th#h scatterer and so

can be represented as
' D(r)= B(‘”-R(rq),

g,.9'=1,...N.

17

Here A®™ are the expansion coefficients of the potentialwhere B¥={B{?™} is a vector of expansion coefficients

over the basis of the singular m:r[q radiating solutions
Sh(r—rg) of the Helmholtz equation:

Snm(rq) = hn(qu)Ynm( b4 l(Pq)v

n=0,1,..., m=-—n,... (12

whereh,(kr) are the spherical Hankel functions of the first
kind.
By “T matrix for scattererq” we mean the matrixT (%

ynl

over the basis of regular spherical functid8s These coef-

ficients can be expressed via the coefficies"”, q’
=1,...N, q' #q for all the scatterers, except of tlggh scat-
terer, as

B@W= 2 (SR)(rg oA,
q'#q

r_ li
r rqry

; (19

r 9.9'=1,...N,

! =
a’q

with eIementsTffL),mm that relates the expansion coefficients where | R)(rc’],q) is the re-expansion matrix with elements

of the incident and scattered fields:
A(q)=T(q)E(Q),

o n’
AGM_S S p@mm

nn’

(q)ym’
Enl t

n=0 mlzin/

(13

In general, the T matrix can be determined for a scatterer of
an arbitrary shape by a solution of the corresponding bounJ—
ary value problem(1)—(6). For the case of spheres, this so-

lution can be obtained analytically, as shown (t&D02).

J. Acoust. Soc. Am., Vol. 117, No. 4, Pt. 1, April 2005

(S| R)nmnr?, (rqq) defined as the coefficients of expansion of

the singular basis functions centeredrg,t over the regular
basis functions centered art[q (see Gumerov and Du-
raiswami, 2003

o n
S () =3 3 (SR (1 RI(r),
g,9'=1,..N, q'#q. (19
Now, using Eqgs.(5), (7), (16), (11), and (17), we can
epresent the total field near tiggh scatterer in the form

w(r):Eé%).R(rq)_;_A(Q).S(rq), Eg?f)ZE(q)‘F B(Q)7
(20
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where we introduced the notaticEﬁ% for the expansion co- (e.g., based on Krylov subspagéisat guarantee that an ex-
efficients of the “effective” incident field near thgth scat-  act solution will be achieved iNy,<Np? in exact arithmet-
terer. Indeed, the first equati@@0) shows that the multiple ics, while in practice the goal is to achieve this at much
scattering problem is equivalent to a single scattering probsmallerN;, .
lem for theqgth scatterer placed in the field, which is a super- Treating the multiple scattering problem as the solution
position of the actual incident field and the fields scattered byf a dense linear system, we can employ different iterative
the other scatterers. In this case the solution of the boundamypethods starting from simple iterations to various versions
value problem(1)—(6) for the gth scatterer is given by the T of conjugate gradient, and Krylov subspace methst=,
matrix, which relates the expansion coefficieat§ andE{)  e.g., Saad, 2003Convergence of these methods can be im-
as prescribed by Eq13). So we have proved by using well-designed preconditioners, block de-
compositions, etc.

AD=TDED+BY), g=1,.N. 2D The description and analysis of the entire area of itera-
Now we can see that the system of equati® and(21) tive techniques is beyond the scope of this paper, and we
with respect toA(® andB@ is closed, ag (@ andE@ are refer the interested reader to the textbodkelly, 1995;
known (given). The coefficient8(? can be excluded to re- Saad, 2008 The use of a preconditioning matrix plays an

duce the size of the system: important role, and the most efficient iterative schemes we
used were based on the Flexible GMRE&SMRES, which
(T@)~ta@— > (S|R)(r;,q)A<q')=E(q>, uses as the right preconditioner an approxim@e&RES
q'#q inverse of a matrix that approximates the system maditrix
g=1,..N. (22) (24). We describe details of this iterative technique in the

_ next section since it is related closely to the FMM-based
This system also can be represented as a single equation, matrix-vector product.
LA=E, (23 Any iteration method builds a sequence of approxima-

] tions to the solution
where the vectors and matrices are stacked as

T (SR - ~(SR)(rhy) ACTAT i A=A, a=1N, (29
_ —(SR)(r1p (Tt o —(SR)(ry,) whereA{ is some initial guess, e.g.,
’ AW=T@E®@ g=1,..N, (26)
~SR) — (SR - (T and stops when the convergence criterion is achieved. The
AWM EW convergence condition can be, e.g.,
R (24) maf|AY, - Al <e, (27)
AN EMN) ‘

where| || is some norm to measure the distance between two
This system can be solved by appropriately truncating theectors (e.g., |A| = max,JAn]). Also, for each iteration it
infinite vectors top? coefficients A@={Al@®™ n=0,.p involves a computation of matrix vector producA ; for a

—1, m=—n,...,n). The final linear system witlNp?> un-  given input vectoA; . Thus, the speed of an iterative method
knowns is the same as {&D02 [where Eq.(22) was mul-  can be improved by reducing the number of iterations and
tiplied by matrixT(® for eachq]. ThereforeO(N°p®) opera-  speeding up the embedded matrix vector products.

tions are required for a direct solution of this system. Using  If we turn to the equation to be solvé@d3), we can see
Egs. (15) and (11) knowing all A enables the determina- from Eq. (24) that the matrix. can be decomposed as

tion of s.4(r) everywhere in space. For the surface values

—T7-1
of the potential and its normal derivatives simpler expres- L=T (SIR), (28
sions can be us€aee(GD02)]. whereT ! is a diagonal matrix for spherical scatterers and
block-diagonal otherwise, an@R) is the matrix consisting
IV. ITERATIVE METHODS of the (§ R)(r(']q,) blocks. Assuming that the produ€t 1A

The first substantial reduction in complexity can be €1 be computed rapidly, we use the FMM to accelerate the
computation ofB=(SR)A, or

achieved by using iterative methods for solving the linear
system. Assuming that each iteration involves one large (@_ , (") B o

dense matrix-vector multiplication of complexi®(N?p*) BT = 2 (SIR)(rg A", a=1,.N,  j=0.1,...

and that the iterative process converges to the required accu- a7 (29)

racy in Ny, Steps, we immediately obtain a computational

CompIEXityO(NiterN2p4) instead OfO(NSpG). For example, V. FAST MULTIPOLE METHOD

if N~100, p~10, andN;e~ 10, the savings could be of

order 16 times. Of course convergence may be slow, but as  The second substantial speed up of the solution can be
long asN;<Np?, the iterative procedure brings substantial obtained by accelerating the matrix-vector prod(&3) in
savings. We note in this context that there exist methodshe iterative methods via the multilevel Fast Multipole
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Method (FMM). We refer the reader to details of the method
in Greengard(1988 and for particulars of the method we
used(Gumerovet al., 2003. Below we describe the method
used for the multiple scattering problems.

:

.B

A. Data structures

The FMM operates with the spatial data organized in .—
octrees. This means that the computational domain is the P
cube, or box, of siz®yxXDyX Dy that encloses all the scat-
terers. We assign level 0 to this cube. Further, the computa-
tional domain is subdivided into eight smaller boxBs
XD{XDy, each of sizeD,;=0.5D,. This is referred to as
level 1. Level 2 is obtained by the subdivision of boxes in

level 1 by 8, and so on until some levgl,,, where there are

8'max hoxes of sizeD, :2—|maxDO_ To each box we assign FIG. 1. lllustration of space partitioning and qata structure for multiple
max scattering problem. The minimal spheres enclosing each scatterer are shown

some inqex 01), n=0,...,8—_1, | =Q,...]max. Such a SPacCe  (so an actual scatterer of arbitrary shape is located inside the $phiaee
partitioning generates a hierarchical data structure withwhite sphere belongs to the black box. The gray spheres are its neighbors.

“parent—children" relationships, where any box of leMel These are spheres which belofiig terms of their centejdo the E, neigh-

_ _ : « - . borhood of the black box. The black spheres are the far spheres, they belong
0,...Jmax—1 Car.] be cor?S|dered. asf a par'ent, with 8 chil to theE5 neighborhood of the black bakhe centers are located outside the

dren boxes obtained by its subdivsion. NEIgthI’S of aBox E, neighborhoodl For a description of different neighborhoods see also Fig.

are boxes at the same level, that share at least one boundary
point with boxB. Boxes that are not adjacent to the bound-

aries of the computational domain have 26 neighbors, which ) ) _
together with the box itself form the “neighborhood” of the scattered by scattergris valid at any point on the surface of
box. the scattereq’.

In the multiple scattering problem we say that scattgrer . A stronger limitation pnl max follows from formal re-.
belongs to box 14,1 if the centerr, of the smallest sphere quirements of the translation theory. Again, we can consider
enclosing the scatterer is located inside that Hox spheri- tW(_) closest boxesr(y,Ima) and (.l mad, Which are not
cal scatters this sphere is simply its surfadeny box may nelghborg, and try to evaluate the effect of scgttqr‘emn 9
intersect a scatterer, which does not belong tsée Fig. 1 The m/ult|pole SEeres r_epresentlng the potentlal of th? scat-
However, we require that the size of the smallest taxthe tererq’, whose center in the worst case is located at distance
maximum level of space patrtitioniigs determined as below D,,/3/2 from the center of the boxnf, ,Im) should be
to ensure both the correctness of the FMM procedure ananslated first to the center of this box, then to the center of
ensure the validity of the multipole re-expansions on the surthe box @14.Imay, and finally to the center of scattergwith
faces of neighboring scatterers. If the scattemgrand q’ a guarantee that the final local expansion is valid within the
belong to two different boxes at the finest level with indicesSPhere of radiusama,. This can be provided if B,
(Ng.lma @nd Qg | may), Which are not neighbors, then the >D; _\3/2+D;__\/3/2+an,,, Which is a condition that
field scattered by’ can be described by the local expansionspheres of radmlmaxﬁ/z anlemaX\/§/2+ amax Circumscrib-
of type (17) centered at the center of box(lmad N the ing the boxes iy ,Ima @Nd (gl mad, respectively, do not
domain occupied by the sphere surrounding the scatterer jyiersect (D;__ is the distance between the box centers
The maximum distance from the center of bax,(,| a4 to This condition can also be rewritten as
a point on the surface of scattergf is D|max\/§/2+ Qmax
where a,, is the maximum possible size of the scatterer, 1
ama=Max@y,...Ay). The minimum possible distance from Dlmax>mamax%3-733maxy
the center of the boxng ,I1,4) to a point on the surface of

e

i:

the gth scatterer is then |maX/2— Qmax- The requirement on D
the validity of expansions will be satisfied ifII&maxlz | max<10Qo (2—\/5) a_o}_ (31
—apa>Dy 312+ apay, Which yields the following condi- mex
tion: A further limitation onl 5, should be imposed, since we use
truncated expansions. The truncation error is a function of
D, > 4 a. ~31% the truncation number, which in turn depends on the distance
max” 3 [3 " max between the center of the domain of local expansion and the
closest point on the sphere surrounding the box containing
| (3—\/§ Dox) the multipole,b, =2D, —D, /3/2. The dimensionless
max< |ng . (30) max max max
4 am parameter,

Note that this condition also ensures that the farfield re-

expansion about the center of the bax, (I, of the field 5min:b|max/(D|max\/§/2+ amax) > 1, (32
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then plays an important role for a selection of the truncation E
number(see the section belowp—c for 8,,;,—1). If this : B
parameter is specified, then we have the following modifica-
tion for condition(31):

4'-\

NV

(

25min
=

— =4
" A= (14 Onin) V3

4—(1+ 8y V3 Do

DI max:

j ’ 5min> 1 (33) -E_;

| max=<Il0
max 7] 25min ama E:;
It can be seen that in any case;,<4/\/3—1~1.31. Note
that in some test cases we found numerically that the algo- N - N
rithm may continue to perform satisfactorily whég,, ex- { 7 L }
ceeds the value prescribed by conditig@6)—(33). = =
B. Field decomposition FIG. 2. The domains used for the construction of a hierarchical re-expansion

procedure in FMM(shown in projection to a planeA circle separates the
box for which domains are drawn.

The field ¢(¥(r) [see Eq.(17)] due to the potentials
centered at spheres other than tfle sphere can be decom-
posed into two parts:

V()= 9+ (r), BP=B +BY, tion over the same type of basis, whose center is shifted:
(34)

Brial 1) =BRbiR(r), {31 =BR(ry), )

where {9 (r) is the field potential centered at the spherespm’ . _ (a)_ mm' (g pm

that beqlscr)]ﬁg( tz) the neighb(?rhodd@ of the box contair?ing Ror (T )_nZO m:E—n (RIR)ny (Fq=re"Rnlrg),
the gth sphere at levely,,,, #{2(r) is the field scattered by
the other spheres, arg{?), and B{? are the respective ex-
pansion coefficients in the basR(r). According to Eq. (38

(18), these coefficients can be written in the form

g=1,..N, n'=0,1,.., m=-n',...n".

Bida % (SIR)(r} A", C. Details of the fast multipole method
rgre Q% q'#q
! In the FMM we introduce the following hierarchical do-
B(%) = SR)(r’, YAE". 35 mains, associated Wlth each Ie_vel_ of space subdivision:
far ,g(m (SR)(rgrg) 39 E,(n,l), the set of points located inside bom,(); E,(n,l),
! the set of points located inside the neighborhood of box

In the iterative algorithm, the coefficienta? are — (n,l); Ey(n,l), the set of points located in the computational
known from the previous iteration step, and the purpose is t@omain, which are outside the neighborhood of boxl Y

determineB(® for the next iteration stefsee Eq.(29)]. As [this domain is complementary By(n,1)], andE,(n,1), the
there are not many scatterers in the neighborhood offtiie  gat of points located in domaB,(Parentq),| — 1), but out-
sphere, the coefficienB{,, can be computed directly using gjqe domairE,(n,1). For boxes, whose parents are not ad-
the first equation in35). The major computational expense jacent to the boundaries of the computational domain,
comes from the second sum. To comp@g we use the E,(n,1), consists of 189 boxes of levelThese domains are
FMM, as described in the next section. Based on a given s&fhown in Fig. 2. We associate fiel n,l)(r) with every
of coefficients{A?}, the FMM provides coefficients® of  gomain E(n,l), j=1,...,4. These are fields scattered by all
the farfield expansion near the center of the box at the fineghe spheres, which belong to the respective domains. We also
level, containing theth scattererr (¥ : associate truncation numbeps,...,p; _ with each level of

¢§§2(r)=D(Q)'R(r—riq)), q=1,...N. (36) subdivisionl=2,...) ,ax- The selection of these truncation

) o ) numbers is based on the error analysis and is discussed later.

To getB(J), which are the coefficients for expansion aboutrhe aigorithm consists of two major parts. In the first part we
the center of theth sphere we need to translate this expan-ge; yp the hierarchical data structure, based on the location
sion to the proper center. This can be done by using then gizes of the scatterers. This step need be performed only
local-to-local translation operator, or by applying HRIR)  once for a given scatterer configuration, and is not repeated
re-expansion matrix to coefficients?: during the iterative process. The second part consists of the

B =(R[IR)(r.—r@™)D@, q=1,..N. (37)  upward pass and the downward pass, followed by the final
a ) summation step, which is described by E(&5) and (37),
Here the(R|R) re-expansion matrix has entrie§2|R)nmn”,‘ leads to a determination of the expansion coefficidifs,

that are the expansion coefficients of the regular basis funa3=1,...N.
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1. Upward pass

- - - C(n,|): 2 (S|S)(rin,l)_rin’,l+l))c(n',l+1)_
The purpose of the upward pass is to determine coeffi- n’ e Children(n, 1)
cientsC(™") of expansion for all functiong/{""(r) over the (44)
bases of thes functions centered at the box centef" : Here Children(,|) denotes the set of children boxes for
(W) oy — () ) B box (n,l). These boxes are of a smaller size thaf Y and
g (N =CSr =), 1=2,  nax, located at the levell+ 1.

vn, rgeEy(nl), gq=1,.N. (39

o 2. Downward pass
Here the length of the truncated coefficient vect@$:)

and, respectively, the basis functioﬁ(s—ri”")) depends on _ The purpl)ose of the (_jownward pass is to (ljetermine co-
the levell and is of lengthp?. To build the coefficients we efficientsD™" of expansion for all funcpgnﬂjg" (r) over
apply the multipole-to-multipole, or theS|S) translation op-  the bases of th& functions centered ™

erator, which can be thought of as a rectangularly truncated w(gn,l)(r): D(n,l),R(r_rin,l)), =2, o
matrix with entries §/S) , defined as re-expansion coef- ,
ficients for theS functions: vn, rqeEi(nl), g=1..N. (45

. n Here the length of truncated coefficient vect@$"" and,
, / i —r{mD he levéland
SV (r+t)= SI9™ (1)S™(r), respectively, the basR(r—r,"") depends on the
w (110 n§=:0 m;n( ISV (DSR(T) is pZ. To build them we apply the multipole-to-local and
local-to-local, or the(§R) and (R|R) translation operators,
which can be thought of as square and rectangularly trun-

wheret is the translation vector determined by the locationcated matrices, respectively, since 8R) translation is ap-

of the expansion centers. Note that for the Helmholtz equaP!ied for boxes at the same level, while tRIR) translation
tion we have(S|9)(1)=(R|R)(t). is used to translate coefficients from a lower level to a higher

_ N level. In the process we also determine coefficidis" of
e Step 1. For each scatterer determine the coefficients of theyansjon for potentiap{™(r) over the local bases:

S expansion centered at the center of the bd¥ SN o
=rin"ma") at the finest level, il ,,), to which this scat- g (r)=D"VR(r=r,),  1=2,  max

terer belongs using the multipole-to-multipd®S trans- vn, rleEynl), g=1,.N. (46)
lation of the coefficientA(® to the center of this box: q

n’=0,1,., m=-n',...n’, (40

_ We need to do this in terms of organization of the hierarchi-
CO=(gs)(riV—rp)A@, q=1..N, cal procedure, which is based on the following property of
the domainsE;(n,l) andE,(n,l) (see Fig. 2

ré,riq)eEl(n,lmaQ. 4y Es(n,l)=E3(n’,I=1)UE4(n,l), n’=Parentn).
This step of the algorithm provides a representation of @7
the scattered field for theth scattere11) about the center 1hiS results in
of the box to which it belongs: w(gn")(r)=¢(3””'71)(r)+w§”")(r), n’ = Parentn),
,/,(q)(r):A(Q).S(rq):E(Q).s(r_rim)_ (42) (48)

and enables recursion with respect to the levels of the octree.
Note that the length of truncated vectofd® is p?,

while the length of the truncated vectd?&? is plzmax. These

lengths can be the same or different. We discuss this issue
later.

e Step 1.(This step and step 2 of the downward pass are
performed recursively forl =2,...]\,5.) Obtain coeffi-
cients D™ for all boxes containing the scatterers. We

. . ) obtain these coefficients by the multipole-to-local transla-
Step 2. Consolidate all the expansions at the finest level, y P

. . . . (n”|)
to obtain the expansion coefficien®™'ma) of functions tions of respective coefficients™™ +, followed by the
| consolidation of the expansions:

zp(l”’ med(r) over theS basis:
_ D= ¥ (YR e,
CMlmax) = > c, rin,lmax):r(*q)_ (43) (0D CE () * *
(D By (n]maw (49)
vnn', rgeEi(nl), rgeEl(n’l), g9 =1..N.

Step 3. Fol =15, 1,...,2, recursively obtain expansion
coefficientsC(™" for all other functions{™"(r) over theS Step 2. At level =2 we haveE,(n,2)=E,4(n,2), which
basis using the multipole-to-multipole translation operatorgegyits in D"2=DM2. For levels|=3 ) e We have
from the centers of children boxes containing the scatterergyom Eq. (48)

r(""1* " to the center of their parent box{™", and the o) (N _ (0" 1=1)yy(n'1-1) L {(n,D
consolidation of the coefficients: DIMV=(R|R)(r ™ —r 7D =4 DY,

(50
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— — ’ 20 T +—+4 43¢ 4 -
n'=Parentn), 1=2,..Jna, VN, rgeEi(nlD), ,g.o:’*ﬁ’a,'ﬂ‘%v“ 3z
_ ’ ® * 8
_ - 1078 #
q=1,..N. 210 e o ut
3. Final summation =, ’ g g
. o * o
. . . . 2 V500 © ¢ [
The final summation step results in a determination of & ":’5‘1:}@ 00 P %0 Pl OU S
the scattered field at the current iteration, since the domainsZ 12} o0 att & '
. _ A
Es(n,l) and E,(n,l) are complementary. This step of the § aaatt 4 e=107 AAAA !'
usual FMM procedure is skipped here, since all we need are § laast wotet a4 -
. . . . = A yiy
the expansion coefficients at the finest le@éP = D("mad, e 8t ° L am o
. . £ A
rqe El(n,qu%g, g=1,...N. Equation(37) then provides co- < a8 L I;F'ED et
ici = "2 =10%e
efficientsBy,; . z SRR " - qumanlf o s "
n o . ]
" R D ¢ ®
. [ ] Lo D6D=2 @
D. Truncation numbers L0 s 8 &8 .
. . . 10" 10° 10'
To apply the algorithm we need to specify the truncation Dimensionless Wavenumber, ka

numbersp for the coefficientd AP} and truncation numbers o _ _
IG. 3. Dependences of the shift in the truncation numpgy,defined by

P2 P Thelr seI.ectl'on depen'ds on the acceptable erro g. (51) on the dimensionless wave numbex for two sound-hard spheres
of computations, which is determined by the rate of converyf equal size. The curves are computed to provide the eff8rin bound-

gence of the series being truncated. Consider first the seleary conditions shown near the curves. Two sets of curves marked by the
tion of p. filled and empty symbols correspond to different distances between the

. . . sphereg6=1.5 andé§=2, respectively.
The series under consideration converge absolutely and . P V.

uniformly only for p=ka. For relatively lowka(ka=<10),
one can selegh as where the coefficienta,, and b, are specified by Eq$62)
—Tka]+po(ka,e,d), =1  S=bla=1, >0, and (63). Therefore, as the truncated solution is computed,
p=[kal+po(ka.€,9),  Po ¢ (51) the left-hand side of Eq2) can be determined, and there are

i i no additional errors for derivative computation or approxi-
wherep, depends on the prescribed accuragnd the dis-  ation. If we sample the surface wikh points, we can then
tanceb between the center of the scatterer and the Close%tompute the following errors in boundary conditions:

point on the surface of the closest scatter. While there are
some theories for the expansion err@sy., Kocet al., 1999;

Darve, 2000}, they usually deal with the error of expansion ebo) — M[Apc(Ym)| €09 = maxe®©)

of a single source. We suggest the evaluatioppbased on 2l s (Ym) [21Y mo

error maps(or their approximationsobtained as a solution b (53)
of the scattering problem for two spheres placed in the field oy

of the plane incident Wavewm(r)=e_'k'r. This problem can Ape(Ym) = ag| 7= (Ym) +i0q#(Ym) ) m=1,..M.
be solved very rapidly based on direct matrix inversion for an S

coaxial sphere§GD02), where the parametepg, ka, andé
can be varied within the range under consideration, while the
error of the solutiore can be determined posteriori as the

error in boundary conditions. o , __hard,o,=0,q=1, 2. Here for each curve®? is fixed (p, is
Indeed, we note that since any radiating basis function,,; 4 integer due to interpolatipre®® was computed ac-
satisfies the Helmholtz equation, the expansion truncategording to Eq.(53), where each sphere was sampled with

with an arbitraryp will satisfy the Helmholtz equation and 1gq equispaced points with respect to the spherical polar
radiation condition(6). So the only equation that is not sat- angle 6. For the low-frequency regiorka<1 and e(°®

isfied exactly by the approximate solution is the boundary— 15-4 e havep,~ Pool €, ) + log(ka), which in the semi-
condition (2). Once an _approxggwate solution is computed, |ogarithmic coordinates is a linear dependence. For higher
i.e., the expansion cqeffl_clen{tA } are found, we can com- frequencieskas 1, we havep,~ (ka)”, where theoretically
pute the normal derivative on the surface for any scatteref,_1/3 and that is pretty close to our computations. The de-
using the differentiation theorem for the spherical basis funcpendence ors in this range is rather weafwhen & is not
tions in an arbitrary direction specified by the unit veator very close to unity, while for lower frequencies the trunca-

=(ny,ny,n;) (Gumerov and Duraiswami, 2003 tion number substantially depends on this parameter. Figure
1 4 illustrates dependencigsy(ka,e®9,5) for fixed ka=1
Vs = E(nx—iny)[b;f‘l_l ha (1) —brSi ()] and varyingé. It is seen that if the spheres are very close to
each other(6~1), the truncation number should be high to
provide small errors. However, if it is sufficient to compute a
solution with, say~1% of relative error, these computations

N e can be achieved witpy,~10, even when the spheres touch
+nz[anflsnfl(r)_an Sn+1(r)]v (52 each other.

Figure 3 illustrates dependencieg(ka, €9, 5) for two
fixed values of§ and a range oka. The spheres are sound-

1 . Cem— N
+ 5 (0t ing (bR IST (1)~ by ST ()]
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size of the scatterer, then the size of the computational do-
main is much larger than the wavelength for laige

We can note that in the case when the spheres are close
or may touch each othep, can be larger thap, to provide
the required accuracy. To avoid unnecessary computations in
this case, translations for the farfield expansions at the finest
level can be made to obtain onﬂ;ﬁnax terms, since terms of

degreen corresponding te, _<n<p are due to the influ-

ence of close neighbors. Moreover, in computations of the
near field, we can subdivide the set of neighbor spheres into
two sets: those that are closer than some presciihetor

6, ), for which the interaction should be computed using all
p? terms, and the other neighbors, whose interactions with
the given sphere can be efficiently computed using p'ﬁrLXx
terms. We found numerically that these tricks may bring sub-
6. 4. D §  the shiftin the ¢ i defined b stantial savings in computational time, while almost not af-
Eq. '(51') Oﬁptir; Sir;ng]s(i)onleesss gargme?égﬁgfaacltgrr]izri]xgn ?r?eI diestlgﬁce ze- fecting the accuracy of the procedure.

tween the spheres for two sound-hard spheres of equal size. The curves are

computed to provide the erref®® in boundary conditions shown near the
curves.

E. Complexity estimates
In the FMM, translations occur between two subsequent

For largerka the truncation number can be selectedleve|5| and | +1 (for the local-to-local or multipole-to-

based on the high-frequency asymptotics of the sphericdl'ultiPole translations or on the same level (for the
Bessel functionge.g., see Chewt al, 2001 multipole-to-local translations Since the number of coeffi-

cients representing the potential for each box at Idz\'vzelp,2
and p|2+1~p|2, we can estimate the complexity of a single
translation associated with IevbtasO(pf”), wherev=1 is
_ ) ) some parameter, that we call the “translation exponent.” For
In this equation the truncation number does not depend on gyample, if the translation is performed by multiplication of
while such a dependence can be introduced. EQU&S&NS 6 ransiation matrix by the vector of coefficients, the com-
qualitatively consistent with the behavior of the error Ob'plexity of the translation will b@(pf'), in which caser=2.
served in computations whe@@is not very close to 1. To To evaluate the number of operations required for all
relate it to the actual error observed for a solution of the two,4slations. we assume that the scatterers are distributed
sphere scattering problem one should relate €9, and ;10 o1 jess evenly in space, and so dllbdxes at level
we f(_)lzm((gcghat for the range plotted in Fig. 3 one cane&et ,niain some scatterers. The maximum number of transla-
~10 € to fit results forka> 1_' ) tions associated with any box at leves finite (8 multipole-
Similar formulas can be applied for a computation of they,_m tipole translations in the upward pass, 8 local-to-local
truncatpn numbers used in the FMM, in which case we neeg,;nsiations in the downward pass, and 189 multipole-to-
to specify what we mean by and 6 here. The paramet@ o4 translations in the downward pasEhis shows that the
can be selected as the radius of the smallest sphere that §{;siation cost associated with each box at Iévelo(p?)
closes the box of levdl plus a,,,, and 6 formally is limited (with a large asymptotic constantherefore the total num-

by the values<1.31(see the discussion diya Previously,  par of translations can be evaluated as
while a more accurate analysis is required here, since the

1 2/3
3 In;) (ka)'3, (54)

1
p=P(ka,e)=ka+ >

“worst case” analysis usually substantially overestimates ac- B '§X vl
tual error$. Since the size of this box B;=2"'D,, one can Nyans=O = RCHE (56)
set

a1 From Egs.(54) and (55 we can majorate the depen-
=2"""3"Dotamax, PI=P(ka,e). (55  dence ofp, on | with function p;=8kDy2~', where 3 is

In computations we used this formula for automatically setS0me constant. Substituting this into Eg6), we obtain

ting the level-dependent truncation numbers with function | max

P(ka,e) specified by Eq(54), wheree was some prescribed Nirans= (kDo)Z”O( > 2<3‘2”)') : (57)
error. In computations we also performed anposteriori =2

actual error check using E¢3), which is valid for an arbi- Three qualitatively different cases can be identified now.
trary number of spheres. The first casep<<1.5, corresponds to “fast translations.” In

We note also that for the present problem, when thehis case we havBlya,s (kDg)2"2C~2"!max. Assuming that
number of scatterers can be large, and so for fk@dnd the  Do~N*3a, so kDy~N¥ka~N¥3p and Z'ma~N, we can
volume fraction of scatterers we haidy~N'%a, truncation  see thaiNy,,¢~ p?*N. So the algorithm scales &(p2’N),
numbersp, used in the FMM can be substantially larger thanwith p taken for the truncation of coefficienfA(?} [see
p. In other words, if the wavelength is comparable with theEgs.(51) and(54)]. The second case=1.5, corresponds to
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the “critically fast translations,” and this value of can be ity of the Koc and Chew algorithm can be evaluated as
called a “critical translation exponent.” We have then, using O(p*N)+O(p3N)=0(p*N). There may be some possibili-
the same assumptions as for the first cadé¢,,,s ties to improve the complexity of the Koc and Chew algo-
~ (kD)3 max~P°NlogN, or complexity O(p3NlogN). Fi-  rithm, e.g., if a fast Legendre transform were availatze
nally, we have the case of “slow translations;*>1.5. Here item of current resear¢ghWe note that formally the com-
Nyans (KDg) 2"~ p?*N?"3. So the FMM in this case scales plexities of the Koc and Chew method and the present
asO(p2"N?"®), or superlinearly wittN, 2»/3>1. Itis inter- method are the same fgr~logN, while, in practice, the
esting to note that in the first case the major number of trangjuality of implementation, which influences the asymptotic
lation operations are performed at the finest level of spaceonstants, can reduce the execution time of the algorithm
partitioning | oy, in the second case the number of opera-several times and factors of type INgin the range ofN
tions for each level is approximately the same, while in theconsidered in this paper are unimportant, except from a the-
third case the major complexity comes from operations at th@retical point of view.
coarsest level=2. So two competing effects, the reduction
of the number of boxes, and an increase of the truncatio®. Translation method
numbers compensate each other in the “critical” case. To
provide an algorithm that scales &N logN), one should
use at least a®(p?) translation method.

Note that the theoretically minimum translation expo-

nent isv=1 (on ration per one expansion fficien . . .
e_t SV .(O € Of’e_"?‘to,, Per one expansion coe gient The translation method based on a direct computation of
This value is also “critical” for two-dimensional problems, . .
: . the re-expansion matricé&|F)(t), where(E|F) can be any
and for three-dimensional problems, where the scatterers are . ! . S
. . ombination of letter§ andR, followed by their multiplica-
distributed over some surface. The later case also applies {0 . e .
Ion by the vectors of expansion coefficients has complexity
the boundary element methods. For these cases to have

4 . . .
O(N log N) complexity FMM algorithm with a variable trun- PY). Th|s 'S thg lowest complexity that one can expect,
ven using recursive procedures for the computation of ma-

fa“oT pumbert,hoge should employ the theoretically fastestﬁix elements, since the matrix is dense. To achié\g?)
ransiation methods. complexity, we used a translation method based on the

Elr:allyr, t\a’e note tlhaf[tthefttotal Totmplemlty of the Tne.tthOdfrotation—coaxial translation decomposition of an arbitrary
consists of the complexity of translations plus complexity ofy ¢ ation operators:

generation of function representations for each box at the
finest level, the complexity of evaluation of function repre-
sentations, and the final summation. In the present paper all
procedures have complexi@(p®). Taking into account that
such operations should be performed for each point, the total t=[t|, EF=SR, (58)
complexity of the present algorithm will b¥o,e=O(p®N)  whereRot(t/t) is the rotation transform matrix, which en-
+0(p®N logN)=0(p*Nlog N). ables one to obtain the expansion coefficients in the refer-
In the paper of Koc and Chew1998, the diagonal ence frame rotated by such way that thaxis of the new
forms of the translation operators obtained by Rokhlinreference frame is directed as the unit vedtor (E|F)(t)
(1993 are used. Formally, the complexity of these transla-denotes the coaxial translation matrix that performs transla-
tion methods can be evaluated @ép®), while their imple-  tion along thez axis for distancet and Rot™1(t/t) is the
mentation requires additional procedures, such as interpol@ackward rotation, which brings the reference frame to its
tion and anterpolatiorie.g., see Darve, 2000a; Cheswval, initial orientation. Each of these operations can be performed
2001), or the filtering of spherical harmonics. These proce-with complexityO(p?) using a recursive computation of the
dures can be much more expensive than the translation itsatiatrix element§Gumerov and Duraiswami, 200350, e.g.,
[e.g.,K-point Lagrange interpolation, the complexity can befor the (SR) translation of some vectdE, we first produce
evaluated a& p?, and forK~p this results inO(p®) com- C= Rot(t/t)C, then C'=(S|R)(t)C, and finally C
plexity], while they can be efficient for higher frequencies. In =Rot™ (t/t)C’ for the expense of(p3) operations, op-
any case, if we assume that the complexity of the tl’anS'atiObosed toQ(p“) operations if we use Straightforward multi-
method isO(p®) (v=1) we obtainNyans~O(p°N). How-  plication C=(SR)(t)C.
ever, higher complexity comes from the initial and final steps )
of the algorithm. To use the diagonal forms we need to cond- Rotation transform
vert the representation based on expansion coefficients to In general, an arbitrary rotation transform can be speci-
that based on samples of the signature function over théed by three angles of rotation, e.g., the Euler angigs,
sphere. A bandlimited function witp? coefficients can be Bg, vg, or anglesa, 8, y related to the Euler angles as
represented byD(p?) samples, and the conversion of one = 7— ag, 8= B, andy=yg, which are more convenient,
representation to the other using a direct integral evaluatiosince they are related to the spherical anglés ;) of the
(as did Koc and ChewrequiresO(p?) operations. The same unit vector t/t=(sin 6, cose,,siné,sing,cosd,) as B= 6,
relates to the final evaluation step, where we should convednd a= ¢; (see Fig. 5. The rotation transform of the expan-
function representation from the samples of the signatursion coefficients is a function of the rotation matrix
function to the expansion coefficients. So the total complexQ(«a,3,v). The inverse rotation transform is the same func-

For the present class of problen@®(p®)-translation
methods based on the use of the re-expansion matrices can
be employed, as they provide a transparent link to the coef-
ficients of the expansions.

(E|F)(t)= Rot1<%) (E| F)(t)Rot(%
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FIG. 5. An illustration of rotation specified by anglasg, andy. Anglesp
and a are the spherical polar angles of the translation vector

tion from the inverse rotation matrixQ («,p,7)

=Q"(a,8,v)=Q(v,B,a), so we can describe only the for-
ward rotation, since the inverse rotation can be obtained si

ply by exchanging anglea and y.

Rotation of the truncated vectd@ with components
{Cnm'} can be performed according to the following formula:

n
Enmr:e—im/y 2 Hnm’m(ﬁ)eimacnm' n=0,1,...p—1,

m=-n

m’'=-—n,...n. (59

HereHnm'm(B) are the entries of a real dense matrix that can

be computed recursivelfGumerov and Duraiswami, 2003
m’,m+1 11 -m'-1 m’'+1m
Hn-1 om 5Lbn ™ (1-cosp)Hy
—b™ “Y(1+cosp)HM ~1M]

’ ) ’
—ap g singHY m%

(60)
n=23,., m=—n+1,..n—1, m=0,...n—2,
starting with the initial values
' ,Jin=mHr
m’0 —(_1\m [m’|
n=0,1,.., m=-n,...n. (61)

The coefficientsa)' and by of the recurrence relatiot60)
are

(n+1+|m))(n+1—|m))

am= (2n+1)(2n+3) n=lml (62)
0, Im[>n,
(n—=m—=1)(n—m) <m=<n
(2n—1)(2n+1) |

b= _\/(n—m—l)(n_m) —n=m<0 €3
(2n—1)(2n+1) ’
0, |m|>n.

The amount of the recursive computations can be reduced

using the symmetry relations:
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m

H™™ (B)=HM™(B)=H, ™ ~™(B),
n=0,1,..., (64)

So computations of the general rotation can be orga-
nized as follows. First we compute all rotation coefficients

Hnm'm(,B). This require0(p?) operations. Then we perform
the multiplicaton DI'=e'™*C", n=0,1,..p—1, m=
—n,...,n. This can be treated as multiplication of vectr
by a diagonal matrix and require®(p?) operations. Then
for each subspace of degreeve perform multiplication of
the dense (B+1)X(2n+1) matrix with the entries

Hnm'm(ﬂ) by vectorD, and this totals ifD(p®) operations for
all subspaces and produces the vedorThe last step is
multiplication of this vector by the diagonal matrix, to pro-

duce the final result€™ =e ™" ?G™ , n=0,1,..p—1, m’

m’,m=-—n,...,n.

=-n,...,n. This takesO(p?) operations.

We note that the decomposition can be simplified by
settingy=0, since the rotations with anglesand g align the
new z axis with directiont/t, while the latter rotation does
not change this directiofsee Fig. 5. So the forward trans-
form can be performed with the rotation mat@( ¢; , 6;,0)
(a=¢;, B=06;, y=0) and the inverse witlQ(0,6;,¢,).

2. Coaxial translation

Coaxial translations, or translations along #exis, can
also be performed with lower complexity than the general
translation, since each subspace of onulés invariant with
respect to this type of translation. SoGf=(E|F)(t)C, we
have T

p—1
Co= 2 (E[F)ma(DCH,
n=|m|

m=0,%+1,...=(min(p,p’)—1),
n':o,l”__p’—l, (65)

Here E|F),, are the entries of matrixe|F)(t), which is
truncated rectangularly, since it applies to ved@oof total
lengthp? and produces a vect@ of total length @')?. This
is due to the algorithm, where the truncation number must
change from level to level. Since the truncation numigErs
and p are of the same order, the total complexity of the
matrix-vector multiplication65) is O(p®) for a given trans-
lation matrix. All entries of this matrix can be computed
recursively for an expense @(p®) operations using the
following recursiongGumerov and Duraiswami, 2003

To advance with respect to the ordeat fixedm=0:

E,F=SR.

anm(E|F)nm’,n+l:anm—l(E|F)nm’,n—l_anm’(ElF)nm’+1,n
+an_1(EIF) 1,

EF=SR, (69

with thea’s given by Eq.(62). For advancement with respect
tom:

bu T YEIF)N L, =b " HEIF)T

n’,m+1 n’—1m

n=mm+1,...,

_bnm’+1(E|F)nm'+1,m’
(67)
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The first reason is based on the efficiency of the precon-
ditioner in terms of the process convergence. Despite the fact
that the distance between the neighbor scatterers is smaller
and the interaction between any pair of neighbors is stronger
than between the remote particles, the number of neighbors
is also substantially smaller. Since this interaction decays as
(R| R)g/o(t):(_ D" V2n" +1j,.(kt). r 1, while the number of particles in the farfield increases as

r3 (for a uniform distribution the effect of the farfield on the
For the Helmholtz equation we haveS|€);, (1)  given scatterer dominates for larger domain sizes and a larger
=(R|R),(t), and so only the latter coefficients need benumber of scatterers. Most computational work then is to
computed. We also note that computational savings can bigerate the solution for a proper determination of the farfield,
achieved using the following symmetries of the coaxialand that is what the unpreconditioned method does.
translation coefficients: The second reason is a feature of the FMM that appears
to have been used for the first time here. It is based on the
efficiency of the preconditioner in terms of the speed of
matrix-vector multiplication. It may seem paradoxical but in
the FMM as described above the computation $fR),A
can be much faster than the computation $R) ,caA. This
happens due to limitations of typ@1) on the maximum
level of space subdivision and takes place for a relatively
high volume fraction of scattereffor low volume fractions
(SR)ea”A can be computed fasferndeed ifl . is small
enough, then the most computational work is spent for direct

n"=m+1m+2,.., E,F=SR,

with theb’s given by Eq.(63). The recursive procedure starts
with the initial values

(SIR)po()=(=1)" y2n"+1hy (k),
(68)

(—1)"(E[F),

nn’ ’

(E[F)T, =(E|F), ™= (E|F)" =

n'n

E,F=S,R. (69)

G. Use of the FMM for preconditioning in the GMRES

Our computations show that the plaiwithout precon-
ditioning) GMRES slows down substantially at larg€rand
for relatively high volume fractions of the spher@s this
case the number of iterations increases proportionally)to
If Njer=O(N) then a method that requiré3(NlogN) per  computations of matrix-vector produc®,ca=(S|R)nea®
matrix-vector multiplication will require()(N2 logN) opera-  [for |,,,~=1 we have 8R)ea= (SIR) and need to multiply
tions to solve the problem. We found that this drawback canhe matrix by vector directly for co€(N?)]. An increase of
be fixed in many cases by the use of properly designed pre- _ reduces the number of direct matrix-vector products,
conditioners. The GMRES with the right preconditioner while increasing the total number of translations. There exist
M~ solves the problem some optimum %% | where the costs of translations and di-

LM “Y{(MA)=E, (70

rect computations is balanced. It appears that for high vol-
ume fractions of scatteret§PV>1,..., wherel ., is limited
which is forma”y equivalent to the Original proble@3) for by condition (31) (We checked this numerica”y for some
arbitrary invertible matrixM. If solution of the system gpatially uniform random distributions of the scattejeamd
MA =F for an arbitrary inputr can be obtained faster than gq the use oM denselS preferable.
solution of the original systethA=F, and M is a good Finally, we note that we computed the matrix-vector
approximation ofL (M~L), then one can expect a substan-productA=M ~1F by solvingMA =F using the unprecondi-
tial reduction in the number of iterations. tioned GMRES, which introduced an internal iteration loop.
The FMM provides a good tool for building a precondi- As a convergence criterion for this internal process we im-
tioner (for the discussion of preconditioning see Kelly, 1995; nosed the error of iteration much larger than the error for an
Saad, 2008 The preconditioners that can be constructed arexternal loop(this is possible, since the preconditioner can
based on decompositions of the deriSgR) matrix in EQ.  pe computed roughly This type of iterative scheme pro-
(28): duces poor results if a regular GMRES is used, due to the
_ _T-1_ nonlinear dependence @f on F in this process. It is also
(SIR)=(SRneart (SR)ar: Msparse=T "~ (SR )near well known that this drawback can be fixed by the use of
Meense T~ 1= (SR ar (7)) flexible GMRES, which we do. For details refer to Saad
where G|R) oIS @ Sparse matrix, which includes only in- (1993.
teractions between the scatterers located in the same neigh-
borhood(say at the maximum level of space subdivigion v|. NUMERICAL RESULTS AND DISCUSSION
and (§R);, is the matrix, which includes farfield interac-

tions. This decomposition, in fact, is decompositi@3) in A. Test problems computed

terms of the resulting vectd®. The matrix-vector products
Mgparsé OF Mgensé involving preconditionersMgp,,se and
M genseth€n can be computed faster thiaf, since only part

The multiple scattering problem even with spherical
scatterers is a multiparametric problem with many degrees of
freedom. In the tests we selected a few typical types of spa-

of the FMM operations are needed to perform the computatial distributions: uniformly random, perioditspheres in a
tions. At first look, it seems that it is more reasonable to userid), randomly periodic, where some random pattern is re-
MgparseS the preconditioner, since presumably matrix-vectopeated several times in a cubic mesh, and uniformly random
multiplication in this case should be cheaper. However, theravith some limitations on the interparticle distan¢eg., that

are two reasons, both working in the same direction, why théhe ratio of the minimum distance between the sphere centers
use ofM genseMay make more sense. to the sphere radiusl,,,;,/a, is some prescribed numbeThe

1756 J. Acoust. Soc. Am., Vol. 117, No. 4, Pt. 1, April 2005 N. A. Gumerov and R. Duraiswami: FMM for multiple scattering



Plane Wave

Plane Wave

e ' a - ’Q &.‘ s &
- N -

640

FIG. 6. Examples of distributions & spheres used in computations: peri-
odic, randomly periodic, and random.

latter type of distribution enables computations with highgig. 7. Examples of the computation of the surface potential for 100
accuracy(which depends od,;,/a, as discussed abové\Ve spheres exposed to a plane wave directed as shown by the arrows.

also performed computations for monodispefakk spheres

of the same sizeand polydisperse systentsee Fig. 6. In  An example of surface potential visualization for the case of
the latter case the radii of the spheres were distributed bergg spheres is shown in Fig. 7.

tween some,, and apa, (We used uniformly random dis- A computation of the potential &1 spatial locationy,,,
tributions, while other situations are possible, dependingon gh=1,..M can be a computationally more expensive task
particular physical problejn The number of spheres was than the solution of the problem itself, if this is performed in
varied in rangeN=[10,1000Q. This also depends oka, 5 straightforward way. The spatial visualization, however,
which was varied in range O<lka<'5, and the volume frac- can pe performed as fast as the solution and with the same

tion of the spheres in the computational domain, accuracy, if the FMM is applied to this task. Two major
3 N modifications of the algorithm are needed in this case. First,
4m7Na
a= —. a3=> ag_ (720  we separate the set df scatterer centers from the set df
3Dy q=1 evaluation points. The octree-based space partitioning is ap-

plied to the new data structure. As soon as the expansion
coefficientsA®, g=1,...N are known, the upward pass then

is the same as for solution of the scattering problem, while in
the downward pass the process goes over the hierarchy of the
evaluation point§see the separation of data hierarchies dis-
cussed in Gumeroet al., (2003]. At the end of the down-
ward pass we obtain the expansion coefficidd{s'ma? for

each target boxthe box containing the evaluation points
erhen, as the final summation step, we compute the potential
for all evaluation points as

For largerka and smallera we used smaller numbeN to
stay within the rangé&D,<<100, according to the equation
47N\

kD0= (w ka. (73)
Potentially largekkDgy's are possible; however, some loss of
precision was observed at larged,, which may be related
to the number of bits representing float numbers and th
growth of the cut-off errors.

We also varied the boundary admittaneggsof the scat-
terers. Despite the fact that the procedure allows computa-  y(y,)= lr//in(ym)+D(nvlmax).R(ym—rfkn'lmax))
tions with differento’s for each scatterer, we did not con-
duct systematic tests of this case and in all computations we
assumed that all admittances are the samg=o, q

2 Ay,

=1,...N. r(']eEz(n,Imax)
VYme Ei(N,lhay, mM=1,..M. (76)
Here the first term on the right-hand side is the known po-
B. Field visualization tential of the incident field at the receiver locations, the sec-

Once computations of the expansion coefficigité?} ond term is the potential of the field scattered by the scatter-

e perfomec, he prolem i how o determine the surfac 0CH127 oiside e nefborhocd of e trge b, o
and spatial distributions of the potential and the surface disfhe neiahborhood of the receiver a):\d tound by direct evalu-
tributions of its normal derivative. A computation of the sur- 9 y

. . . 3 _
face distributions is a relatively easy task, since we hav?“on' The complexity of this procedure for tigp") trans

(GD02 ation method is of typ@((N+ M)logN) if the samd .« iS

’ used for the space imaging method as for the solution of the

g Pton qu)ngw( 0q.¢q) problem. If there are many imaging points in a target box,
¥ ST 2 > P — , (74 finer space partitioning can be used to reduce the complexity,
tkagn=0m==n kjn(kag) +ioqin(kag) and the optimum number of levels can be found experimen-

p—1 n (g)mym tally or based on some theory applicable for the FMM

Wo__ % An” Yn (0, ¢q) (Gumerovet al, 2003.

Mis, kajn=0 m=—n kj,(kag) +ioqj(kag) Figure 8 illustrates the “speckle patterns” on the image

i plane shown in Fig. 7 by blue dots. The solution is obtained

- _'Uqwlsq' (75 using the FMM both for an accelerated iterative solution of
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Function Value

Error b

FIG. 8. Speckle patterns on the imaging plane computed using the FMM for
scattering of plane waves of different wavelengths from 100 scattéters
geometry and the imaging plane are shown in Fig. 7

Modulus of Potential and Error
=

the linear system and for imaging of the field as described.
The images are computed for monochromatic fields of dif- o| NE100ka=LkD=30.4, fa=3,p=11 . .
ferent frequencies. These pictures are frames of a movie that 0 500 1000 1500 2000 2500 3000
animates the wave propagation in time, by plotting Surface Node #
Re{y(r)e "'} for differentt. A similar figure(Fig. 9) illus-  FiG. 10. The modulus of the potential and the absolute error in boundary
trates the “speckle patterns” for the case of 10000 equatonditions obtained posteriorias functions on the surface node index. The
spheres §=1) with centers that are randomly distributed surface of each of 100 spheres was sampled by 32 points.

inside a cube 8880x80 (d,,=2.5).

be assigned as the relative error in the “infinity” notm , is
C. A posteriori error evaluation much Iarger(about(obge ordt_ar of magnitug#han the average,
or L,-norm error,e; ', defined as
For these tests we used E§1) to obtain the truncation M 2
number where we varied,, and Egs(54) and(55) for the E(b0>:£ 2 [G(bC)]ZJ 77)
FMM procedure, where was specified to be the same as for 2 M|fz =™ '
the convergence of the iterative process. After the iterative

orocessGMRES was terminated, we computed the poten-"it e{P9 specified in Eq(53). It is seen that even for the
tial at M sampling points according to E¢74) and the rela- case when the spheres may toud,/a=2), computations

tive errors in boundary conditions usir§3). The spheres can be performed with relatively small truncation numbers if
were distributed randomly inside a cubic box with the re-an accuracye®® of the order of a few percent is acceptable

striction that the distance between the sphere centers excee at might be sufficient for comparisons with experiments,

some prescribed,,;,. Test were made for the incident wave ield imaging, eto. For computathns with high precision,
(1) =k the truncation numbers should be increased, which may sub-
n "

An example of the computed surface error is shown instantially slow down the computation process. One of the

Fig. 10. This figure illustrates the behavior|afl|< (y,) and methods to treat this drawback is to introduce truncation

A PN for M= 3200 i ints all tsé mth numbersp, for each scattereg=1,...N, which should de-
be(Ym) for M= sampliing points aflocated on the sur- pend on the distance from tlyth sphere to its closest neigh-

fj(fs kogolfgo?qzil Os,izzjg%zcg,h%r:m‘j’szzrleﬁfiig’(kj bor sphere. In the present study, however, we did not perform

=109 It is seen that the maximum absolute error of com-
putations in this case is less than 0 while the average
error of computations is of the order of 1%

The parameted,,,/a has a substantial effect on the ac-
curacy. Figure 11 illustrates this effect for the same settings
as for 10, where the truncation number ahg,/a were var-
ied. The relative erroe®® defined by Eq(53), that also can

Relative Error

ka=0.75
———

N=100, ka=1, kD,=30

10'6 1 1 1 1 1 1 1 1
2 3 4 5 6 7 8 9 10 1

Truncation Number

FIG. 9. Speckle patterns on the imaging plane computed using the FMM for

scattering of plane waves of different wavelength from 10 000 spheres oFIG. 11. Dependencies of the relative errors in the infifé@id lineg and
sizea=1 randomly distributed inside a cube880x80. The image plane  quadratic(dashed linesnorms on the truncation numberfor the same

is located atz=82 (assuming that the computational domain is between parameters as shown in Fig. 10. The errors are computed for random distri-
=—1 andz=81 and the plane wave propagates in the positive direction butions with different ratiosl,,;,/a shown near the curves.
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1.E+00 TABLE I. Performance of the FMM accelerated GMRES/FGMRES.

200 random spheres of equal size _
volume fraction = 0.1, b Ja = 18 =10000. Number of complex unknowng.25x 1¢P.

GMRES+FMM

No. external  No. internal CPU time

1.E-01 1 Preconditioner iterations iterations (s

No preconditioner 58 0 8340
Right denseg,=0.1 11 87 3460
Right densegp=0.01 10 165 4525
1.E-02 1

10000 sound hard spheres of equal size with a randomly
periodic distribution(blocks of 80 spheres with random dis-
tribution of centersd,,/a=2, «=0.2, were repeated 125
times to occupy a larger cupeHere Dy/a=60 andka

: . =0.5, | =4, e=10"% p=7, and the CPU time was mea-

0 10 20 30 40 sured for 3.2 MHz dual Intel Xeon procesg8t5 GB RAM,

lteration Number 25% CPU resource allocation for a taskhe table shows

FIG. 12. Convergence of the unpreconditioned GMRES at diﬁerentdimen-that the number of iterations for the external loop can be
sionless wave numbeksa shown near the curves. drastically reduced due to the use of a preconditioner. The
price to pay for this is the internal iterative loop, which uses

modifications, since our goal was to develop and test th@lso GMRES to obtain a solution of the equatibhye,s&

Max Abs Error in Coefficients

1.E-03 1

1.E-04

base algorithm. =F. However, for the present case matrix-vector multiplica-
tion M 4ens Was seven times faster than performing multi-
D. Convergence plication LA (both using the FMML. This resulted in a de-

crease of the overall computational time. A solution of
Several factors may affect the rate of convergence of th%quationM sencd = F can be performed with much less accu-

iterative method and more or less a complete study involveﬁacy €pre (ShOwn in the first column of the tablethan the

the investigation of the multiparametric space. In the presenic racy required for the external iterative process. This can
tests we usually fixed all parameters for the case and variely 5 sypject for optimization, since the increase of the accu-
one or two parameters to see their effect on the convergengg . for internal iterations reduces the number of external
rate and accuracy of computations. Figure 12 shows the eferations and increases the number of the internal iterations.
fect of the frequency on the convergence of unprecondiyye a1s0 need to mention that the efficiency of precondition-
tioned GMRES. For the case illustrated, 200 equal sz g gepend on several other parameters, including wave num-

sound-hard spheres with random distribution of their centergo. number of scatterers. surface admittance. volume frac-
were generated as described abodg{/a=2.3). The trun- oo etc.(See Table )l ’ ’

cation numbers were selected according to &4) with a

constantpy=10 for all cases, while the FMM truncation

numbers were determined according to EG4) with e

=10"%. Itis seen that in this case the number of iterations to

achieve specified accuracy increases vikith An a poste- E. Performance study

riori error check for the boundary conditions at 6400 points  To determine the dependence of the CPU time required
shows that for this case the erref®® defined by Eq(53)  for a solution of the problem, and to check the consistency of
does not exceed%10 " for all cases, whil&(zbc) defined by the actual results with the theoretical predictions, we con-
Eq.(77) is about 1 order of magnitude smaller. We found thatducted a performance study. All computations were made in
the iteration process for higher frequencidsat5, kD,  double precision complex arithmetic on a desktop BQ
=100) diverges, and special methods for treatment of higheMHz dual Intel Xeon processor, 3.5 GB RAM, 25% CPU
frequencies are required. Several methods can be tried in thissource allocated for a taskds a test distribution we used
case, such as using preconditioners based on high-frequengndomly periodic distributions of equal size sound hard
asymptotic expansions of the system matrix, and some relaxspheres(blocks of 80 spheres with random distribution of
ation methods, where, e.g., the impedance of the spheres, centers,d,,/a=2, were repeatedn® times to occupy a
can be gradually adjusted during the iteration process. Inlarger cube,m=1,...,5; an example fom=2, N=640 is
deed, we did some preliminary computations with fixel  shown in Fig. 6. Since the volume fraction and the wave
=4 and varyingo and found that, say foo/k~0.1, the number in the tests were fixéd=0.2,ka=0.5) the increase
number of iterations to achieve the same accuracy drops byia the number of spheres also means the increase of the size
factor of 2. of the computational domairsee Eq(73)].

Properly designed preconditioners can substantially re- We found that to reduce the CPU time for the present
duce the computation time to obtain a solution of specifieccase, one should select the computational domain size larger
accuracy. Some results of the use of GMRES and FGMRE$an the size of the box, which encloses all the spheres. The
with the right dense precondition®t ye.sc[S€€ Eq.(71)] is  size of the computational domain can be determined based
shown in Table I. This table shows computational results foion | ,,,, according Eq(33) as
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10000 sibly, €, to perform better, while we kept these parameters for

FMM+FGMRES the illustration case fixed. Note that for lartyeand unprec-

onditioned GMRES we found that the number of iterations

Niwer grows proportionally tdN for N=2000, which substan-

| tially reduces the efficiency of the algorithm.

y=bx_m" It is also noteworthy that even fdé =80 the size of the

- complex system matrit is Np?x Np?=18000x 18 000,

Externat Loop A which would require several hours to solve the problem di-

- ‘ . rectly, while the present method requires only 10 s for this
Mot e operation. We also found that a solution of this problem us-
latrix-Vector Multiplication . . L

ing GMRES without preconditioners and the FMM for

" * matrix-vector multiplication takes about 75 s of CPU time

.‘V,J»D‘e'fﬁa' Loop for the same machine. Cases with largémwere not even
y computable due to memory limitations.

1000 -

100 Total

CPU Time (s)

ey
o
L

0.1 = ‘
10 100 1000 10000
Numb f Scatt
umber ot Scatierers VII. CONCLUSIONS

FIG. 13. Dependences of the CPU tirflstel Xeon 3.2 GHz, 3.5 Gb RAM h | f uti
on the number of scattererkd=0.5, p=15, e=10"%) for randomly- We have developed and tested a procedure for a solution

periodic distribution of sound-hard spheres of equal ¢&= Fig. 6 The  Of the acoustic scattering problems for the case of clusters

triangles and squares show the CPU time required for matrix-vector multiconsisting of a relatively large number of spherical scatterers

pl|cat|9n using the FMM for the precondmoner and_full matrix, respectlvely. of various radii and impedances arbitrarily located in three-

The disks show the total CPU time for the execution of the algorithm. The . . . .

lines show the interpolation of data. dimensional space. This procedure uses a multipole re-
expansion technique, the fast multipole method, and iteration
algorithms, such as GMRES with possible preconditioners

26min | and is accelerated utilizing the FMM. We developed and
Dfm M max- (78 tested a technique far posteriorierror control, investigated
min convergence, and performance of the method in a certain

Setting herd max:2!3’---! we can determine a discrete set offange of parameters and found that this technique can be an
D,. For computations we selected the minimungffrom  efficient, accurate, and powerful tool for solution of such
this set, which encloses all the spheres. Althowgh, here ~ Mmultiple scattering problems.

should be larger than 1, we found with theosteriorierror While the method is developed and tested for spherical
check thats,,;,=1 provides stable and accurate results in thisscatterers, it can be naturally extended for the computation of
case. Note that for performance tests we accepted relativgcattering from objects of an arbitrary shape, as soon as the T
errors€(®® of about 2%ithe errorse{®® were one order of Matrices for the single scatterers are known analytically or
magnitude smaller To provide this order of errors we set Precomputed numerically. Several research issues for further
€=10"* for the global iteration convergence, while the errorimprovement of the method remain open, e.g., the problem
for the preconditioner was set ig,=0.2. In all computa- Of computations for very high frequencies or large domain
tions we used a truncation number pf 15. This substan- Sizes,kDy=100.

tially exceedsp|max~8, and the choice gf was dictated by a
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