Improved Fast Gauss Transform and Efficient Kernel Density Estimation

Changjiang Yang, Ramani Duraiswami, Nail A. Gumerov and Larry Davis
Perceptual Interfaces and Reality Laboratory
University of Maryland, College Park, MD 20742, USA
{yangcj, ramani, gumerov, l1sd}@umiacs.umd.edu

Abstract

Evaluating sums of multivariate Gaussians is a common
computational task in computer vision and pattern recogni-
tion, including in the general and powerful kernel density
estimation technique. The quadratic computational com-
plexity of the summation is a significant barrier to the scal-
ability of this algorithm to practical applications. The fast
Gauss transform (FGT) has successfully accelerated the
kernel density estimation to linear running time for low-
dimensional problems. Unfortunately, the cost of a di-
rect extension of the FGT to higher-dimensional problems
grows exponentially with dimension, making it impracti-
cal for dimensions above 3. We develop an improved fast
Gauss transform to efficiently estimate sums of Gaussians
in higher dimensions, where a new multivariate expansion
scheme and an adaptive space subdivision technique dra-
matically improve the performance. The improved FGT
has been applied to the mean shift algorithm achieving lin-
ear computational complexity. Experimental results demon-
strate the efficiency and effectiveness of our algorithm.

1 Introduction

In most computer vision and pattern recognition applica-
tions, the feature space is complex, noisy and rarely can be
described by the common parametric models [7], since the
forms of the underlying density functions are in general un-
known. In particular, data in high-dimensional feature space
becomes more sparse and scattered, making it much more
difficult to fit them with a single high-dimensional density
function. By contrast, without the assumption that the form
of the underlying densities are known, nonparametric den-
sity estimation techniques [22, 20] have been widely used
to analyze arbitrarily structured feature spaces.

The most widely studied and used nonparametric tech-
nique is kernel density estimation (KDE), first introduced
by Rosenblatt [22], then discussed in detail by Parzen [20]
and Cacoullos [3]. In this technique the density function
is estimated by a sum of kernel functions (typically Gaus-

sians) centered at the data points. A bandwidth associated
with the kernel function is chosen to control the smooth-
ness of the estimated densities. In general, more data points
allow a narrower bandwidth and a better density estimate.

Many approaches in computer vision and pattern recog-
nition use kernel density estimation, including support vec-
tor machines [23], M -estimation [18], normalized cut [24]
and mean shift analysis [5]. With enough samples, the ker-
nel density estimates provably converge to any arbitrary
density function. On the other hand, the number of samples
needed may be very large and much greater than would be
required for parametric models. Moreover, the demand for
large number of samples grows rapidly with the dimension
of the feature space. Given N source data points, the direct
evaluation of densities at M target points takes O(M N)
time. The large dataset also leads to severe requirements
for computational time and/or storage.

Various methods have been proposed to make the pro-
cess of kernel density estimation more efficient. The exist-
ing approaches can be roughly divided into two categories.
One is based on the k-nearest neighbor searching, where
spatial data structures and/or branch and bound are em-
ployed to achieve the computational saving [21, 6, 10, 19].
One is based on the fast Fourier transform (FFT) for eval-
uating density estimates on gridded data which, however,
are unavailable for most applications [25]. Recently the fast
multipole method (FMM) and fast Gauss transform (FGT)
have been used to reduce the computational time of kernel
density estimation to O(M + N) time, where the data are
not necessarily on grids [15, 8].

As faster computers and better video cameras become
cheaper, the collection of sufficient data is becoming pos-
sible, which results in a steady increase in the size of the
dataset and the number of the features. Unfortunately the
existing approaches including the fast Gauss transform suf-
fer from the curse of dimensionality. The complexity of
computation and storage of the FGT grows exponentially
with dimension. In this paper, we proposed an improved
fast Gauss transform (IFGT) to efficiently evaluate the sum
of Gaussians in higher dimensions. By higher dimensions,
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we mean dimensions up to ten. Such high dimensional
spaces are commonly used in many applications such as in
video sequence analysis and eigenspace based approaches.
We also show how the IFGT can be applied to the ker-
nel density estimation. Specifically the mean shift algo-
rithm [11, 4, 5] is chosen as a case study for the IFGT.
The mean shift algorithm is based on the KDE and re-
cently rediscovered as a robust clustering method. How-
ever, the mean shift algorithm suffers from the quadratic
computational complexity, especially in higher dimensions.
The proposed IFGT successfully reduced the computational
complexity into linear time.

2 FMM and FGT

The fast Gauss transform introduced by Greengard and
Strain [15, 26] is an important variant of the more general
fast multipole method [13, 16]. Originally the FMM was
developed for the fast summation of potential fields gener-
ated by a large number of sources, such as those arising in
gravitational or electrostatic potential problems in two or
three dimensions. Thereafter, this method was extended to
other potential problems, such as those arising in the so-
lution of the Helmholtz and Maxwell equations, those in
chemistry and interpolation of scattered data [16].

2.1 Fast Multipole Method

We briefly describe the FMM here. Consider the sum

N
o(y;) =Y witiy;), F=1,...,M. )
i=1

Direct evaluation requires O(MN) operations. In the
FMM, we assume that the functions ¢; can be expanded
in multipole (singular) series and local (regular) series that
are centered at locations x, and y, as follows:

(b(y) = z_:bn(x*>sn (y—l‘*) +€(p), 2
n=0

(b(y) = Z an(y*)Rn (y - y*> + €(p), 3)
n=0

where .S,, and R,, respectively are multipole (singular) and
local (regular) basis functions, x, and y, are expansion cen-
ters, a,, b, are the expansion coefficients, and ¢ is the error
introduced by truncating a possibly infinite series after p
terms. The operation reduction trick of the FMM relies on
expressing the sum (1) using the series expansions (2) and
(3). Then the reexpansion for (3) is:

N N p—1
v(y;) = Zuz¢z(i‘/g) = Zui chiRn (Y —xs), (4)
i=1

i=1 n=0

forj =1,..., M. A similar expression can be obtained for
(2). Consolidating the N series into one p term series, by

rearranging the order of summations, we get

v(y;) = Z_: [Z UiCni

n=0 L:=1

p—1
n=0
(5)

The single consolidated p term series (5) can be evaluated at
all the M evaluation points. The total number of operations
required is then O(Mp + Np) ~ O(Np) for N ~ M. The
truncation number p depends on the desired accuracy alone,
and is independent of M, N.

The functions ¢; in the FMM are not valid over the
whole domain. So the singular expansions (2) are gener-
ated around clusters of sources. In a fine-to-coarse pass,
the generated coefficients are translated into coarser level
singular expansions through a tree data structure by “trans-
lation” operators. In a coarse-to-fine pass, the coefficients
of the singular expansions at coarser level are converted via
a sequence of translations to coefficients of regular expan-
sions at finer levels, then evaluated at each evaluation point.

2.2 Fast Gauss Transform

The fast Gauss transform was introduced in [15] for effi-
cient computation of the weighted sum of Gaussians

N
G(yj) _ Zqi e llyi—zill"/h (6)
i=1

where ¢; are the weight coefficients, {z;}i=1, .
the centers of the Gaussians (called “sources”), h is the
bandwidth parameter of the Gaussians. The sum of
the Gaussians is evaluated at each of the “target” points
{y;}j=1,..,m. Direct evaluation of the sum at M target
points due to N sources requires O (M N) operations.

The original FGT directly applies the FMM idea by us-
ing the following expansions for the Gaussian:

p—1 n
S L N Rt y— .
e - Z n ( A hn 5 + €(p)

n=0
@)
=1 z—y Y-\
S L N it TN et
o e () (M) e
(8)

where the Hermite functions h,,(x) are defined by

’I’Ldn

@)

The two expansions (7) and (8) are identical, except that
the arguments of the Hermite functions and the monomi-
als (Taylor series) are flipped. The first is used as the
counterpart of the multipole expansion, while the second
is used as the local expansion. The FGT then uses these

() = (1)
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expansions and applies the FMM mechanism to achieve its
speedup. Conversion of a Hermite series into a Taylor se-
ries is achieved via a translation operation. The error bound
estimate given by Greengard and Strain [15] is incorrect,
and a new and more complicated error bound estimate was
presented in [1].

The extension to higher dimensions was done by treating
the multivariate Gaussian as a product of univariate Gaus-
sians, applying the series factorizations (7) and (8) to each
dimension. For convenience’s sake, we adopt the multi-
index notation of the original FGT papers [15]. A multi-
index @« = (a,...,a4) is a d-tuple of nonnegative inte-
gers. For any multi-index o € N? and any € R?, we
have the monomial

o o Qo
% = x]'Ty

gl

The length and the factorial of « are defined as

lal =a1 +as+ ... +aqg, ol =ajlas! - ayl.

The multidimensional Hermite functions are defined by
ha(2) = ha, (1)ha, (22) - - - hay(2a)-

The sum (6) is then equal to the Hermite expansion about
center x.:

G(y;) = Y Caha (yj ;“”*), ©)

a>0

where the coefficients C', are given by

1 N T, — T\
= — ; ! * . 1
Ca o ;:1 qi ( W ) (10)

The FGT in higher dimensions is then just an accumu-
lation of the product of the Hermite expansions along each
dimension. If we truncate each of the Hermite series after
p terms (or equivalently order p — 1), then each of the co-
efficients C,, is a d-dimensional matrix with p? terms. The
total computational complexity for a single Hermite expan-
sion is O((M + N)p?). The factor O(p?) grows exponen-
tially as the dimensionality d increases. Despite this defect
in higher dimensions, the FGT is quite effective for two and
three-dimensional problems, and has already achieved suc-
cess in some physics, computer vision and pattern recogni-
tion problems [14, 8].

Another serious defect of the original FGT is the use of
the box data structure. The original FGT subdivides the
space into boxes using a uniform mesh. However, such
a simple space subdivision scheme is not appropriate in
higher dimensions, especially in applications where the data
might be clustered on low dimensional manifolds. First
of all, it may generate too many boxes (largely empty) in

higher dimensions to store and manipulate. Suppose the
unit box in 10 dimensional space is divided into tenths along
each dimension, there are 101 boxes which may cause trou-
ble in storage and waste time on processing empty boxes.
Secondly, and more importantly, having so many boxes
makes it more difficult for searching nonempty neighbor
boxes. Finally, and most importantly the worst property of
this scheme is that the ratio of volume of the hypercube to
that of the inscribed sphere grows exponentially with di-
mension. In other words, the points have a high probability
of falling into the area inside the box and outside the sphere.
The truncation error of the above Hermite expansions (7)
and (8) are much larger near the boundary than near the ex-
pansion center, which will bring large truncation errors on
most of the points.
In brief, the original FGT suffers from the following two
defects that are the motivation behind this paper:
1. The exponential growth of complexity with dimen-
sionality.
2. The use of the box data structure in the FMM is ineffi-
cient in higher dimensions.

3 Improved Fast Gauss Transform

3.1 A Different Factorization

The defects listed above can be thought as a result of
applying the FMM methodology to the FGT blindly. As
shown in section 2, the FMM was developed for singular
potential functions whose forces are long-ranged and nons-
mooth (at least locally), hence it is necessary to make use of
the tree data structures, multipole expansions, local expan-
sions and translation operators. In contrast, the Gaussian is
far from singular — it is infinitely differentiable! There is
no need to perform the multipole expansions which account
for the far-field contributions. Instead we present a sim-
ple new factorization and space subdivision scheme for the
FGT. The new approach is based on the fact that the Gaus-
sian, especially in higher dimensions, decays so rapidly that
the contributions outside of a certain radius can be safely
ignored.

Assuming we have N sources {z;} centered at 2, and
M target points {y;}, we can rewrite the exponential term
as

_ 12 2 _ 112 2 _ 112 2 . . 2
e—lu=wil2/h? _ o= Au; 12 /h2 = Awi|2/h? 20y, Awi/h?

(1)
where Ay; = y; — x., Ax; = x; — 2. In expression (11)
the first two exponential terms can be evaluated individually
at either the source points or the target points. The only
problem left is to evaluate the last term where sources and
target coordinates are entangled. One way of breaking the
entanglement is to expand it into the series

e20y; A /h? _ Z D, (Ay;) ¥, (Axy), (12)

n=0
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where ®,, and ¥,, are the expansion functions and will
be defined in the next section. Denoting ¢(Ay;) =
e~ 18y, 1%/n* P(Axy) = e~ 12zil*/h? e can rewrite the
sum (6) as

la
o

N [eS)
la Lo | e
)= qid(Ay)b(Az;) > Oy (Ay;) Uy (Axy). T T Toe |22 [ 1o |
i—1 n—0 a ab | ac | b? be c”
(13) la 1b | ¢
If the infinite series (12) absolutely converges, we can
truncate it after p terms so as to obtain a desired precision. ‘ a® ‘ a?b ‘ a’c | ab? ‘ abe | ac? ‘ b ‘ b2 | bc? ‘ 3 ‘

Exchanging the summations in (13), we obtain

Figure 1. Efficient expansion of the multivariate polynomials.

p—1 The arrows point to the leading terms.
Gy;) = ¢(Ayj) > Co®n(Ay;) +e(p),  (14)
n=0 where () = # are the multinomial coefficients. So
we have the following multivariate Taylor expansion of the
Z ¢ (Ax;) U, (Ax;). (15) Gaussian functions:

The factorization (14) is the basis of our algorithm. In
the following sections, we will discuss how to implement it
in an efficient way.

3.2 Multivariate Taylor Expansions

The key issue to speed up the FGT is to reduce the factor
p? in the computational complexity. The factor p? arises
from the way that the multivariate Gaussian is treated as
the product of univariate Gaussian functions and expanded
along each dimension. To reduce this factor, we treat the
dot product in (12) as a scalar variable and expand it via
the Taylor expansion. The expansion functions ® and W are
expressed as multivariate polynomials.

We denote by I1¢ the space of all real polynomials in d
variables of total degree less than or equal to n; its dimen-
sionality is 7,4 = (”Zl‘d). To store, manipulate and evalu-
ate the multivariate polynomials, we consider the monomial
representation of polynomials. A polynomial p € TI¢ can

be written as
- Y

jal<n

C. €R. (16)

It is computationally convenient and efficient to stack all
the coefficients into a vector. To store all the r,,4 coefficients
C, in a vector of length r,,4, we sort the coefficient terms
according to Graded lexicographic order. “Graded” refers
to the fact that the total degree |« is the main criterion.
Graded lexicographic ordering means that the multi-indices
are arranged as

(0,0,...,0),(1,0,...,0),(0,1,...,0),...,(0,0,...,1),
(2,0,...,0),(1,1,...,0),...,(0,0,...,2),...,(0,0,...,

The power of the dot product of two vectors = and y can
be expanded into multivariate polynomial:

> (Z) %y,

la|=n

(x-y)" = (17

(18)

From Eqgs.(11), (14) and (18), the weighted sum of Gaus-
sians (6) can be expressed as a multivariate Taylor expan-

sions about center x..:
) = ane_|\yj—x*\|2/h2 (%) , (19
a>0
where the coefficients C,, are given by
Ti — Ty
- h

If we truncate the series after total degree p — 1, the
number of the terms r,_1 4 = (p+fil_1) is much less than
p? in higher dimensions (as shown in Table 1). For in-
stance, when d = 12 and p = 10, the original FGT needs
10*2 terms, the multivariate Taylor expansion needs only
293930. For d — oo and moderate p, the number of terms
becomes O(dP), a substantial reduction.

One of the benefits of the graded lexicographic order is
that the expansion of multivariate polynomials can be com-
puted efficiently. For a d-variate polynomial of order n, we
can store all terms in a vector of length 7,,4. Starting from
the order zero term (constant 1), we take the following steps
recursively. Assume we have already evaluated terms of or-
der £ — 1. Then terms of order k£ can be obtained by mul-
tiplying each of the d variables with all the terms between
the variable’s leading termand the end, as shown in the Fig-
ure 1. The required storage is 7,4 and the computations of
the terms require r,4 — 1 multiplications.

3.3 Spatial Data Structures

As discussed above, we need to subdivide space into
cells and collect the influence of the sources within each

glal X 2
c, = Z i e_”rz_T*H /h (20)

i=1
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