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1 Basic refresh

1.1 Vectors and Matrices

Recall that an N-dimensional column vector x and its transpose x? are written as:
Z1
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x = ) andx' = (21 2 -+ xN )
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An M x N matrix A is written as

ail a2 -+ QN

az; Q2 -+ G2N
A =
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The matrix vector product v = Ax can be expanded as:

v1 = a11%1 +a12x2 + -+ GINTN

Vg = a21T1 + a22%2 + -+ + G2NTN

VM = aM1%1 F Gp2T2 + -0 F AMNIN

This product can be viewed as M sums of the form: v; = Zil ajix;, j=1,---, M.
There are N products and sums per line.
A total of M lines.

Thus, the total operation count is M x N additions and M x N multiplications to compute N
entries.

2 Asymptotic Complexity

The notion of asymptotic complexity arises often in the analysis of algorithms as a means of comparing

the complexities of different algorithms. Let f(n) and g(n) be two functions. Their asymptotic behavior
is comapred as n — oc.



- Asymptotic equivalence: f(n) ~ g(n) if lim 21(% =1
Example: f(n) =n?+ 3n, g(n) =n? +5.

- Asymptotically smaller (Little ‘Oh’): f(n) = o(g(n)) if lim % =0.

Example: f(n) = 3n, g(n) = n? + n.

o 9(?)

- Asymptotic order of growth (Big ‘Oh’): f(n) = O(g(n)) if lim Supﬂ22 < 00.

Equivalently, f(n) = O(g(n)) if 3e,n9 > 0:Vn > ng,|f(n)| < c- g(n).
Example: f(n) = 5n? + 3n,g(n) = n? + 5.

If f=0(9) lim=0)or f ~g (lim=1) then f = O0(g) (lim < co)

If f=o0(g) (limg =0), then g # O(f) (lim$ — oc).

- Same order of growth (Theta): f(n) = 0(g(n)) if f(n) = O(g(rn)) and g(n) = O(f(n)).
Example: f(n) =n?+ 3n,g(n) =n? +5.
- Common complexities:

(1) - Constant amount of time, not proportional to any variable.
(N) - Proportional to the size of N. (e.g. a loop to N, 0.5N, 25N, etc...)
— - O(N?) - Proportional to N2. (e.g. two nested loops both proportional to N).

-0
-0

- O(log N) - e.g. data of size N is split in 2 halves at each step.

- O(NlogN) - e.g. log N splits each requiring work proportional to N.

3 Key Ideas of FMM

The Fast Multipole Method (FMM) is an algorithm for achieving fast products of particular dense
matrices with vectors. As mentioned in section 1 above, matrix vector products are a set of sums. So,
the FMM can be viewed as an algorithm for fast summations.

The next example introduces some key ideas of the FMM without really being the exact algorithm.
Consider the sums:

N
v(y) =Y uily;— )%, j=1,-- M
i=1

These sums can be put in matrix form as:

2 2

vy (y1 — 1) (y1 —zn) Uy
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The naive straightforward way to evaluate the matrix vector product (or the sums) obviously requires
O(MN) operations. Instead, the sums can be written as:

N N N
v(y;) = (Zuz> yf + (Zuzxf) — 2y, (Zuixi) ,ji=1--- M
i=1 i=1 i=1

=yl +B-20y;, j=1,---,M



Each coefficient «, 3 and ¢ requires O(N) operations. A total of 3N operations. The sums v(y;)
require each 3 operations. A total of 3M operations. This sums up to O(3M + 3N) = O(M + N)
operations only.

The key idea or "trick” is to change the order of summation provided that the matrix entries are
derived from particular functions that can be factorized or have their variables separated. This idea is
more elaborated in the next example.

Consider the sums, or matrix vector product:

N
vi= Y wid(y; —wi), j=1,-, M
i=1

Direct evaluation requires O(MN) operations and O(N?) space to store the matrix entries. Now,
assume that the function ¢ can be represented by a single uniform expansion everywhere (such expansion
is not usually available), as follows

$(y) =Y ai(z.) Rily — x.) + e(p)

then, the sum v; can be written as
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For each [ =1,--- ,p, compute B; = Zfil w;arg;(x;) — O(Np) operations, and O(p) space.

For each j = 1,--- , M, compute v; = > ;_, Bihi(y;) — O(Mp) operations.

This totals to O((M + N)p) operations, and O(M + N) space to store the points x; and y; plus O(p)
space to store the coefficients B;. Usually, M is the same order of magnitude as N and p << N, so, the
“fast method” requires:

O(M + N) operations, and O(N) space

4 Simple Applications

4.1 Iterative Methods for Linear Systems

It is required to solve the linear system of equations
Ax=Db

where A is an N x N matrix, x,b are N vectors.

Direct solution of the system, such as Gauss elimination, LU decomposition (Cholesky decomposition)
or SVD require O(N?3) operations and O(N?) space to store the matrix A. As seen previously, the FMM
accelerates matrix vector multiplication. Iterative methods, such as Jacobi iteration, conjugate gradient,



Krylov methods and others, usually converge in k steps, each requiring a few matrix vector products in
each step. With k& << N, these methods require O(kN?2) = O(N?) operations. A fast matrix vector
multiplication algorithm will require only O(kN log N) = O(N log N) operations and O(N) space.

Integral Equations
Consider the linear Fredholm integral equation of the second kind

/ ke, y)u(x)dz + au(y) = £(y)

Solving the equation is to find the unknown function u(y). This is achieved typically by approximating
the integral by quadratures:

N

/k:(:v, y)u(z)dr = Z k(z;,y)u(z;)w,

Jj=1

Discretizing the domain of the variable y, the equation can be written as:

N
> k(g yi)uz)w; + au(ys) = f(yi), i=1,---,N
=1

If the kernel k(z,y) is separable (or degenerate), then

P

k(z,y) Z z)¢i(y) + €(p)

where €(p) is the truncation error bounded by p. Substituting in the discretized form of the integral
equation

Z’U’Jwﬂ Z'l/}l(.'l?] ()bl(yl)_'_au’L fi7 1= 17 7N

7j=1

Changing the order of summation results in:
P N
Z yz Z xg w;Uj +au; = fza =1,---,N

which require O(Np + Np) = O(Np),p << N operations per iteration as opposed to O(NN?) operations
for the conventional method.

5 Fast Fourier Transform and FMM

The Fast Fourier Transform (FFT) and the Fast Multipole Method (FMM) are similar in that they
are both algorithms for fast matrix vector multiplication. In the following, some basics about both
algorithms are compared.

- The Discrete Fourier Transform



The Fourier Transform of a function h(t)is given by H(f) where f is the frequency:

[ee]

H(f) = / h(t)e*™tdt

o = [ T (et

up to a constant normalizing term. If the function is sampled at discrete times, we get the Discrete
Fourier Transform.

h(k) = h(ty), tr=kA, k=01,---,N—1

00 N—-1 N—-1
H(fn) :/ h(t)e27rifntdt ~ Z hke27rifntkA - A Z hke2ﬂ'ikn/N
- k=0 k=0

This ends up being a multiplication of a matrix (the Fourier Matrix) by a vector (sampled data).

N—-1
Hn = E hkeQWzkn/N
k=0

Note that the matrix H,, does not depend upon the time at all and has

- Dense Structured matrices

Both the FFT and FMM operate on dense but structured matrices.
— A dense matriz has a majority of non-zero elements. This is opposed to a sparse matrix.

— A structured matriz of order N x N is a dense matrix whose entries depend on only O(N)
parameters. Fast algorithms have been found for many structured matrices.

For FMM, matrices entries are derived from particular functions ¢(y; — ;) that can be factorized
(have their variables separated). For FFT, the Fourier matrix of order n is defined as:
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where w,, =€~ n

,is an n'" root of unity.
Note each wy, is a fixed complex number (does not depend on time).

- Key idea

— In FMM, the key idea is to expand the function ¢ that derives the matrix entries, separate its
variables (factorization), then change the order of summation.

— In FFT, the basic idea is to split the summation of order N into two summations of order N/2,
and proceed recursively until we get “summations” of length 1. This is done by the use of Danielson



Lanczos lemma:

N—-1
F, = § lerzgk/ij
0

NJ2-1 N/2-1

_ Z eQnik(zj)/Nf2j+ Z eQﬂik(2j+1)/Nf2j+1
=0 =0
N/2-1 N/2—1

_ Z eQwikj/(N/Q)f2j+wk Z eQwikj/(N/Q)f2j+1
=0 =0

= Ff +wrFy

So, the Discrete Fourier Transform (DFT) of order N has been expressed as a sum of two DFTs of
order N/2. This is faster since (N/2)2 + (N/2)? = N2?/2 < N2. This is repeated recursively:

Ff = Ff° + whFg°,  FP = F° + " F°
so as to reach eventually one point transformations which are equivalent to identity.
- Complexity

— The full fledged FMM requires O(N log N) operations for evaluating the product of an N x N
matrix by an N vector.

— The FFT requires also O(N log N) operations. As shown above, each Fj is a sum of logy N
transforms, and there are N such Fj’s.

- Approximation

— The FFT is exact (up to machine precision)
— The FMM is approximate. There exists a truncation error in addition to round-off error.



