
CMSC878R/ AMSC698R Assignment 3 Solution

� Error estimate for one R-expansion. If we have K boxes, then the size of the box is l = 1/K. The
distance from the center of the box to the closest source outside the neighborhood is then 3l/2 =
3/(2K). We have the following factorization:

Φ (y, xi) =
∞X
m=0

am(xi, x∗)Rm (y−x∗) ,

am(xi, x∗) = − (xi − x∗)−m−1 , m = 0, 1, ...,

Rm (y−x∗) = (y − x∗)m , m = 0, 1, ...

Here

|y − x∗| 6 l

2
, |xi − x∗| > 3l

2

Truncation error of the exact expansion is then
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¯̄̄̄
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¯̄̄̄
¯
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¯̄̄̄
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¶m ¯̄̄̄¯
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µ
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¶p ¯̄̄̄
=
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1
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¯̄̄̄ ¯̄̄̄µ
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¶p ¯̄̄̄
6 1

l

1

3p
,

since
|y − xi| 6 l.

� The total error of the PreFMM is

+ < N+p 6
N

l

1

3p
=
NK

3p
.

So for given + and p :

p > log (NK)− log (+)
log 3

we achieve the required accuracy. For N = 103, K = 102 and + = 10−6 we have

p > log 105 − log 10−6
log 3

≈ 23.05.

� Theoretical optimum K is

Kopt ∼
s
MPow(1)

p
<

s
2N

p

While this number depends on p, for p > 2, we should have

Kopt . N1/2.

The maximum N is 104 and so the maximum K should not exceed 102. In any case for + = 10−6 :

max
log (NK)− log (+)

log 3
=
log 106 − log 10−6

log 3
≈ 25.15.

� Computations with p = 24 for a range 10 < K < 100 and N = 1000 show that the actual error is much
smaller than the theoretical error and smaller p can be used.
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Figure 1:
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Figure 2:
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Figure 3:

� Computations with p = 24 for a range 10 < K < 100 and N = 1000 show that there exists a minimum
of CPU time for Kopt ≈ 32.Assuming that

Kopt = AN
1/2

for optimum K at sufficiently large N we can Þnd that for our computations

A ∼ 32

10001/2
≈ 10.

This dependence is plotted belowWe also can scale this as

Kopt = B

µ
N

p

¶1/2
, B ∼ Ap1/2 ≈ 5 · 10 = 50.

� The error for computation with p = 24 and K = Kopt(N) is plotted below:

� Computations with the required accuracy can be also performed with lower p, e.g. p = 15 :But this
should not increase the speed substantially, since complexity is O(p1/2).

� Required dependences are plotted:
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Figure 4:
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Figure 5:
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Figure 6:
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