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Outline

• Basic Idea of Multilevel FMM (MLFMM);

• Formal Requirements for Functions (Potentials) in 
MLFMM;

• Setting Hierarchical Data Structure;

– Hierarchical Domains and Associated Potentials 
(Functions);

– Dimensionality Limits;

• MLFMM Algorithm;

– Structure of the Algorithm;

– Upward Pass;

– Downward Pass;

– Final Summation. 
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Single Level FMM
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Two Level FMM
SLFMM=1LFMM

Total number of operations: O(N+M+KL)
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KxL-interaction of two groups

can be reduced by further 

grouping to K+L+K1L1

Indeed, if K=nK1, L=mL1, then

K+L+K1L1= nK1+ mL1+K1L1,

while KL= nmK1L1.

nmK1L1 > nK1+ mL1+K1L1 ? 

Problem for Thinking: What are conditions for n,m,K1,L1 to have 



MLFMM
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Example of Multi Level Structure

(Post Offices)

• People (sources, Level 5)

• Mail Box, Post Master (Level 4) 

• Local Post Offices (Level 3)

• City Post Office (Level 2)

• City Post Office (Level 2)

• Local Post Offices (Level 3)

• Post Master (Level 4) 

• People (receivers, Level 5) 
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Example of MLFMM

(Computation of Gravity Field)

• Planets (Level 5)

• Solar Systems (Level 4) 

• Galaxies (Level 3)

• Metagalaxies (Level 2)

• Metagalaxies (Level 2)

• Galaxies (Level 3)

• Solar Systems (Level 4) 

• Planets (Level 5) 
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Exercise:

Create your own example!



Complexity of MLFMM

Upward Pass: Going Up on SOURCE Hierarchy

Downward Pass: Going Down on EVALUATION Hierarchy

Definitions:



Summary of requirements for 

functions that can be used in FMM



Summary of requirements for 

functions that can be used in FMM (2)



Two Parts of the MLFMM

• Setting Hierarchical Data Structure

(MLFMM Constructor) O(NlogN+MlogM)

• MLFMM Solver O(N+M) or O(NlogqN+MlogqM),

Will evaluate the complexity in more details later.

If iterative or multiple solutions of the same system are 

required, the MLFMM Constructor should be called 

only once.



Setting Hierarchical Data 

Structure

• Scale source and evaluation data to have the computational 

domain of size of a unit box.

• Sort data (spatially order data) using bit interleaving 

technique (Next week)

• Determine the level of space subdivision with 2d-tree to have 

s sources at the finest subdivision level, Lmax (Next week)

• If you choose to spend memory for trees, neighbor lists, and 

so on, compute and store information that does not change in 

the process of execution of the MLFMM solver.



Hierarchy in 2d-tree
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2d-trees
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Hierarchical Indexing and 

Functions

• We assign to each box on level l some number (index) n;

Global index of any box is (n,l). 

• We assume that functions, such as Parent(n), ChildrenAll(n), 

Children(X;n,l), NeighborsAll(n,l), Neighbors(X;n,l), for given 

d-dimensional data set, X, are available (will consider next 

week). These functions return sets of indexes of boxes at proper

levels which are relatives (or neighbors) to the given box (n,l). 

• We drop X in many cases, to have shorter notation.



Hierarchical Spatial Domains
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Hierarchical

Spatial Domains
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With Such Neighborhood

the dimensionality of space

in FMM cannot exceed d=9.

a

1.5a
0.5a√d

0.5a√d  < 1.5a,

√d  < 3,

d < 9.

For larger dimensions larger 

neighborhoods should be 

considered (but seems it is 

not practical to use 2d-trees 

in this case and something 

better should be invented).

In fact, we will show later that

1-neighborhoods can be used only

for dimensions d < 4.



Hierarchical Potentials 

(Functions)
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The MLFMM Algorithm 

(Solver)

• ``Build Function” or ``Build Potential”
means find its expansion coefficients over 
some basis;

• The MLFMM Algorithm (we also call it 
sometimes ``Regular FMM”) consists of 

– Upward Pass;

– Downward Pass;

– Final Summation;



Upward Pass. Step 1.



Upward Pass. Step 1.
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Upward Pass. Step 2.



Upward Pass. Step 2.
S|S-translation. 

Build potential for the parent box (find its S-expansion). 



Result of the Upward Pass

In the entire hierarchy of boxes containing sources

S-expansion coefficients for potentials due to 

sources in each box (domains E1) are found. 

Expansions are valid in E3 domains.



Downward Pass. Step 1.

Note that this is conversion from the Source Hierarchy to

Evaluation Hierarchy!



Downward Pass. Step 1.

Level 2: Level 3:



Downward Pass. Step 1.

THIS MIGHT BE

THE MOST EXPENSIVE

STEP OF THE ALGORITHM



Downward Pass. Step 1.

Total number of S|R-translations

per 1 box in d-dimensional space

(far from the domain boundaries)

Exponential

Growth

It is worth to think about optimizations



Downward Pass. Step 2.



Downward Pass. Step 2.



Result of the Downward Pass

In the entire hierarchy of boxes containing 

evaluation points R-expansion coefficients for 

potentials due to sources outside each evaluation 

point neighborhood (domains E3) are found. 

Expansions are valid in E1 domains.



Final Summation

yj

Contribution of E2
Contribution of E3


