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Why do we need represent
functions 1n different spaces?

Functions should be efficiently summed up;
Sums of functions should be compressed;
Error bounds should be established:;

Functions should be translated and expanded over
different bases;

For computations we need discrete and finite
function representations.

Some functions measured experimentally or
approximated by splines, and there 1s no explicit
analytical representation in the whole space.



Function Representation in the Space of
Coefficients

Let F(QQ) < C(Q), Q < IR¥, be a normed space of continous functions with norm
&)1l = max|®(y)l.

Let also {F,(y) > be a complete basis in F(Q), so

Dy) = D AFu(y), yEQC R, OY),Fa.ly) € FQ),

n=I[
absolutely and uniformly converges in Q@ < R?. This means that

Ve >0, dple), |Py)-PP(y)| <€ Vy €l

Ve >0, Jple), D _M.Fuy)| <€ VyeQ,

H=p

p—1
D (y) = D AF(y).
n=[



Function Representation in the Space of
Coefficients (2)

Expansion coefficients can be stacked in an infinite vector

[ 4o

Ay

A,
\ )

Let us denote A(Q) a subset of R® which 1s an image of F(€2). For any A € A(Q)we request
that there exists one-to-one mapping

Dy) 2 A, Ply) e F(Q), AecA(Q) C R™.

C(Q) — ~IR®




p-Truncated Vectors

1
VA €R?, ADF(y) = D A F.(y) € FP(Q) € F(Q).

n=0
F#(€2) 18 dense in F(Q)) :

VO(y)EF(Q), I, Q). [PG)-PW = PPl <e.

Dense in F(€2)




Matrix Representation of Linear Operators

Let Q' < Q and Fis a mapping of F(Q) to F(Q"). Such mapping can be considered as
action of operator Fon @ :

Fdy)] = dy), Dy) e FQ), dy) e FQ")c FQ)

Respectively, operator F generates operator F that maps the space of expansion coefficients
A(Q) = A(Q"), which can be considered as representation of the operator F in the space of
expansion coefficients:

FA=A, AcAQ), AecA(Q)cAQ)
Inversly, if we introduce any transform of expansion coefficients FA = A which provides

uniform convergence of function ®(y) corresponding to these coefficients in Q' — 2 then
such transform can be treated as operator F that convert one function from F(Q) to another.

F(Q) F AQ) _|F

—_—

Representation of a Linear Operator



p-Truncation (Projection) Operator

Prip)A =A, A €A(Q), A e AZ(Q).

[ 4, [ 40 10 .00 0 .. \

Ay Ay o1 .. 00 0 ..
A=| 4, |-A=| 4, A=| 0 0 1 0 0 A
A, 0 0 0 0 0 O
Ay 0 0 0 0 0 0
N J
In space F(€2) :

Prip)[@y)=27(y), P(y) € F(Q), D7(y)eF7(€2),

Lm || Dy )-Pre)[ D)1 = 0.

Prp) Pr(p)

/

F(Q) A(Q)




Norm of p-Truncation Operator
(important for error bounds)

Norm:

supyea||Pr@)[PO)]I|

IPr@) = supyeq || Py) ||

Triangle unequality:
1T = [T=Prig) || < [[Priz)|| < L] + [IT-Prig)| = 1+ [[I-Pr(p)]|

Ve >0, dp, [I-Prip)| <e,
850

Ye>0, dp, 1-€ < |Prip)|| < 1+e,



p-Truncated Operator

LetH : F(Q) - F(€) be an operator, that 1s represented by infinite matrix

(b e e hop B e )
hio  hun .. hpa Ay
H= o
hp—l,[] hp—l,l hp—lp—l hp—l@
U S N

S

We call operator H®? . F(Q) - F(Q), p - truncated if it is represented by matrix

[ hoe  hor o hopa O .\

H® =




Norm of p-Truncated Operator
(important for error bounds)

Theorem: Let H : F(Q2) - F(Q), such that 0 <|[H || <o, and H?): F(Q) - F(Q) is the
-truncated operator H. Let also p(e¢) be such that | —¢ < ||Pr(p)| < 1 +¢€. Then

ey I Lokl z 2
(1-€)* < IPrp)1* = Lt = IPr) 12 < (1+€)?
==
hm ——- = 1.
P H]

Proof.
A p-truncated operator can be represented in the form

H® = Pr(p)HPr(p)

(check!)
So the norm of H?’ ig

|H® || = IP+@) IIIHIIP+@) || = IHIIP+@)1°.
End of Proof.



Translation Operator

Operator 7(t) : F(Q) - F(Q", Q" < R4, Q < R?is called translation operator
corresponding to franslation vector t, if

TH[Dy)] = Py +t), (yeQ, y+teQl)




Example of Translation Operator




R|R-reexpansion

Lety—-x, € Q.(x,) C R Q.(x,):|yv—x,| <7 and {R,(y—x,)} be aregular basis
mCiQ). Lety—x,+t €Q,(x,)and

Ru(y—X.+t) = D (RIR), (DR/(y - X,).
=0

Coefficients (R|R), (t) are called R|R — reexpansion coefficients (regular-to-regular) ,
and mfinite matrix

(RIR) oo (RIR)g
(RIR)(t) = (R|R)1U (R|R)11

1§ called R|R — reexpansion matrix.



Example of R|R-reexpansion

R, (x) = x",

1 1
Ru(x+1) = (x+ )" =x"+ "+ L+ x4 7
1 m—1
27 27 B[] e
=0 / =0 ! =0 !
.

m
e ! < m,
(RIR), (1) = < ( : ) |




R|R-translation operator

Translation operator 7(t) which is represented in regular basis {R,(y — x_ )} by the
R|R — reexpansion matrix is called K|R-translation operator.

IO[Py)] = Py +t)

(RIR)(t) = 7).



Why the same operator named
differently?

TODP(y)] =Py +t)

The first letter shows

the basis for ®(y)

HOR

The second letter

>, .— shows the basis

<

(RIR)()
(SS)(L)
(SIR)(t)

for O(y +t)

(RIS

Needed only to show the expansion basis
(for operator representation)



Matrix representation of
R|R-translation operator

Consider P&) = ZAH(X*)RH(Y—X )-

Dy+t) = (RIR)O[D(y)] = ZA X ORIR)(O[RAy —x, ).

Ap (X4 )RA(y — X, + 1)

A, <x*>Z<R|RJM<t>R;<y X,)

Z (RIR),;, (DA, (X4) :|R*-’(:’r X,) Coefficients of
w0 shifted function

19 117 M 1

”(x* ORA(Y —X,),
; j Coefticients of

original function

JIy
=

Ai(xa,t) = D YRIR)L(D4,(x.), Alxa,t) = (RIR)(DA(X,).
n=0



Reexpansion of the same
function over shifted basis

Compact notation:

D(y) = D An(xa)Raly - X,) = A(x4) o R(y - X,,),
n=0

Dly+t) = D Ai(x.,OR(Y - X,) = A(x,t) o R(y - X,)
=0

We have:
D(y) = D((y - )+t) = AXa,t) o R((Y — )X,
= A(x..t) o R(y—x, — t).
Algo
O(y) = A(x.) o R(y—x,) = A(x, + 1) s R(y - x, — 1),

80

AXs +t) = A(xa,t) = (RIR)(DAKX.).



R|R-reexpansion of the same
function over shifted basis (2)

Original expansion
Is valid only here!

y-Xi-t] <7ry=r-|t

/

Since Q ,(x.+t) C Q (t) !



Example of power series

reexpansion

Rp(x) =x™

‘1)()’:.-17;':' = ZAm(x*lsxi)Rm(y_xﬂ) = ZAMC-X*E:-XE')RM@_I*E):
m=0 m=

Alx,.x) = (RIR)(x, — x41) » Alx,1,%;).

g (3 Josmsr (3 Yo
Xa2 — Ka1 Xa2 T Kal
/ Ag(x*g,xi) \ 0 0

Al(x*szz‘) _ 0 ! 2
= X0 — X,
Ay(xan %) | @ Ha)

\ / 0 0 |

\
( Ao(xa1,x;) \

Al(x*lpxi)
Az(x*l:'xi)




Example of power series reexpansion (2).
Relation to Taylor series.

Let’s check this for Taylor series, when expansion coefficients are

N 1 O"PXaL)
Am(-x*la-xz) m! axi:zl
For A, this yields Taylor series again!
Check for A, v 0
— * 1 oe¥j - »
CD(x*g,xi) ; ml 8IT1 (x*E x*l) E
| 8P(xae%) _ N 7\ 1 8P
s = KXo — X
{! axiz ; ] m! ox%, = )
N om0 -
= Z Nm—-D! m ax” (a2 = Xa1)
pr=l *1
_ Li 1 a}:ﬁ-f@(x*l,.xz') (x L x 1);{ FOI’ Alwe
Il & il ok o obtained Taylor

series for the /-th

:xi) . k . .
(Faz = a1 )% derivative! Wow!

O D(xa2, ) _ i | 0% D(x,
o', — i Ot



S|S-reexpansion

Lety—x, € Q.(x,) CR? Q,(x.):|y—x,|>r, and {S,(y—x,)} be a singular
basis in C(Q). Lety —x, +t €Q,(x,) and

Sa(y = Xa + ) = D (SIS, (DSi(y - x,).
=0

Coefficients (S|S), (t) are called S|S — reexpansion coefficients (smgular-to-singular) ,
and infinite matrix

(1000 (SI) 0y
(S[S)(t) =1 (818),, SI9),

1§ called S|S — reexpansion matrix.



S|S-translation operator

Translation operator 7(t) which is represented in singular basis {S,(y —x_ )} by the
S|S — reexpansion matrix 1s called S|S-translation operator.

TO[P(y)] = Dy +t)

(SS)() = 7).



S|S and R|R-translation operators
are very similar,

(actually, this 1s just two representations of
the same translation operator in different domains and bases)

P(y) = B(xs) o S(y - x,),
Dy + 1) = B(xa, 1) o S(y - x,)
O(y) = B(x.,t) o S(y—=x, — t).

B(x..t) = (S|S)(t)B(x.) = B(x. + t).



But picture 1s different. ..

— Original expansion
Is valid only here!

y-X-t] > 7= r+t

\

Since
Q (x:+t) c Q(t) !
Also
X, - X«| < 7

singular point !



S|R-reexpansion

Lety—-x, € Q. (x,) C R Q,(x.):|v—x,|<r and{R,(y—x, )} bearegular
basis in C(€2,(x,)). Letalso Q, (x4 —t) 1 [y —x +t| > R > r, and {S,(y —x. +t)-bea
singular basis in C(Q,(x.)), then

Su(y = Xa +1) = D (SR, (DR(Y - x,).
=0

Coeflicients (S|R), (t) are called S|R — reexpansion coefficients (simgular-to-regular) ,
and infinite matrix

SHR)go (SIR)y;
(SIR)(t) = | (SIR),, (SIR),;

18 called S|R — reexpansion matrix.



Does R|S reexpansion exist?

 Theoretically yes (in some cases, e.g. analytical continuation);
* In practice, since the domain of S-expansion 1s larger

then the domain of R-expansion, this either

not useful (due to error bounds), or can be avoided in algorithms;
* We will not use R|S-reexpansions in the FMM algorithms.



S|R-translation operator

Translation operator 7(t) which is represented in singular basig by the S|R — reexpansion
maftrix 18 called S|K-translation operator if the basis of expansion is changed with the
translation operation from singular {S,(y —x_ )} toregular {R,(y—x, +t)+

TOPy)] = Py +t)

(SIR)(t) = Tt).



S|R-operator has almost the same
properties as S|S and R|R

(t cannot be zero)

O(y) = B(x4) o S(y—x, ),
D(y +t) = A(x,t) o R(y - x,)

Dly) = Alxa,t) o R(Y—xX» — t).

Alxa,t) = (S|R)(OB(x).




Picture 1s different...

Original expansion
Is valid only here!

y-Xe-t] <7 = |t]-r

\

Since
Q (x:+t) c Q(t) !
Also
X, - X«| < 7

singular point !




Properties of the translation
operator

IHPy)] =2y +t)
u 7(0) = 7 (1dentity operator). Proof:

T0)[D(y)] = D).
KX 7t +ty) = T(ty) o Tity) = T(ty) o T(ty). Proof

It o Tt2)[Py)] = Py +t, +ty) = Tt + ty)[D(y)] = Tty + t2)[D(y) .
3} (corollary 1): T1(t) = 7(~t). Proof
T = T0) = Tt-t) = T(t) o T-t).
) (corollary 2): 7(t) = T(nt). Proof (use induction):
Tint) = T(n— 1)ty Tt) = Tt o T(t) = T(L).



Spectrum of the translation

operator
eigen value N eigen function
TOY(y)] = A¥(y), vy <R
Any function of type
Va €RY, W(y) = e7, A = et
Check:

MO ()] =Py +t) = e = e¥e™ = A¥(y).
Relation to differential operator:

Ay) . Dy+O-Dy) _ . TP - ) _ . TO-T ¢
i T i t i g Wk sy

\

derivative in direction s



