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Why do we need represent
functions in different spaces?

Functions should be efficiently summed up;
Sums of functions should be compressed;
Error bounds should be established;

Functions should be translated and expanded over
different bases;

For computations we need discrete and finite
function representations.

Some functions measured experimentally or
approximated by splines, and there is no explicit
analytical representation in the whole space.

Linear Spaces

ab.ccld

1). a+bel
2). a+b=b+aa+(b+c)=(a+b)+c
3 90, a+0=a, a+(-a)=a-a=0;
4). VaeC, aaeld
5). Va,p e C, (af)a=a(f)a, la=a,

a(a+b)=0a+ab, (¢+p)a=ca+pa




Linear Operators

Linear Spaces
|

v eFQ). v eFQ) Q.0 cR

Operator
/

‘
y' = Alyl,

Linear Operator

/

Alayy + Bya] = aAlya ] + pAly2], e.peC

An example of linear operator: Differential Operator.

Representation of Functions and
y eFQ), vy eFQ), QQ cR?

Bases — F,cFQ), F,ecFQ),
W=D Fn = Yy,
n '

AF,) = D (FIF) ;, Fy
o . -
= Reexpansion Coefficients

Aly] = ,4|:ZmF»:| = e AlF] =
= > Y UFIF),, Fu = Z[Z(F\F')n,”cn :|Fn' = E =y

! »

= FIF), 1 1
cp = 2 g0 Matrix Representation

—

—
of operator A

Function Representation in the Space of

Coefficients
Let F(Q) = C(Q), Q < R?, be anormed space of continous functions with norm

21 = max|D(y)].

Let also {F,(y)} be a complete basis in F(Q), so

Bly) = DL AFLY), ¥y EQCRE, DY),F,(y) € FQ),
=0

absolutely and uniformly converges in Q@ — R<. This means that

Ye >0, dp(e), |Py)-D?(y)| <e, VyeQ,

Ve >0, Jple), D LF.Y)| <€, Vy e,

=

-1
P(y) = D AT,
=0

Function Representation in the Space of
Coefficients (2)

Expansion coefficients can be stacked in an infinite vector

Let us denote A(Q2) a subset of R which is an image of F(Q). For any A € A(Q)we request
that there exists one-to-one mapping

dy)2 A, b(y) e F(Q), AeAQ)c R,

C(Q) R~




p-Truncated Vectors

-1
VA eR?, 3DP(y) = D AF(y) € FP(Q) © FQ).

=0

TF?7(Q)) is dense in F(Q)) :

YIWEFQ), I P FEF Q). [PF)- D) = supldly)-2*y)| <e.

Dense\in F(Q)

\

F(Q) T —AQ)

Matrix Representation of Linear Operators

LetQ' < Qand Fis a mapping of F(Q) to F(Q'). Such mapping can be considered as

action of operator Fon @ :

Ady)] = ). o) € FQ), 3{) € FQ") < FEQ)

Respectively, operator F generates operator F that maps the space of expansion coefficients
A(Q) — A(Q"), which can be considered as representation of the operator Fin the space of]

expansion coefficients:

FA=A AcA(Q), AcAQ)cCAQ).

Inversly, if we introduce any transform of expansion coefficients FA = A which provides

uniform convergence of function C,D\(ﬁ corresponding to these coefficients in Q' < Q then
such transform can be treated as operator 7 that convert one function fromF(Q2) to another.

FQ | F

A©Q) |

F

Representation of a Linear Operator

p-Truncation (Projection) Operator

Pr(p)A A, AcA@Q), A e A?(Q)

A, Aq 10 .00 0.
4, A 01 ..000.
A=| 4, |-&| 4, A=l 00 .. 100 A
4, 0 00.000
A 0 00..000
In space F(Q) :

Prip)[ @)= (), P(y) € FQ), P7(y)eF(Q),

Ll ®(y)-Pr@)[@W] = 0.

Prip) Pr(p)

FE&) A©Q)

Norm of p-Truncation Operator
(important for error bounds)

Norm:

Triangle unequality:

1T =11 =Prig) | < [IPr@y Il < 1] + 1T =Prpll = 1+ [1-Pr@) |

80

supyea|Pr@[ Py
supyen [ PO

[1-Prip|l <e,

1-e< |Prip)| < 1+e,




p-Truncated Operator

LetH : F(Q) - F(Q) be an operator, that is represented by infinite matrix

hog  hyy . Byt hg
Mo hun . b By

Bprg Bty o Pprpr B,
ho My o By B

We call operator H®) : F(Q) - F(Q), p— truncated ifit is represented by matrix

hoo Aot . hop1 O
Bo Ao e O .
O - e
hp1o Bp11 oo Bpoip 0
0 0o .. 0 0 ..

Norm of p-Truncated Operator
(important for error bounds)

Theorem: Let H : F(Q) = F(), such that 0 <||H || < o0, and H®: F(Q) - F(Q) is the

-truncated operator H. Let also p(e) be such that 1 —€ < [|[Pr(p)|| < 1 + €. Then

e <= et < e

lim
=

Proof.
A p-truncated operator can be represented in the form
H® = Pr(p)HP#(p)

(check!)
So the norm of H® is

[IHE | = 1Pr@ IIHIIPrE) | = IHIIPr@) 2.

End of Proof.

Translation Operator

Operator 7(t) : F(Q) > F(Q"), Q' < R¢, Q < R¥is called transiation operator
corresponding to fransiation vector t, if

THEW] =Dy +1), e, y+teql).

y+t

Example of Translation Operator




RIR-reexpansion

Lety—x, € Q.(x.) CR?, Qu(x.):|y—x,| <7, and {R,(y—x,)} be a regular basis
in C(Q). Lety —x, + t € Q,(x,) and

Ru(y—x.+ ) = D (RIR),(DR(Y-x,).
-0
Coefficients (R|R),,(t) are called R|R — reexpansion coefficients (regular-to-regular) ,
and infinite matrix
RIR) oy (RIR)gy -
RR)®) = | RIR)y, RIR), -

is called R|R — reexpansion matrix.

Example of RIR-reexpansion

Rpu(x) = x7,
m m

Ru(x+H)=(@x+6" =x"+ ( | )x”"lt-r ot ( ) )xt”H + 17
e

i Z’”:( " ),W i} i( " )Wx;: i( " ),M,IRI(X),
=0

=0

RIR-translation operator

Translation operator 7(t) which is represented in regular basis {R.(y — x,)} by the
R|R — reexpansion matrix is called R|R-translation operator.

TOPE)] =Py +1)

(RIRY(®) = Tt).

Why the same operator named
differently?

TO[D(y)] = Dy+1)
The first letter shows The second leFter
the basis for ®(y) (R\R%/ shows the basis
for ®(y +t)
70 - (SlS)y(t)
(SIR)(t)
(RIS)(t)

Needed only to show the expansion basis
(for operator representation)




Matrix representation of
RIR-translation operator
Consider DY) = 2 A EOR, (Y- x,).

Dy +1) = (RIR)WIPF)] = DA )RIRIO[RA(y — X, ).
=0

M

An(X )Ry —x, +t)

M
i

Ay(X) DRIR)L(OR(Y —X,)

0 =0

Z(R\Rh ()4, (x) :|R1(y =X.) Coefficients of
40 . R
shifted function

M

=
i

AL ORY -X,).

e 10

Coefficients of
original function

~ . 7
A, ) = YRR, O, ), A = (RIR)(DAX.).

7=0

Reexpansion of the same
function over shifted basis

Compact notation:

DY) = D An(x)RA(y - X,) = Alxs) o R(y - X,),

7=0

Dy + 1) = DA XL OR(Y - X,) = A, ) o RY - X,)
=0
We have:
D(y) = Dy - O+) = A(x,, 0) e Ry - )-X.)

= KX, t) o R(y—x. — t).
D(y) = Alx.) o Ry—x,) = A(x, +t) o Ry —x, - t),

Axs +1) = Axa,t) = (RR)(DAKS).

RIR-reexpansion of the same
function over shifted basis (2)

Original expansion
Is valid only here!

ly -x.-th < r = r-ltl

-

S
Since Q,(x.+t) C Q. (t) !

Example of power series

reexpansion

DYx) = D A, XOR W~ Xa1) = D A (K X)R (¥ — X.2),

=0 m=0

Alxao,%) = (RIR)(*az = %41) » A(Fa1,%).

1 2
1 ( >(x*2fx*1) ( )(xufxﬂ)z
Ao(xa2,%;) 0 0 Ao(xar,x;)
Ar(xa2.%:) _ 2 Ar(xa,x;)
Aol ) ¢ ' T R ETRENeS)

0 0 1




SIS-reexpansion

Lety-x, € Q.(x.) CR%, Q,(x.) : [y-x,| > r, and {S,(y —x,)} be a singular
basis in C(Q). Lety — x. + t €Q,(x.) and

Suy—Xa +t) = 3 (SIS, (OS(Y - x,).
=0

Coefficients (S]S),,(t) are called SIS — reexpansion coefficients (singular-to-singular) ,

and infinite matrix

(S1)00 (SI)or -
(SIS)E) = | (SIS Sy -

is called SIS — reexpansion matrix.

SIS-translation operator

Translation operator Z(t) which is represented in singular basis {S,.(y — x, )} by the
SIS — reexpansion matrix is called S|S-translation operator.

TOIP)] = Py +6)

(SIS)(1) = Tt).

SIS and RIR-translation operators
arc very 81m11ar,
(actually, this is just two representations of
the same translation operator in different domains and bases)
D(y) = B(xs) oSy -x,)s
Dy +t) = Bx.,t) o S(y-x,)
B(y) = Bxa,t) o S(y—xu — t).

B(x.,t) = (SIS)()B(x.) = B(x. +t).

But picture is different...

— Original expansion
Is valid only here!
ly -x.-tl > r = r+itl

Since
Q (x4t) Q) !

Also
Ix; - x| < r

singular point !




SIR-reexpansion

Lety-x, € Q.(x.) CR?, Qu(x.):|y—x,|<r, and {R,(y—x,)} bearegular
basis in C(Q,(x.)). Letalso Q,(x. —t) [y —x,+t| > R > r, and {S,(y —x. +t)} bea
singular basis in C(Q,(x, )), then

Sy —Xa+ 1) = D (SIR), (DR(Y —X,).
=0

Coefficients (SIR),,(t) are called S|R — reexpansion coefficients (singular-to-regular) ,
and infinite matrix

(SR (SIRYor -~
BIR)®) = | (IR)y, IRy, -

is called S|R — reexpansion matrix.

Does RIS reexpansion exist?

* Theoretically yes (in some cases, e.g. analytical continuation);
* In practice, since the domain of S-expansion is larger

then the domain of R-expansion, this either

not useful (due to error bounds), or can be avoided in algorithms
* We will not use RIS-reexpansions in the FMM algorithms.

5

SIR-translation operator

Translation operator 7(t) which is represented in singular basis by the S|R — reexpansion
matrix is called S|R-translation operator if the basis of expansion is changed with the
translation operation from singular {S,(y — x, )} to regular {R,(y —x, + t)}

TO[D(y)] = Py +t)

(SIR)(E) = Te)

SIR-operator has almost the same
properties as SIS and RIR
(t cannot be zero)

®(y) = B(x.) o S(y - x,),
D(y+t) = Ax,.H) o Ry - x,)

Dy) = A(Xe,t) o R(y-Xa — t).

A, t) = (SR)(DB(.).




Picture is different...

Original expansion
Is valid only here!
ly -xi-th < r=1Itl-r

Since
Q (x+t) CQ(t) !

Also

Ix; - x| < 7
1
/

singular point !

Properties of the translation
operator

TO[PE)] = By + 1)
A 700) = 7 (identity operator). Proof:
T0)[PW)] = 2.
KA 7t + ) = T(ty)  Tty) = T(ta) © Aty). Proof:
T(tr) o Hi)[ D)) = By + 1, +11) = Hto + t1)[PY)] = Tty + &2)[ D]
A (corollary 1): T (t) = F(-t). Proof:
7= R0) = Tt 1) = Tt = T-1).
A (corollary 2): T(t) = T(nt). Proof (use induction):
Tnt) = Tn— D))= TV = T7(1) = T = P (D).

Spectrum of the translation
operator

eigen value N eigen function
TOPY)] = 29(y), vy R
Any function of type
Va €RY, WEy) = e, A= e,
Check:
THOM(y)] = Ply+1t) = 0% = ee®¥ = 1¥(y).
Relation to differential operator:

doy) _ . by+0-0) _ . TOGW]-0y) | TO-T b
a T " « W Wk =g

derivative in direction s

Example from previous lectures

CDOI:xx) = iji'

=] < - 2] : R-expansion

Dy, x;) = Zam(xz,x*)Rm()#x,),
=0
(3,3 = —(x, - %)™, m=0,1,.., S
Ru(y—x:)=(y—-x)", m=0,1,..
ly—xa] > & — 3] S-expansion

CD(y,J;,) = ibm(x,,x“)Sm(y—x‘),

w0
bu(X, %) = (=2, m=0,1,.,
Sn(y-x4) = (y—2)"", m=0,1,..




In this case we have

CRENRYT)
Sa(y—xutf) = (t+ )™ = Z#dmﬁt’;m )"
- 3 LD R ) = 3SR (DR
)

m=0

So

(R = L d"S,(t) _ ("(m+m)!

e mlnl el

(SIR)(®) =

Norm of the Translation Operator

Theorem. Let F((2) be a set of functions bounded in R?. Then || 7(t) || = 1.
Proof.

j70) = JZEOI _ ool Syl Py = O
[EZ6L [EZ631] SUD el DY) )

Active and Passive points of view
on translation operator

f ““Active” point of view:
1)
— Operator transforms
CI)(y) function.
The reference frame
Does not change.

D(y+1)

y
(1) ““Passive” point of view:
- Function does not change.
Operator transforms
i J 20) the reference frame.
y
t

Norms of RIR, SIS, and SIR-
operators (1)

singular point of ®(y)

D(y) is bounded in Q.
Q' cQ
Therefore ®(y) is bounded in Q', and

[Pl = sup|@(y)| < supl@(y)] = D)o
yeod' yel

10



Norms of RIR, SIS, and SIR-

operators (2)

From the passive point of view, the translation operator does nothing,
but just changes the reference frame. So if we consider that RIR, SIS,
and SIR do just change of the reference frame PJ_,US they shrink

the domain, where the function is bounded, then\\their norms

do not exceed 1.
[ol=¥o]

SUbyeor [P _

IR = ST < 1,
|

IO = ST <,
|

s | = S PO

supyeo|®(y)|

This is the difference
between general
translation operator
and RIR, SIS, and SIR
operators.

Error of exact RIR, SIS, and SIR-
translation

o) -2 ()l <€,

[RIR)O@ ) - 22y = [RIR)O D) -9 ¥) [ <€,
1SS O@E) - PP = [ SSHWO NPy - "Ml <€,
IERHO@PE) - PPENI = ISR [1(y) - D ()| < €.

11



