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Compression

Compression operator:
A" = Compress(a”)

Required Property:

a” « b* = Compress(a”) « Compress(b”).

Consider R?:
a” « hb* = (a . b)n = (ﬂ‘lb] + ﬂgbz)n

n n
= atbl + ( 1 )a"flb?lagbz + ( ) )aﬁzbﬁzagf}g + ..+ ahb’
The length 1s only

(n +1), not 2"

Let us define: 4
i
= Compress{a”) = Las, “ai, ..

n n
B”* = Compress(b”) = b” 15}2, b” bz, ..., b"



Compression Can be Performed for any
Dimensionality (Example for 3D):

a”«b” = (ﬂ . b)P3 = (.ﬂ!‘lbl +agbg +ﬂ353)n

# - 1 Ft R o
= [(a1b1 +azby) + azb;]" = Z (@b + azhy )" " ay by
m

m=[]

H = 11—
=22 ay b b by
m=0 =0 !
#? #1
= b+ ( )a*’flb’flagbg + ( )a*‘fzb*’fzagbé + ...+ ayb;
1 2
1 n n—1
+ ( ) lbm lﬂjbg + ( . )( ) Ebklz zﬂgbgﬂgbg + . +ﬂjbm,

Compress(a®) = ( “la,, aial, )

The length of a” 1s (n+l)+n+. : .+1 (n+1)(n+2)/2



Compression Can be Performed for any
Dimensionality (General Case):

(a1 +ay+...+ay) = Z (mny,n, ... ng)al a3t ..a’f.
it trg=n
Multinomial
! «— .
(11,19, ...,1y) = 1. . coefficients
Hl!ﬂg!...ﬂd!

. -1 . My oM g
Compress(a”) = (a*f,J(ﬂ,n— 1,1,0,...,0)a% ag:,...,J(?’I,?’Ihﬂg,...,ﬂd)ﬂl a’..a; ,...,ag)

S0 we have

a” -« b” = Compress(a”) - Compress(b”)
. 2y MO Hd 3 M g M2 nd
= E (1 m,00,.. 0g)a a ..a b by b
R+ tag=Hs

= (@b +ashy + ... +azhy)" = (a-b)".



What are multinomial coefficients?

(n; ny,n,,...,ny) 1s the
number of ways of
putting » different
objects into d
different boxes with
n, 1n the k-th box

SN —

d boxes

ntn,t...+tn;=n




The length of the compressed vector

1: 1,
2. n+l,
3 -%(n-rl)(n-rZ)?

R Ry
Il

Theorem: If a €R?, then the length of compressed vector Compress(a®), is

ntd—-1 1  (m+1)..(n+d-1)
. (d-1)! |

Proof: We have a basis for induction (see above). Let thig holds for & dimensions.
Consider  + 1 dimensions:

: 7
(((11 + ...+ ad) + adﬂ)ﬂ = Z( )(ﬂ'l + ...+ ad)magff
mn

=0

The number of terms 18 then

() )0

This proves the theorem.




Example of Fast Computation

N -1 v
Vi = Zujq}(yj’xj) = Zcm . (}Zg_x*}m + RESid]_lELL C, = ﬁ Zujex*-xix?l
=1 =0

i=1

Equivalent to:
p-1 ol
Vv = Z C, o Cumpress((yj—x* }m} + Residual, C,, = ﬁ Zujex*'xiC(}mpress(xf"’).
=0 =1

Number of multiplications (complexity) to obtain v;: (111 2D Case!)

_petrl)

Complexity = 1+2+ ... +p 7

"l
— XX
Cy = E e,
i=1

N

Cy = (C11,Cr2) = D u ™™ (xi1,%2),
-1

by
— — X 2 O 2
Co = (C21,C0,C03) = 2 Ugexe (xﬂ:' zxilxiE:xgz):
i=1



Complexity of Fast Summation

Let o be a scalar product of vectors A; and F; of length P(p) (z 1s the truncation number).
Complexity of summation over 7 18 then O(PN).

Complexity of gcalar product operation 1s .

Complexity of Af scalar product operations 15 O(PA) (forj = 1,...,M).

Total complexity 18 O(PAM + PN).

Fast Method 1s more efficient than direct only 1f O(PAL + PN) < O(MN),

so we should have

P(p) < min(ALN)



