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Is That a Factorization?
Scalar Product in d-Dimensional Space

?

complex 

conjugate

Properties of Scalar Product
Factorization of Scalar Product 

Powers
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Is That Factorization?

1) Truncation:

2) Fast summation:

Yes! It is!

Example (Let’s Try To Get 

Explicit Forms in 2D)

The length of an is 2n! This is not factorial!

In d dimensions the length of an is even dn

What to do in practical problems?

Use Compression!

Compression operator:

Required Property:

Consider R2:

Let us define:

The length is only 

(n +1), not 2n

Example of Fast Computation
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Compression Can be Performed for any 

Dimensionality (Example for 3D):

The length of an is (n+1)+n+…+1= (n+1)(n+2)/2

Compression Can be Performed for any 

Dimensionality (General Case):

Multinomial

coefficients

What are multinomial coefficients?

1 d 32 …

d boxes

n objects

n1 n2 n3
nd

n1+ n2 + … + nd = n

(n ; n1,n2,…,nd) is the

number of ways of 

putting n different 

objects into d

different boxes with

nk in the k-th box

The length of the compressed vector
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Example of Fast Computation

(in 2D case!)

Complexity of Fast Summation

General Forms of Factorization 

for Fast Summation (1)

vectors of length p

scalar product

Some parameter 

depending on i

General Forms of Factorization 

for Fast Summation (2)
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General Forms of Factorization 

for Fast Summation (3)

Actually, we even do need continuous variable y,

The problem is to represent all matrix elements in the form

Outline

• Far Field Expansions (or S-expansions)

– Regular Potential (Convergent Series);

– Regular Potential (Asymptotic Series);

– Singular Potential;

• Asymptotic Series

• Approaches for Selection of the Basis Functions

Far Field Expansions

(S-expansions)

R*
x*

y

Might be

Singular (at y = x*)

Basis Functions

Far Field Expansion of a Regular 

Potential

R*
x*

y

xi

R*
x*

y
xi

Can be like this:

…sometimes like this:

|y - x*| > R* > |xi - x*| 

|y - x*| > R* > |xi - x*| 

…sometimes like this:

|xi - x*| > |y - x*| > R*

R*
x*

y

xi
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Local Expansion of a Regular Potential

Can be Far Field Expansion Also

Valid for any r* < ∞, and xi.

Or may be not…

Local Far

Decays at large y

Asymptotic Series

Gauge

functions

Examples of Uniform and Non-

Uniform Expansions
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Example of Far Field Expansion of a Regular 

Function (Using Asymptotic Series)

Example of Far Field Expansion of a Regular 

Function (continuation)

Far Field Expansion of a Singular 

Potential

R*
x*

y

xi

R*
x*

y
xi

Can be like this:

…sometimes like this:

|y - x*| > R* > |xi - x*| 

|y - x*| > R* ≥ |xi - x*| 

…sometimes like this:

|xi - x*| > |y - x*| > R*

R*
x*

y

xi

This case only!

Example For S-expansion of 

Singular Potential
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Let us compare with the R-

expansion of the same function

R-expansion

S-expansion

x*

xiR
S

Singular Point is located

at the Boundary

of regions for the

R- and S-expansions!

What Do We Need For Real FMM

(that provides spatial grouping)

x*

xi

R

S

R*

r*

We need S-expansion for |y - x*| > R* > |xi - x*|

We need R-expansion for |y - x*| < r* < |xi - x*|

r* < R*

Basis Functions

• Power series are great, but do they provide the 
best approximation? (sometimes yes!)

• Other approaches to factorization:

– Asymptotic Series (Can be divergent!);

– Orthogonal Bases in L2;

– Eigen Functions of Differential Operators;

– Functions Generated by Differentiation or Other Linear 
Operators. 

• Some of this approaches will be considered in this 
course.


