Is That a Factorization?
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Scalar Product in d-Dimensional Space

Definition of scalar product:

a=(ay,...az), b=(bi,..ba),
d

asb=abi+. . +azh; = Eakb;,.
=1

a-b =ja|b|cosd,
al = 573,
‘What if
ayen@gby, . by € C ?
complex

Definition: .
_~ conjugate

d /
a-b=aibi+ .. +abs = ) ah.

=1

Properties of Scalar Product

Commutativity:
ash=bea
Scaling:
(Aa)sb=as(1b)=Afasbh), ZeR
Distnbutivity:

(atb)ec=aec+bec

Factorization of Scalar Product

Powers
d 2 d d d
(asb)* = (Zakbk) = Zahbkl Zak:bk:--- Zaknbkn
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—1932Q.©al:[bOb®..®@b]=a"b

a”sb” =(ash)" = (bsa)" =b"sa".

S S}

o= enn y T Ly x et = e 3T ey ox ™

m=0 =0




Is That Factorization?

1) Truncation:
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D(y,x;) = ¥ = e"""’|: LX, o (y—x,)" + Residual, :|
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2) Fast summation:
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m=0

Yes! It is!

Example (Let’s Try To Get
Explicit Forms in 2D)

a = {ay,az),

a% = (ay(ar, el axfana)) = (af,maz a0l ),

a’ = (aflar, @) gL a),aa(anaz),ai(anaz) )
= (@), a}a:,010,01,8:02,0,0% 4,010, 0201,83 ) ...

The length of a” is 271« This is not factorial!

In d dimensions the length of a” is even d”

What to do in practical problems?

Use Compression!

Compression operator:
A" = Compress(a”)

Required Property:
a” « b* = Compress(a”) » Compress(b®}.

Consider R*:
a”«b” = (asb)" = (b1 +ab>)"

- ( " )a?’lb’{"azbz + ( " )a’{’zb’{’zagbg ot aib
1 2
The length is only

(n+1), nol 2”

Let us define:
A" = Compress(a®) = )11 “las, N “al,.a) |,
n n
B” = Compress(b”) = | 57, ( )b’{'lbz, ( )b’{'Zbg,...,bg
1 2

Example of Fast Computation

v 1 ¥
= Zuicb(yj,xz) = Z C ® (yjfx*)m + Residual, Cm = # Z e Nx,
=1 m=0 T el
Equivalent to:
v
= Z Cye Cumpress((yfx* )m ) + Residual, C, = # Zu,e"""’Cnmpress(xfﬂ).
— -1

Number of multiplications (complexity) to obtain v;:

Complexity = 1+2+ .. +p = @




Compression Can be Performed for any
Dimensionality (Example for 3D):

a” e b” = (a+b)” = (@11 + axby + asbs)”

n —
= [(aby + azhs) + asbs]" = (ayby + azby ) aTby
m

m=0
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aibi+ ) a7 b ashy + ) TR+ Lt Al

”n 7 n-1
+ ( ) b ashs + ( )( > @i b asboashs + ...+ alb

The length ot a’is (n+l)+n+...+l_ (n+1)(n+2)/2

Compression Can be Performed for any
Dimensionality (General Case):

(@ +ar+..+ay) = Z (maLm,. . ng)a) ay..ay.
[eE——
Multinomial
_ o i
(01,1, .., 15) = PRFSE coefficients
Compress(a®) = (a’f, ‘/(n;nf 1,1,0,...,O)Q’{’lag,...,J(n;nl no,...ng)aiay.. aZ",...,aZ)

So we have
a” +b” = Compress(a®) « Compress(b”)
= E (L, ..na) ). dy by by by
. tngn

= (mby+azhy + . +auby) = (a+-b)".

What are multinomial coefficients?

(n 5 ny,n,,...,n,) is the
number of ways of
putting n different
: .. e ___— nobjects objects into d

°

e O

o O different boxes with
\ ﬁ n, in the k-th box

d boxes

nm+n,+ ..o +ng=n

The length of the compressed vector

L
n+l,

%(n-v— D(n+2),

o R
I
T S

Theorem: If a €R?, then the length of compressed vector Compress(a®), is

nrd=1\_ (D nrd-1)
" (d-1)! ’

Proof: We have a basis for induction (see above). Let this holds for d dimensions.
Consider d + 1 dimensions:

(@14 o+ ag) +ag)" = Z( : )(m ot ag) Ay

=0

The number of terms is then

()=

This proves the theorem.




Example of Fast Computation
= ﬁusz(yj,xz) = icm . (yfx*)m + Residual, Cm = # iuze"‘""xfﬂ.

Equivalent to:

-1 N

= Z Chpe Cnmpress((yfx‘ }m) + Residual, C,, = # Zu,e"""’Cumpress(x:’”).

=0
Number of multiplications (complexity) to obtain v;:  (in 2D case!)

Complexity = 1+2+ .. +p= @

N
Co = 2 P
=1

W
Ci = (Ci.Cn) = Zﬂnex"x’(lesxzz)s

=1

w
i (2 2
Cy =(Cn,C2,Ca3) = § [ (-x,p Eﬁxn?ﬁz,xiz),

i=1

Complexity of Fast Summation

Let o be a scalar product of vectors A; and F; of length P(p) (p is the truncation number).
Complexity of summation over 7 is then O(PN).

Complexity of scalar product operation is P.

Complexity of M scalar product operations is O{PAM) (forj = 1,...M).

Total complexity is O(PM + PN).

Fast Method is more efficient than direct only if O(PAL + PN) < OMN),

so we should have

P(p) < min(AN)

General Forms of Factorization
for Fast Summation (1)

N
v= 2 u@(y,x), j= 1M

D(y.x} = Zam@,,x*)fm (v, — %} + Error(p,x,.%..¥,)
on scalar product
=alx;,X,) » f(yj -X. ) + Error.
/

How about /" vectors of length p

v; = 2 ue’“*xyj\

=1 Some parameter
depending on i

N
v = 2 udi(y,) or vy) = Zm(y)
=1

More general to have

General Forms of Factorization
for Fast Summation (2)

The potential can be factorized as
Dy(y) = Axs) o Fly —x.)

Generalized product  can be scalar product, contraction, ete. A; and F can be real or
complex vectors, tensors, etc. in p-dimensional space.
Requirements to the product (distributivity with respect to addition)

(0A;+ BA;) o F =0A, o F +A, o .
In this case

N N
Wy) = D ubi(y) = D uA(x.) o F(y —x.) = A(x.) o Fly - x.)
=1

=1

N
A = D uA(x)

=1

‘We do not need commutativity of o (i.e. we do not request A, o F = F o A)(1).




General Forms of Factorization
for Fast Summation (3)

Actually, we even do need continuous variable y,
The problem is to represent all matrix elements in the form
D, =A,F,;

then

N N N
v =2 ud, = ¥ u(A o F) = (ZU,A,) oF,.
=1 =1

=1

Outline

* Far Field Expansions (or S-expansions)
— Regular Potential (Convergent Series);
— Regular Potential (Asymptotic Series);
— Singular Potential;
» Asymptotic Series
» Approaches for Selection of the Basis Functions

Far Field Expansions

Let (S-expansions) wiighi be
Singular (aty = x.)
Basis Functions

We call expansion //

Dy = D bax XISy - X,)

=l

x, € R4

far field expansion (or S-expansion) outside a sphere

y—x,] > R., ey

if the series converges for ¥y, [y —x,| > R..

ly - Xl > R. > Ix; - x.l

Far Field Expansion of a Regular

Potential
...sometimes like this:
...sometimes like this: x*
y L]
Can be like this:
y
IX; - Xul > 1y - Xl > R,

ly - X > R > Ix;- Xl




Local Expansion of a Regular Potential
Can be Far Field Expansion Also
Valid for any r. < o, and x;
D) = e 0 = iam(xl,x*)Sm(y—x*).

m=0

We have

ei('wxx)Z = Z Sm(xi — Xy )Rm(y - x*) = Z Rm(xi — Xy )Sm(y - x*)

m=0 m=0

om >
Rm(x) = Sm(x) = m_' e™x™, m=0,1,...

e

Or may be not...

Decays at large y

w v © oy
—mx)® Z P — x4 )(}l—'x*) _ Z wh,@ —x))
=0 . =0 :

/ /

Local Far

Asymptotic Series

S €) = fo)pote) +A1OPLE) + (P2 (E) T = D fulx)pa(E)
n=0 4
/

|
Gauge
functions

Pale) _
=0 Purr(€) o

-1

€)= D2 La@pnle) = Of(x)pp(€))

=0
The asymptotic expansion is #niform in domain x € Q if

-1

VreQ, |flme) - D fux)gate)| = Olgn(e)).
7=0

Otherwise the asymptotic expansion is not uniform.

Examples of Uniform and Non-
Uniform Expansions

Example of uniform expansion:

flae) = x-}-p x> 10

X

ey = L8y - Ly EUe
2=

Example of non-uniform expansion:

flxye) =e", xeR!

o<x = 2 : €"x”
n
=

Prove that! (Hint: consider x > €71).




Example of Far Field Expansion of a Regular
Function (Using Asymptotic Series)

1 y-x)°

D) =

Let

VX

1

Dle,x, —x.) =€ E =e? 1
1+[5i7(x17x*)]2 e+ (1-ex)?

= ezf(x,e), X=X —Xs
[ W 2” "
Jwe) 2+ (l-ex)? nzofn(x)e

Sy = L e

=0

1 _ 1 -
L+(r-x)%  1+y-x—-x00 -3 1+ [y—x.— @ -x)]

Example of Far Field Expansion of a Regular
Function (continuation)

Joxy =1,
A = LEEL| -
fuy = LEEO N ey,

2 e g

1 - 1
CD s’xl = fn-xyix* E3
(3.%:) @7x022% ¢ o
y2 100, x,=1, x =0,

e=10"2 x=1

Dlrx) - [1M}

e . <el(3xP-1)=2.10"

Far Field Expansion of a Singular

Potential \m /
...someNmes like ghis:
.N?metimes like this: 0

Can be like this:

IX;- Xl > ly - x.l >}?*

ly - X > R > Ix;- Xl
.

//Wy&b&zqu

This case only!

Example For S-expansion of
Singular Potential

R

1 1 - 1 _ 1 [l—x‘ix* ]—1
¥ YK — (X — ) (y,x*)[lixrx.] G—%) =1 .

Foxe

[1—’;:;‘: ]’1 - i (xrx‘)m) (M ——

D(y,x,) = ibm (X0 )Sm (%4 ),

m=0
b, a) = (5 —%a)7, m=0,1,..,
Sm(3%a) = (P—x)™, m=0,1,..




Let us compare with the R- What Do We Need For Real FMM

expansion of the same function (that provides spatial grouping)
=] < i — 3 R-expansion
Dly,x;) = iam(x,,x,.)Rm(ny‘), S
A (X %) = —(x%— %)™, m=0,1,.., X;
Ru(yx) = (p-x.)", m=0,1,.. *\
=] > oy =2 l S-expansion \ r«< R
)

D(y,x;) = ibm(x,,x*)sm()kx*),

m=0

Singular Point is located
at the Boundary

et of regions for the
Snly—2a) = p=x)™, m=0.L.p g S-expansions! We need S-expansion for ly - X. > R. > IX; - X.!

We need R-expansion for ly - x.| < r. < Ix; - x.l

bw(Xixs) = (X —x4)", m=0,1,..,

Basis Functions

* Power series are great, but do they provide the
best approximation? (sometimes yes!)
* Other approaches to factorization:
— Asymptotic Series (Can be divergent!);
— Orthogonal Bases in L,;
— Eigen Functions of Differential Operators;
— Functions Generated by Differentiation or Other Linear
Operators.
* Some of this approaches will be considered in this
course.




