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Outline

Translation of Elementary Solutions for 3D
Laplace Equation

Differentiation of Elementary Solutions

Recursive Computation of Translation
Matrices

Rotation of Elementary Solutions

Decomposition of Translation into Rotation
and Coaxial Translation Operations



Translations of elementary solutions of

the 3D Laplace equation
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Translations of elementary solutions of
the 3D Laplace equation (2)
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SE(rp) = D (ST 0S5 (rg),  Irgl > Il
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Differentiation of Multipoles
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We introduce also operators
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Operator D,

r =r(sinfcosg,sinfsing,cosd),
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Dz=p§r+ r,u 86,1: f = cos@.

We will use the following recursions for the Associated Legendre Functions
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Operator D_(2)
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Operator D_(3)
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Operator D_(4)

Summary:
We proved that
D.R7(r) = a7R” (r), D,SP(r)=-a’ S (1),
m_ |2+ 1,2 0
- \/zn—1(” ).,
where
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Ry(r) =r*Y7(0,¢9),
Sp(r) = r Y7 (6, 9).



Operators D, and D,
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Recursive Computation of
Translation Coefticients

e )
R7(rp) = DD (RIR)T (rp RS (ry).

=0 a=—i
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D.R}(rp) = DRy (rg +1p,) = D D (RIR)T(rp )D-R3(ry),
=0 5=

Similarly,
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D.S7(rp) = DoSp(rg + 15,0 = D Y (SR () DR (rg), [rpg| > [rl.
=0 s=—i

oo )
D.SP(ry) = DS (rg +1p,) = D D (SI)T (rp )D:S5(rs), 1yl < Irgl.
=0 s=—i



Recurrence for R|R based on D,

On one hand:

o !
D:R}(rp) = @Ry (r,) = D D ai(RIR)TL (rp )R(ry).
=0 a=—i

On the other hand
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Recurrence for S|R based on D,

On one hand:

oo !
D.SP(rp) = —alh St (rp) = D (=al (SR (RS (ry).
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On the other hand
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Recurrence for S|S based on D,

On one hand:

D.S7(ry) = —ar, ST (rp) = ZZan+1<S|S>m1<rpg>Sf<rg>.
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On the other hand
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More General Form of Recursions (valid
for 3D Laplace and Helmholtz Equations)

V2 + k2D = 0,

ﬂ?—1(E|F:'Eﬁ—1(r;q) - ﬂ?(E|F)if+1(l'_;g) =
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Other Recursions (valid for 3D Laplace
and Helmholtz Equations) Can Be Found
In Our Technical Report

Gumerov, N.A. & Duraiswami, R.,

“"Fast, Exact, and Stable Computation of Multipole
Translation and Rotation Coefficients for the 3-D
Helmholtz Equation,"

University of Maryland Institute for Advanced
Computer Studies Technical Report UMIACS-TR-\#
2001-44, Also CS-TR-\# 4264. (Available at
http://www.cs.umd.edu/Library/TRs/CS-TR-
4264/CS-TR-4264.pdf)



Recursive Computation of Translation Matrix,
Example for (S|R) and 3D Helmholtz

Tesseral Coefficients

[ 4 [ &

(I+1,n) (I+1,n)

{e’,ﬂ-l]/]\' (Lnt1) {;’,n-l)-—\‘n (Lntl1)

(I-1,n) (I~1,m)

> -
H H

5,m = const



Recursive Computation of Translation Matrix,
Example for (S|R) and 3D Helmholtz (2)

Tesseral Coefficients

s L,

N, N, n || n
§,m = const



Recursive Computation of Translation Matrix,
Example for (S|R) and 3D Helmholtz (3)

Sectorial Coefficients

—m g0t 1 - a—1.m a—1.m
b (SIR )y = DY (SIR) o = B (SIR) S

b &—m—1 5 1,—m 1,—m
m+11(S|R)Em+1 = b;(S|R)T1m b.é'+1 (S|R)?:1,m >
I=01,... s=-L..f, m=0,1,2,...
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(a—mm—1{n—m)
J (2n—13(2n+1y 7 O<m<n,
b = < _ [rmDiom) _ ,
? J (20=13(2n+1y ° n<m< 0
0:‘ |m| } H:‘
-

and the recurrence process starts with

(SIR)S (rpg) = NAm (-1)'S7°(rp,), (SR (rpy) = JAmSy(ry,).
Symmetry relation

(R = CUMERD, 1= 0,1,2,., §=—h..,l, m=-n..n



Recursive Computation of Translation Matrix,
Example for (S|R) and 3D Helmholtz (4)

Sectorial Coeftficients




Recursive Computation of Translation Matrix,
Example for (S|R) and 3D Helmholtz (5)

Sectorial Coeftficients




Coaxial Translation

Particular case when translation vector is aligned with the z —axis:

! o=
pg = Fpgl

r pgiz

(EIF)7(rpg) = (E|F)(r,

F

i) Ln=0,1,.. m=-n,..,n (EF)=/(5R),(SS),(RR)

SEry) = D SR R, [rgl < [rpgls

=l |

SEry) = D (SIS (re)Siry),  [rgl > g,

=l

Ry(rp) = D (RIR) (rhg RS (ry).

=l |



Rotations of coordinates




Rotations of elementary solutions of the 3D
Laplace equation (also 3D Helmholtz)

Rotations

rp.9) = > IO {0.9),

v=—n

Sy (rp) = Zﬂm(Q)S;(Fp): Tpl = |1,

v=—n

R7(rp) = D TP(QRY(F,).  [Fol = 1),

v=—n



Recursive Computation of Rotation
Coefficients

me.e) = 3 T (8.6},

ﬂm{ga,wa,xj _ Ez‘mrg—z'vm'anm(Ea). |

Recurrence relation

wamtl 1 l —=lgq _ : s TR | ' v=lam ] ¥ At T
J2 {E[bn (1- cos8 VHY 251+ cosg )R | @y sind Hy" |,

n==25 ... v=—-n+1l ... 8-1 m=10 . 1n-2

Imitial Values
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Rotation-Coaxial Translation

Decomposition
Rotation
4 Z g
Z
Coaxial Translation
SE(F+isd) = X (SRPF(T),  [F]<d,
I
ST +ied) = D(SRDSTE), 7] = 4, o) = 3 TG0}, | o | [ib fip b s -
Hm| ¥=—0nN 1o o1, |1z "1, |1z =
R (F+isd) = 3 (RRT(IR(T).
I

(B|F )5 (d) = E(E|F}§m(d]|g;w_n, EF=4R




Decomposition into Subspaces

7 (r) = i iAfF;#(r) - i iA;FFZE(r) =A.F, F=SR

=0 m=—n m=—p n=|m|

A=A"GAY®.. = D BA",

PH=—00

where

= (47 A"

22 Imlﬂ’

T
Mg ) s M= 0,212

and as the direct sum of finite blocks A, corresponding to degree m2 :
A= ABAD... = D DA,

where

A, =47, AN, n=0,1,2,...



So the coaxial translation operator has
invariant subspaces at fixed order, m,
while the rotation operator has invariant
subspaces at fixed degree, n.

Coaxial Translation:

(SIR)=(SR)’G(S|R)*'@... = D @(SIR)",

FH=—02

Rotation

(S[R)=(S|R),&(SIR),®... = ) ®(S|R),,
n=0



