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Outline
• Translation of Elementary Solutions for 3D 

Laplace Equation
• Differentiation of Elementary Solutions
• Recursive Computation of Translation 

Matrices
• Rotation of Elementary Solutions
• Decomposition of Translation into Rotation 

and Coaxial Translation Operations



Translations of elementary solutions of 
the 3D Laplace equation



Translations of elementary solutions of 
the 3D Laplace equation (2)



Differentiation of Multipoles



Operator Dz



Operator Dz (2)



Operator Dz (3)



Operator Dz (4)
Summary:



Operators Dx+iy and Dx-iy 

Summary:



Recursive Computation of 
Translation Coefficients



Recurrence for R|R based on Dz



Recurrence for S|R based on Dz



Recurrence for S|S based on Dz



More General Form of Recursions (valid 
for 3D Laplace and Helmholtz Equations)



Other Recursions (valid for 3D Laplace 
and Helmholtz Equations) Can Be Found 

In Our Technical Report

Gumerov, N.A. & Duraiswami, R., 
``Fast, Exact, and Stable Computation of Multipole 
Translation and Rotation Coefficients for the 3-D 
Helmholtz Equation,'' 

University of Maryland Institute for Advanced 
Computer Studies Technical Report UMIACS-TR-\# 
2001-44, Also CS-TR-\# 4264. (Available at 
http://www.cs.umd.edu/Library/TRs/CS-TR-
4264/CS-TR-4264.pdf)



Recursive Computation of Translation Matrix, 
Example for (S|R) and 3D Helmholtz

Tesseral Coefficients



Recursive Computation of Translation Matrix, 
Example for (S|R) and 3D Helmholtz (2)

Tesseral Coefficients



Recursive Computation of Translation Matrix, 
Example for (S|R) and 3D Helmholtz (3)

Sectorial Coefficients



Recursive Computation of Translation Matrix, 
Example for (S|R) and 3D Helmholtz (4)

Sectorial Coefficients



Recursive Computation of Translation Matrix, 
Example for (S|R) and 3D Helmholtz (5)

Sectorial Coefficients



Coaxial Translation



Rotations of coordinates



Rotations of elementary solutions of the 3D 
Laplace equation (also 3D Helmholtz)



Recursive Computation of Rotation 
Coefficients



Rotation-Coaxial Translation 
Decomposition
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Decomposition into Subspaces



So the coaxial translation operator has 
invariant subspaces at fixed order, m,

while the rotation operator has invariant 
subspaces at fixed degree, n.


