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Outline
• Review
• Vector analysis (Divergence & Gradient of potential)
• 3-D Cartesian coordinates & Spherical coordinates
• Laplace’s equation
• Solution by separation of variables
• Elementary solutions in spherical coordinates
• Boundary conditions
• Green's function & Green's theorem
• Boundary element method
• Generation of multipoles from differentiation
• Translation theory ...
• Rotation and translation



Review of vector calculus

• Rate of change of a scalar function Rd → R:  f(x)
∇ f = ∑i ei∂ f/∂ xi

• What about vector functions Rd → Rd:  D(x)
• We can define several derivatives

– Component wise gradient
• Produces a higher order object

– Divergence
– Curl

• What is a vector function? E.g., velocity, or electric field
• A scalar quantity that can be defined is the “flux”
• - amount of stuff that crosses a surface



Definitions of div, grad and curl
• Also can define a vector quantity --- the cross product with 

the normal
• Taking a closed surface and shrinking it to zero we get
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Differential Viewpoint

• Divergence of vector at a point P is a scalar which 
measures the “spreading” of the vector field

• Curl of a vector field at a point measures the amount of 
swirling or spinning.



Gauss Divergence theorem

• In practice we can write 
• ∫S n (anything) = ∫V ∇ (anything)



Laplace’s Equation

• If there are no sources of material then flux will be zero
• So we have div(u) = ∇ · u =0
• If u  arises as the gradient of a scalar function 

u=∇ f
• Then div(u) = ∇ · ∇ f = ∇2 f = 0
• To obtain f inside a domain we can solve Laplace’s

equation with boundary conditions



Cartesian Coordinates

• Nabla operator: ∇ = ex∂/∂x +ey∂/∂y+ez∂/∂z
• Laplacian: ∇ · ∇ =∂2/∂x2 +∂2/∂y2+∂2/∂z2



Spherical coordinates
• ∇ = er∂/∂r +eθθθθ /r ∂/∂r+eϕ /(r sin θ) ∂/∂ϕ
• ∇2 =∇·∇=∂2/∂r2 +2 /r ∂/∂r + 1/r2 ∂2/∂θ2+(r sin θ)-2 ∂2/∂ϕ2



Spherical coordinates

• x=r sin θ cos ϕ
• y=r sin θ sin ϕ
• z=r cos θ
• r= (x2+y2+z2)½

• ϕ=tan−1 (y/x)
• θ=tan−1 (x2+y2)½/z
• Gradient operator:



Differential Forms of the Gradient
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Differential Forms of the Divergence
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Differential Forms of the Curl
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Separation of Variables             
• Usual way to solve Laplace’s equation on simple 

geometries
• Assume a solution of the form X(x)Y(y)Z(z)

– (Factorization just like FMM)

• Get three equations and Solve them
• Apply boundary conditions to fix coefficients/constants



Spherical Coordinates

• Assume solution is of the 
form R(r)Θ(θ)Φ(ϕ)

• Solve



Fundamental Solution

• Response to δ function  input
• ∇2 G = δ
• ∫ f(x’) δ (x-x’) d3 x = f(x)


