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Review

Vector analysis (Divergence & Gradient of potential)
3-D Cartesian coordinates & Spherical coordinates
Laplace’s equation

Solution by separation of variables

Elementary solutions in spherical coordinates
Boundary conditions

Green's function & Green's theorem

Boundary element method

Generation of multipoles from differentiation
Translation theory ...

Rotation and translation



Review of vector calculus

Rate of change of a scalar function R4 — R: f(x)
Vf=2,€0f0x,
What about vector functions R4 — Rd: D(x)

We can define several derivatives

— Component wise gradient \ /

* Produces a higher order object

— Divergence
— Curl

What 1s a vector function? E.g., velocity, or electric field
A scalar quantity that can be defined is the “flux”

- amount of stuff that crosses a surface



Definitions of div, grad and curl

* Also can define a vector quantity --- the cross product with
the normal

* Taking a closed surface and shrinking it to zero we get
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Differential Viewpoint

* Divergence of vector at a point P 1s a scalar which
measures the “spreading” of the vector field

) o & 0 9F, 0OF, OF:
F o= 9 9] 0fs
v [da*dydz] 9z ' oy ' oz

£

* Curl of a vector field at a point measures the amount of
swirling or spinning.
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Gauss Divergence theorem

* The volume integral of the divergence of a vector field
equals the total outward flux of the vector through the
surface that bounds the volume.

IVongzchOdE S
V
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Proof follows from the
definition of divergence.

 In practice we can write
* [¢n (anything) = [, V (anything)



Laplace’s Equation

If there are no sources of material then flux will be zero
So we have div(u) =V - u =0
If u arises as the gradient of a scalar function

u=V f
Then div(u) =V -V f=V2f=0
To obtain f 1nside a domain we can solve Laplace’s
equation with boundary conditions



Cartesian Coordinates

ut = x, OO < X < 00, ¥ g-const  x.- const
iy, —oe<y <<-oo, - el
#d =z, — o0 7 <+

- const e
Surfaces of constant x, ¥, or z ¥ |

are mutually orthogonal planes
(Fig. 1.01}.
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Fig. 1.01. Rectangular coordinates [#, y, 1}, Coordinate surfacez are
the planes: 1 = conat, ¥ = conat, 1= const

» Nabla operator: V = e d/dx +e d/dy+e.d/ oz
« Laplacian: V - V =c#/dk? +%/dy*+*/cd:?



Spherical coordinates

* V=eddr +ey/r dort+e,/(rsin 0) ddp
o V2 =V.V=F/or’ +2 /r dor + 1/’ F/dF+(r sin )2 F#/d¢?

W, Q5r<oo,
g W8, 0586<nm,
=g, 0Se<ln.

x = rsinBeosy,
y = rsinfsing,
re=yeos 8.

Coordinate surfaces are

{ o {half planes, ¢ = const). }
h% \ The Stickel matrix may be written
L LE7 :

{ o gt 0
[51;{9 1 utfsin*ﬁ}-

¥ig. 5.05. Sphericsl coondinates (r, 6, pi, Coondinate sur- Y G f
faces re sphores (¢ == comst), clreular omon 8 = const), and Sﬂ‘i M =
half places {y = comal} * ii *




Spherical coordinates

X=r sin 0 cos @

y=r sin O sin @

7=T1 cOoS O

r= (x*y>+z?)” P
@=tan"! (y/x) x

O=tan! (x>+y?)"/z
Gradient operator:



Differential Forms of the Gradient

grad® =Vo
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Differential Forms of the Divergence

04, , 94, 04
ox dy oz

r or r 080 oz

zar2Ar+ 1 8A9s1n9+ 1 d4,

V(
19rd, 194y 94 = (é,, J 4 €0 +ézi).21
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Ditferential Forms of the Curl

curld=—-Lim,_, é d 4xiids
AS

i J ok é. ép e e, reg rsinbe,
curlA=Vx A= o 9 _1! J J 9 = ] o 9 i

ox dy 0z| r|or 06 0Jz| ’sin@|or d0 ¢

Ac A, A A rde A A- rAde rsind 4,

Curl of the velocity vector VxV =

twice the circumferentially averaged |
angular velocity of h\; | Z{( L
-the flow around a point, or é\‘kl J/Z 7
-a fluid particle | |
=Vorticity Q




Separation of Variables

Usual way to solve Laplace’s equation on simple
geometries

Assume a solution of the form X(x)Y(y)Z(z)
— (Factorization just like FMM)

Get three equations and Solve them

Apply boundary conditions to ﬁx coefﬁc1ents/constants

"'___dx

dx’

N

dy'
da*Zz

2z rpz=o0,

d 'X

dj.r'
drZ
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If dy = p* and oy =¢*,"

— @+ X =0, {04}* X= Aoty B,-—trw}i .

Y +Y =0,

fo4)} Y=Asmﬁy+ Beospy.
{04} Z =Asingz{ Bceosgaz.

If ay=p* and a3 = — g%,

—_ (Pt_ i) X =0, {04} X=A Q(P'-f!'}il + BG—IP'—-E"J;#‘

X 1pY =0,

—g*Z =0,

{04} Y =Asinpy - Bceospy.

{04 Z=Ae&#*+ Be ¥ .



Spherical Coordinates

Assume solution is of the
form R(1r)©(0)D()
Solve

General case

@R 2 dR _ap
drl ¥y dy 1t =0,

Oty _
d3,+ H;__MJr(a.:a -—-—sm,ﬁ)@ﬂ—o,

If ay=p(p + 1) and og =g,
{22} R=Ar+ By~ +h),

AR | 2 dR _ plp+1) p
W_I_f dr N & R 0,
I
28 1ot 048 4 [pp+1)— iy |0 =0, {222} 6 =4F(cos0)
+ B2 (cos §).
d'w_]_glfff:o, {04} W = 4 singy -+ Bcos gy.



Fundamental Solution

* Response to 0 function input
¢« V2G=09
¢ [f(x’)0(x-x")d’x=1(x)

N OP riniie o NV € ) )
Px) = -[ [ LyGey) -PmSExy) Jasy).  xe
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