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Summary of requirements for 

functions that can be used in FMM



Summary of requirements for 

functions that can be used in FMM (2)



Both Types of Function 

Representations Considered 

satisfy these requirements

When using the diagonal forms of translation operators, 

we understand that representing vectors A and B are 

samples of the signature function at the quadrature nodes 

and S- and R- basis functions are samples of the singular 

and regular kernel at the same nodes. Operation ° means 

weighted dot product (with the quadrature weights).



Adaptive Multilevel FMM

Some History:

• J. Carrier, L. Greengard & V. Rokhlin,

A fast adaptive multipole algorithm for particle simulations. SIAM 

J. Sci. Statist. Comput. 9, 669, 1988.

• L. Van Dommelen & E.A. Rundensteiner, 

Fast, adaptive summation of point sources in the two-dimensional 

Poisson equation. J. Comp. Physics, 83, 126-147, 1989.

• H. Cheng, L. Greengard & V. Rokhlin, A fast adaptive multipole 

algorithm in three dimensions.

Here we present a new version and interpretation

of AMLFMM



What Does Mean ``Adaptive”?

• The number of operations depends on data sets.

• Skipping boxes that do not contain sources and 

evaluation points in FMM is the first step of 

adaptation (one should not go through all boxes).

• Fully adaptive method should be able to design 

the computational process depending on 2 data 

sets: Source and Evaluation Points.

• The regular multilevel FMM uses pyramid data 

structure, while for the adaptive method we use 

tree (and/or forest) data structures. 



General Idea

1). Potential at any level of hierarchical space subdivision can be computed 

as 
Contribution of neighborhood

Contribution of all other sources

2).



General Idea (2)

5).

4).

3).



General Idea (3)



Setting Data Structure. Step 0.

Generate the same data structure as for regular MLFMM.



Setting Data Structure. Step 1.
Determine the Set of Target Boxes.



Example of Determination of Target Boxes
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In this example target boxes are shaded. Each of them contains not

more than 3 source points in the neighborhood.



Setting Data Structure. Step 2.
Build D-tree.

Consider Step 2 of the MLFMM Downward Pass.

To compute D for a box we need D for the Parent of this box



Setting Data Structure. Step 2 (2).
Build D-tree.

Algorithm



Setting Data Structure. Step 2 (3).
Build D-tree.

Example

D-tree

Target Boxes



Setting Data Structure. Step 2 (4).

Build D-tree=D-tree.
Consider again Step 2 of the MLFMM Downward Pass.

To compute D for a box we need D for the Same box
~

~



Setting Data Structure. Step 3 (1).

Build C-set.
Consider Step 1 of the MLFMM Downward Pass.

To compute D for a box we need C for the I4 neighborhood
~



Setting Data Structure. Step 3 (2).

Build C-set.



Setting Data Structure. Step 4 (1).

Build C-forest.



Setting Data Structure. Step 4 (2).

Build C-forest.

Algorithm



Setting Data Structure. Step 4 (3).

Build C-forest.

C-set

D-tree˜

C-forest

C-set

D-treeD̃-tree˜

C-forest



Upward Pass (1)

• For each Tree in the forest can be computed

independently;

• Skipping unnecessary translations, computing all

leaves directly;

• Skipping unnecessary translations when going 

Upward.



Upward Pass (2)



Upward Pass (3)
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Downward Pass



Final Summation



Comparison of the Regular and 

Adaptive FMM. Sources (blue) 

distributed uniformly over the 

sphere. Targets (red) distributed 

uniformly inside a larger sphere.



Comparison of the Regular and 

Adaptive FMM. Gaussian 

clusters of sources (blue) 

distributed uniformly in side a 

cube. Targets (red) distributed 

uniformly inside the same cube.


