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Summary of requirements for
functions that can be used in FMM

) We have two sets of points:

a4 .
XK={x1,Xo,..Xy}, X; €R? i=1,..N

Y = {y,¥p-u¥yb ¥, €RY j=1..M

u We have functions (potentials):
Ox,,y) :R‘=>R, vyeR? i=1,.N

u These functions can be factorized as (local expansion):

Ox,Ly) = AXLx. ) o Ry—-x,), [y-Xi|<r<x;—x,|, i=1,..N
u These functions can be factorized as (far field expansion):

Ox;,y) = B(x;,x, ) o S(xX—X,), [V-X.|>R>x;—Xx,|, i=1,..N
u The product 1s distributive operation with respect to addition

(A +uAy) o F=uAjoF+uA, oF, F=S8SR



Summary of requirements for
functions that can be used in FMM (2)

u R-expansion coefficients can be R|R-translated:
X — Xaz| < X = Xag| = [Xu1 —Xu2|
AXXa2) = (RIR) (X2 — Xu1 JAX;,X41)
u S-expansion coefficients can be S|S-translated:
X — Xuo| > [X41 — Xuo| + X — X4t
B(x;,X.2) = (S|S)(Xs2 —X,1)B(x:,%,41)
u S-expansion coefficients can be S|R-translated (converted to R-expansion coefficients)
X — Xuo| < [Xu1 — Xuz| + X — X1,
A, X)) = (SIR)(X.p — X)) B(X;, X,
[} And we are looking for sums:

N
v, = > udy.x), j=1,..M
i=1

u Some generalization are possible, say mstead of O(y;,x;) we can consider ®,(y ), etc.



Both Types of Function
Representations Considered
satisty these requirements

When using the diagonal forms of translation operators,
we understand that representing vectors A and B are
samples of the signature function at the quadrature nodes
and S- and R- basis functions are samples of the singular
and regular kernel at the same nodes. Operation ° means
weighted dot product (with the quadrature weights).



Adaptive Multilevel FMM

Some History:

e J. Carrier, L. Greengard & V. Rokhlin,

A fast adaptive multipole algorithm for particle simulations. SIAM
J. Sci. Statist. Comput. 9, 669, 1988.

e .. Van Dommelen & E.A. Rundensteiner,

Fast, adaptive summation of point sources in the two-dimensional
Poisson equation. J. Comp. Physics, 83, 126-147, 19809.

e H. Cheng, L. Greengard & V. Rokhlin, A fast adaptive multipole
algorithm in three dimensions.

Here we present a new version and interpretation
of AMLFMM



What Does Mean ~ Adaptive”?

e The number of operations depends on data sets.
 Skipping boxes that do not contain sources and
evaluation points in FMM is the first step of
adaptation (one should not go through all boxes).
 Fully adaptive method should be able to design
the computational process depending on 2 data
sets: Source and Evaluation Points.

e The regular multilevel FMM uses pyramid data
structure, while for the adaptive method we use
tree (and/or forest) data structures.



General Idea

1). Potential at any level of hierarchical space subdivision can be computed
as

Contribution of neighborhood
/ .

Oy)= D 'i)(yj)+D(”f3'fc: Ry, —x), y, € Ex(n,D).
xisEa(nd)

Contribution of all other sources

2). Therefore for each point y, we can determine a level /; of the space subdivision at which
the number of sources in the neighborhood does not exceed some prescribed number ¢ and
the cost of direct computation of the field of sources in the neighborhood is Ofg).

To determine the second term in the right hand side we need to compute coefficients
D% only for level / = /; < L that is specific for each point y; and is determined by the
number of points of the set X in the neighborhood of that point. The set of box numbers and
levels (n,/;), j = 1,....,Md, for which we need to evaluate y, will provide a set of fargef boxes
for which we need to obtain D4,



General Idea (2)

3). To compute coefficients D% we will construct a tree which will show what other

coefficients D", / < /; are needed to obtain the value of D%%). We will call such tree as

: reind) :
D-tree. Since DY) depends not only on D% but also on D ', we will also construct a

ne : : : re(n,d) : :
D-tree, which shows the entire set of coefficients D~ that 1s needed for computation of
DOy

4). More detailed look at the formulae for computation of coefficients show that the D-tree
1s the same as the D-free.

5). Further, we will build a C-forest (which may be a single tree or a union of several
treeg), that will contain the numbers and levels of boxes, (7, /), for which we need to have

: . eind) _ —
C») coefficients to obtain D~ and further D% belonging to the D-#ree and D-free.



General Idea (3)

The described scheme 1s:
u Adaptive, since it provides the level of the box specific for each pomt y,, which depends
on the both sets 3 and V.
u Presumably more economic than the regular FMM, since 1t 18 seeking for computation of

the coefficients that are necessary to achieve the objective and does not need
computation of unnecessary coefficients.

u Presumably more accurate than the regular FMM, since it avoids unnecessary
translations.



Setting Data Structure. Step 0.

Generate the same data structure as for regular MLFMM.



Setting Data Structure. Step 1.

Determine the Set of Target Boxes.

The first step of the present adaptive algorithm includes determination of all target boxes
and an appropriate number of levels of the hierarchical space subdivision. This depends on
the prescribed number ¢ that 1s the maximum allowed number of sources which can be
summed directly to evaluate the potential due to these sources. All these tasks can be
performed within one step procedure that algorithmically can be described as follows. In our
notation we denote the set of target boxes as T and the number of levels in the hierarchical
space subdivision as L. The set of target boxes at level / we will denote as T;. So
T="T,U..UT;.

Il Set the level of consideration / = 2 and the remaining set of the evaluation points
Voo = .

E For each box (rn,/), that contains a point ¥, € Y yere find the number N,, of points
X; € Eqx(n D).

EN if vV, < g refer the box (1, /) to the set of target boxes T; and exclude all ¥, € Ei(n,1)
from the set YV ,.,,,.

n If % ,., = @, set the maximum number of levels £ = / and stop the procedure, else
increase the level, / = /+ 1, and repeat steps 2-4 of this algorithm.



Example of Determination of Target Boxes

In this example target boxes are shaded. Each of them contains not
more than 3 source points in the neighborhood.
Box level number
Evaluation

Point \ . /

Source
Point




Setting Data Structure. Step 2.
Build D-tree.

Consider Step 2 of the MLFMM Downward Pass.
©F) (x) = DD o R(x - xI),

e (32,0 'y .
DD =D + (R|IR) (xg’g - xg’g’f))D(” U n' = Parent(n).

To compute D for a box we need D for the Parent of this box



Setting Data Structure. Step 2 (2).
Build D-tree.

Algorithm

Let us denote the set of the boxes in the D-tree as . We also denote through I); sets of boxes
in the D-tree atlevel / = 2, so D = I, U ... U ;. The tree can be generated from the target

box set by applying function Parernt until the level / = 2 reached. In other words 1f box
(n,[) € D, I > 2, then box (Parent{n),/— 1) € II. The algorithm here is straightforward:

Il Refer all target boxes at the finest level of space subdivision Z to set Iz and set / = L.
E If / = 2 stop the procedure, else set / = /— 1 and perform steps 2-4 in a loop.

E Determine { Parent{n),[) for all boxes from D, ; and refer them to set ;.

ﬂ Make a union of I); and target boxes T; and return the result back to ID,.

Note that in the D-tree all target boxes represent /eaves of the tree (in other words end
points for each branch of the tree). So T 1s the set of all leaves in the D-tree and T, 1s the set
of leaves of this tree at level / = 2, ..., L.



Setting Data Structure. Step 2 (3).
Build D-tree.

Example
Target Boxes

D-tree

O 0
0)e) O
o) = O
O
O o) O of( 94+
0
O O
O
O O 5
O O OO
0 0




Setting Data Structure. Step 2 (4).

Build D-tree=D-tree.
Consider again Step 2 of the MLFMM Downward Pass.

L) (x) = DD o R(x - xI),

(2.0} . ,
DED =D + (RIR) (xE” D xE”’f))D(” SO n' = Parent(n).

To compute D for a box we need D for the Same box



Setting Data Structure. Step 3 (1).

Build C-set.
Consider Step 1 of the MLFMM Downward Pass.
W) = D" o Rx - x),
B Z (S‘R)( G (J))C(x*,;)_

"eiglnl)

!z.W

To compute D for a box we need C for the /4 neighborhood



Setting Data Structure. Step 3 (2).
Build C-set.

C is the set of boxes for which we need to compute C*¥.
C =C, 1J...1JC;_q (for each level)

n For levels / = L to / = 2 perform the following operation.
BB For each (n,7) € D, refer boxes € I,(n,[) and contain points of X to C;.



Setting Data Structure. Step 4 (1).
Build C-forest.

The C-forest as 1t 1s clear from this name has a different structure than D-tree. We
congider the structure called “forest’ as a umon of X trees. The number X of these trees
depends on the D-tree and the source data set X, and we will determine it within the
algorithm that constructs the C-forest. We denote these trees as C!,...,C*. These trees are
independent, so

CqMy =0, k+=j, C=C'u..uCk

Each tree will have its own coarsest and finest level, which we denote as /; and £,
respectively, £ = 1,...,K. All these levels are inside the range 2 < /, < L; < L, and will be
determined within the algorithm provided below. We also denote as C; the sets of boxes in
the C-forest atlevel / = 2, so C =C, | ... I C;_;. The boxes of level / can belong to different
trees. We denote the set of boxes at level / that belongs to the k-th tree as CF. It follows from
the defimtion that Cf = C* N,



Setting Data Structure. Step 4 (2).
Build C-forest.

Algorithm

Determine K, /;, Ly and sets Cf, /= 2,..,L, k= 1,..,K.

ll Find the number of elements P; in the set C,. Set K = P, and K =[1,....K]. For
k=1,.. Ksetl, =2, andrefer each element to C%.
E For / = 3,..., L perform the following loop.

EM For & € K find sets G¥ = Children(CF ) N C,. IfG* = 0, refer all elements of G* to C¥,
else exclude & from the set K and set £, = /- 1.

ﬂ Find the number of elements P; in the set C;‘x( || Gf ) Increase K = K + P,
kelk

K=KUK+1,.,K+P]Fork=K+1,.,K+ P;setl, =/ andrefer each element

of@‘a( | ] Gf) to CF.

ek



Setting Data Structure. Step 4 (3).
Build C-forest.




Upward Pass (1)

e For each Tree in the forest can be computed

independently;
e Skipping unnecessary translations, computing all

leaves directly;
 Skipping unnecessary translations when going

Upward.



Upward Pass (2)

n For k = 1,....K (for each tre;a) perform the following steps.
EA Generate C™ for the leave boxes, I = L, C®) e C%_

k (1) —_ nlikl o _ ylndl
V(nLy) € C7,, @,;,(y) = C oSy —x{#h),

#,L

Cle) = Z uiB(xi,XEH’Lk:' .
NnEH 1 (n L)

E For/= L, —1,....,/; recursively generate C™ for all other boxes in tree C*
1 M M
Vi) € Cf, @, )(y) = C*VoS(y—xD),

C(M,E) — 2 (S|S) (Xgn,f) . Xlgz J+1) )C(H“,H—lj + Z Hl:B (Xz' _ Xg?z,f

n eChildren(n) x;eB {n' +1}
&(n' 1Ty, n' eChildren(n)
&(n' 1)eCE,




Upward Pass (3)

01 2 3




Downward Pass

Il For / = 2, ..., L perform the following steps
~ (]
A ror (n.7) = D, ﬁndDIi j :

4 ~ () .
CDi,f(}I) =D o R(y-x{"),

N(H"E} ” mf f # nf — e
D = Z (S|R)(X£ Ny —XE ,f]')c(?z D4 Z (S/R) (XE Ny, —XE 4 1))03_3 1)
n“ef}l(ﬂ,i‘) HfEParg;gﬁ(fﬁ{;g,j}}

el 2
EN For (.5 € D, find D@D (set D#2) = B )):

3 M M
) (y) = D) o R(y - x&)),

h.-l( ,f:l o ’
DED =D+ (R|R) (xg’*’f) —x ”)D(*"g U n' = Parent(n).



Final Summation

» zl
Dly) = D Dily)+D Ry, —x), y, € Ei(n,l).
xie8a(n.0)



CPU Time (g)
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M=M=15384, .
d=3, Translation Cost =100000,
rmax = 100. 1

Regular MLFfihd

3

4 g
Maximum Level of Space Subdivision

Comparison of the Regular and
Adaptive FMM. Sources (blue)
distributed uniformly over the
sphere. Targets (red) distributed
uniformly inside a larger sphere.

CPU Time (2]

10

MN=M=16324,
d=3, Translation Cost =100000,
rrnax = 100,

Adaptive MLFMM

Clustering Parameter



Comparison of the Regular and
Adaptive FMM. Gaussian
clusters of sources (blue)
distributed uniformly in side a
cube. Targets (red) distributed
uniformly inside the same cube.
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24 - Translation Cost = 1000,
d=3, o=107"%.
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