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« Example problem
— S-expansion error;
— S|S-translation error;
— S|R-translation error;
— R|R-translation error.

e Error and Neighborhoods
e Optimization of MLFMM within error bounds



Example Problem

Problem:
Evaluate the MLFMM error for computation of function’

A
v(r) = D upD(yxz),
=0

':D(.y:xk) = ¥ _lxk 5

where v and x; are points in a box of size D and space 1s subdivided by the binary tree to the
maximum level L.

This example is also good to evaluate 2D problem,
by treating x and y as complex numbers!



From Lecture 6...

[V — Xa| < |%; —Xa|

v —Xa| > |x; — x4

l R-expansion

D(y,x;) = iam(xijx*)}%m(y—x*)j
=

am(‘xi:x*) = _('xi — X )_m_la = 0:]-:"': I
Ru(y—x:)=(y—x)", m=20,1,..

l S-expansion

DX = D bon (50, %0)Sm (%),

m=[]

Singular Point is located
at the Boundary

1 of regions for the
Smly=xa) = (=x) ™7, m=0.L.. p_and S-expansions!

bo(x.x.) = (x;—x.)", m=20,1,..,



From Lecture §...

(Iy — x| < J2))
1 4”5, (f)(y_ L

!

Sp(y —xatt) = (£+ )" = i

=

— Z 1 de (I)Rm(y_ )_ Z(S|R)m(f)ﬁm(y—x*)

S0
_ 1. d"S.(t) _ 1)"(m+n)
SR () = i =
[t )
(SR)(A —t% =217 37 L
3 3 e L



S|S-operator

Sn(}’—xn) = Z(&S)mn(r)sm(}’_xtz)a {= P B |
m=0

1

o =1+(n+1)a:+(”+1)(”+2:'ﬂ;3+ Z(m+n) ol <1,
—

2! mla!

Su@=2a1) = (= 2a)77 = (=22 — (g —x2))™

= (p—xg) ™ [1 - e T

Z ( l)m(m+ H) Xu7 — Xl )Jﬂ(y_ uxﬂ)—n—m—l

min!

Z ( 1) (m-'- H) ImSn+m(y_-xt2) = Z ( l)m N Im nSm(y_‘x*z)

mn! nl(m—n)!

0, m<n
(S) ) = Cyrom

>
1l ()| > Mz H



S|S-operator (2)

Sn(}’—-xn) = Z(S]S)M(I)Sm(}’—x*z), =X X
m=0

O, m<n
(SIS) () = (—1y" ]

H1—H o)
nl(m-n}l 5, mzn.

0 ..
-t 1 0 0.
(S[S)) =S,y = ## -2t 1 0.
13 312 3t 1 .




R|R-operator

Ru(y=%.1) = D RIR),, (DR, (3¥s2), 1= Xup— X
=0

= 3 ) )"
=[] '

-y mﬁ’—(; )_ng)! R (Y% 1)
pe=[



R|R-operator(2)

Ru(y=x41) = D (RIR),,,(DRm(3—Xs2), = Xuz — Xu)
=[]

0, m»n
(R|R)mm(f) = (17"l prm

il (=) , msn

(1 ¢ 2 7 \
0 -1 -2t -3¢ ..
(RR)(#) = (RIR),,,(HH)=| 0 0 1 3¢
0 0 0 -1




S-Expansion Error

CD(y:,x;C) = _}’_l.xk = me(xk:x*l)gm(y_x*l)ﬂ
=0

b (X, X41) = (X —x41)7, m=0,1,...,
Sm(_y_.x*l) = (y_'x*l)_m_lﬁ m= 0:]-:"'
Agsume

|xk_x*l|£r: b)—x*1|23R.
o -1
ExpansionError(p,R.r) < Z DX Xa1 JSm(¥—X41) — ZbM(xkgx*l)Sm(y_x*l)
=0 =0

R = me(xij*l)gm(y_x*l) % Z|bM(xk:x*1)Sm(.y_x*l)|

y F=p =

o

B [y—lx*1| Z(%)m s %(é)pl—lﬁﬁ B (%)pﬁl—r'




S-Expansion Error

ExpansionError(p,R.r) < (% )p 7 1_ -

d=1: r/R=1/3, i
d="2: r/R=N2/3 <1/2.

T I\
)

y 1
LV

(




S|S-Translation Error

Translation from level o+1 to o

) a1

C = (§S)(ncC

a o [ @
L) Ao+
4 -t 1 0 0 . o

() — _ (at+1)

Az # -2r 1 0 . 6;

E(aj - 3% -3t 1 . INCTSS

3 3
- j - )

p first coefficients at level o

@) (el can be exactly computed
0o =Co from p first coefficients at

G Ay, level o+1.

) Lol ALl Ala+l)

C, =rC, -2C;, +C, |, This is exact translation of

first p coefficients!



S|S-Translation Error(2)

Translation from level o+1 to o

_1 -
N (1) ol )
Cr = SIS, &P —xEDIT, = DSIS),,, & - xED)T,

n=0

»=0

since (SS), (£) =0, m<n<p.

This factor shows that

S0:
Dy, x0) - Baly, e < (zg_ar )p /We are on level o

1

'{;\(E)p (R—r)

For any level o!

= ExpansionError{p, R, 1)



S|S-Translation Error(3)

L—a P
oty x0) - Butyxo)| < (255 ) ot

2LaR J 2L %(R—r)
< (%)p R l m = ExpansionError(p, R, 1)

In this example S|S-translations do not cause any additional error!



S|R-Translation Error
(see homework 4)

Note that 1n result of S|S-translations, first p coefficients are exact!
Comn = (SIR),,,,(1)Dy (X, Xa1)Rin (X2

— (_l)m(m + ”)! (-xk — Xt )m(y_x*z)m

m’n’fm-l-m—l

Xp — Xa1] € 2870, xa| € 2870, xas — x| 2 28+ 28+ 28

Translation with p —truncated operator (S|R)%(#) yields

=1 p—1
Yy, x) = Conn-
level L %) ;;
/ g
(
Xk X 0 X




S|R-Translation Error (2)

l: p/r=2,

d
d=2:p/r=22-\N2)N2
=2(\2-1)>0.8




S|R-Translation Error (3)

| D(x2) = ¥O 3|

Long one!

3 S e+ 3 S el = 33 el + e

-1 p-1

E;E;Cﬂm §;§;Cmn
=0 u=0 =0 x=0
~1 1 p-1
IDITED I WIS 3p W
m=0 n=0 m=p #n=0 m=0 xn=0
-1 p-1 -1 = 1 p-1
ZE;C.WM"'E;E;Cmn+§;§;cmn_§;§; n

#= m=0 n=p m=p n= =0 xn=0
- -1 m
E Ecm+§ EC”’M E E|cm|+§ E|fc%.,2
m=0 u=p m=p #=0 m=0 n=p m=p #n=0
33 e+ 3 3 el = 33 el 373 Yo
m=0 n=p m=p n=0 n=p =0 m=p n=0

—p .?2— _p ,}2— _p ';l-g_

continued




S|R-Translation Error (4)

_ ZZ (m+ ) | |xe — X1 "Xz | + X — Xa1 | Xz |”
17 m!n! il
=D n=I[

ZZ (m+m)t (257r)" (257 )" + (25707 ) " (250

é AT
(257 + 2—*‘5 ‘r+2tlp) S minl (25 + 25+ 28 p) ™
_ (m+n)! 2pnte
25 fr(z + 2 Zp ZD minl  prm(2 4 2ymme
. Dy et
24 *’r(z +5) ey mint (24 By
o It 1s really long!

_ 2 (m+ n)!
S22+ 2 )Z(2+ )”Z min! (2+—)”
we used this

_ 2 1 1 .
\ ZL—Er(z_I_ %) ; (2+ %)m ( 1 )m+1 COntlnued -

1

0 T g Z b=t

=l+(n+1l)a+




S|R-Translation Error (35)

o2

2 1 it
2L ‘E?‘(2+ ) Z (2+ ) (1 )mﬂ ( )
_ 2N 1
250 = (1 2y 2ty (1 e G Z (1+ )

2 1 2 (1+2)

S BT 1L T 2 T P

2 () <35

That’s lt'/ d_ /

P r=2
d=2:p/r= 2(2 V2)A2
=2(V2-1)>0.8



R|R-Translation Error




R|R-Translation Error(2)

o P
Palyxi) = Vot (v,%1) |

e () et 1)
S8 -y S5 Ryt
=0 =l

—1 m

S D RIR), 6 - YD, Ry -y )

=0 m=0

=1 p-1

YRR, - ¥D, Rty -y )

m=0 »=0

~-1 m

= ZZ(RW)MH(}I(“H) (H))D R (y - y(aﬂj) —0

#=0 m=p

since (R|R) (£) =0, m>n

This 1s something, but why?



R|R-Translation Error(3)

Indeed, in our case the regular basis functions are
polynomials up to order p-1, which are obviously
can be expressed via other polynomial basis up
to order p-1 near arbitrary expansion center.

Zero error 1s provided due to domains of validity
are includes hierarchically to larger validity domains.



Total Error

AbsSingleSourceError < MaxExpansionError(p,R,r) + MaxSRTranslationError{p,r, p)

- (&) 2o (e)

AbsTotalError = N - AbsSingleSourceError
Al (Yl 2 ¥
ME) 755

since R > r+ p,

AbsTotalError < 3;?(?._{9 )p.



Total Error(2)

d=1: p=27% r=05.27%

L
AbsTotalError < 3 23 ;}r .

d=2: p=(2-32)2% r=o052-27%

F
AbsTotalError < 3 2N ”E
2-2\ 2(V22+2-2)

=3 ZLN( J2 )p{S.Z(U.ﬁ)p-Q’LN
2-J2 \4-2

Both formulae can be described as

AbsTotalError < CoP2tN = e(p,N,L,d).



Total Error(3)

AbsTotalError < CoP2tN = e(p,N,L,d).

Example: N =104, L=10,d=1:

r 10 20 30 40
€, < 6-10° 9.107° 2.1077 3.107'2

Example: N =104, L=10,d= 2 :

r 40 30 60 70
€,< 8.107% 5.10™* 3.10% 2.107°%



Total Error(4). 5-Neighborhood.

d=1: p=2.27% r=05.27"%

5-neighborhood

I
AbsTotalError < 3 25 ;ﬁr .

d=2: p=(3-42)27%, r=05/2-.27%

7
2LN J2
AbsTotalError < 3
3&(2(,@%3&))

-3 Q‘EN( /2 )p{2(0.31)p-2":N
3-J2\6-42

AbsTotalError < CaP2tN = e(p,N,L,d).



Total Error(5). 5-Neighborhood.

AbsTotalError < CoP2tN = e(p,N, L, d).

Example: N=10*, L=10,d=1:

p 10 15 20 25
e,< 4 2.107% 4.1077 2.107

Example: N = 10*, L =10,d=2:

715 20 25 30
€,< 5-107! 2.107° 4.107° 2.107%



Optimization of MLFMM within
error bounds

In the example considered, the FMM error depends on:

 Truncation number, p,

» Max level of space subdivision, L;

* Size of the neighborhood (3,5, or maybe other);
 Number of sources, N;

* Problem dimensionality, d.

For fixed (given) N and d parameters p,L,and Neighborhood Size
can be optimized.



MLFMM Complexity

CostMLFMM = (M + N)P + 29(P4(d) + 2) %COSIT ransiation(P) + P (d)sMCostFunc,

N=2bd s=0ld [=[ —I = élog¥.

E

Consider

1/d
e, N,L,d) = Ca?2LN = Cf;zp(%) N < €

CNIHI.::E‘

——~alogN—blogs+ ¢

L, P
log + ° €08

P>

CostMLIMM(s) = (M+ N)p(N, s) + 29(Pa(d) + 2) LY p(N, 5) + Po(d)sM

_ dCostMLFMM(s)
s

— 24Py () + 2) 2 (alog N~ blogs + ¢) + Po(d)M
&

0

—b@ — 29(P4(d) + 2)%(alogN— blogs+c)*



MLFMM Complexity(2)

For agymptotic optimum s we can consider alogN— blogs ~ alogh, so

o 29(Py(d) + 2)a’logN ”2{ Nlog°N :|”2~10g Y
7 Py (dM M '

CostMLFMM i ~O(Nlog N).



