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+ Laplace equation in 2D and 3D: Problem statement
« Laplace equation in 20D(p?) method

— Normalized basis functions

— Translation operators

— Error bounds
« Laplace equation in 30D(p*) method

— Normalized basis functions

— Translation operators

— Error bounds

Problems resulting in summation of
large amount of singularities for
Laplace equation

Stellar and molecular dynamics

Boundary element method (fluid dynamics,
electrostatics, etc.)

Vortex element method (fluid dynamics)
Theory of functions of complex variable
Many more...

Example 1: Stellar and molecular
dynamics

N-body motion under Newton’s gravity forces
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Example 2: Boundary element
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Boundary element method(2)
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System to solve:
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Use iterative methods with fast matrix-vector npliér:

ZK u; = Z Kyu; + Z Ku, = Z Ky, + Z (z(\, X;)ut;

[xi-x)<R xR xi-x) <R fxi-x) PR

Non-FMM’able, but sparse FMM able, de

2D Laplace Equation

2D Laplace equation
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Normalized basis functions
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Green’s function expansion
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R|R-translation operator
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S|S-translation operator
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S|R-translation operator

Error bounds

Error of the S-expansion:

In the FMM with 1-neighborhoods:
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Error bounds (2)

Translation errors: No error in S|S and R|R traiwsla.

The error of the truncated S|R-
translation can be evaluated from the
theorem on the error bound of the
truncated translation:
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3D Laplace Equation




Translation and Differentiation Introduction of Multipoles for
Properties for Laplace Equation Laplace Equation

Multipole Expansion of Laplace

Equation Solutions Legendre Polynomials




Legendre Polynomials (2)

First six polynomialsr{= 0,...,5):

Legendre Polynomials (3)

A lot of other nice properties!

Expansion/Translation of
Fundamental Solution

Addition Theorem for Spherical
Spherical Harmonics HarmoniCS
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Vector form of the addition theorem




S- and R- expansions of
Fundamental Solution

__ Multipole (1)

"Multipole expansion” means
S-expansion

Associated Legendre Functions

“

Orthogonal!

Spherical Harmonics
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Orthonormality of Spherical Harmonics

R- and S- expansions of arbitrary
solutions of the 3D Laplace equation

Translations of elementary solutions of
the 3D Laplace equation

Renormalized S- and R- functions




In the renormalized basis
translation matrices are simple

Derivation of these relations can be found in

M.A. Epton and B. Dembart,

Multipole translation theory for the three-dimensibhaplace and
Helmholtz equationsSIAM J. Sci. Computl,6(4), 1995, 865-897.
(Also in the thesis of Greengard (1988), MIT Press).

Error bounds

Error of the S-expansion: r

In the FMM with 1-neighborhoods:

Error bounds (2)

Translation errors: No error in S|S and R|R traiwsla.

The error of the truncated S|R-
translation can be evaluated from the
theorem on the error bound of the
truncated translation:

Error bounds (3)

Normally algorithms with moderate p, much smalkert this

perform well. Real example: ]
100 random points are

selected to evaluate
the error.




