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A scheme for error evaluation (2)
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A scheme for error evaluation (3)
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A scheme for error evaluation (4)

Consider computation of the final coefficients with p-truncated matrices

DO (xpy () =[Pi(p) o (RIR)YP —yF D)o Pr(p)ye ..o
[Prte) o (RIR) () =50 o Prpn J
[Pr(p) o (SIR) (y®) — %0} o Pr(p) o
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These truncation
operators can be
skipped! (Pr’=Pr)

So:
DO (xpy?) = [Pr(p) e RIR)YE —yF)]e .o
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A scheme for error evaluation (5)

p-truncated functions:
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Truncated Translation Theorem

Let {F,(y)} and {G,(y)} be two expansion bases in Q, and the reexpansion series
converges everywhere in Q :

Yy €Q, Fu(y) = i(F\G)WGm(y), n=0,1,2,..
m=0

Let also {4, } be a set of coefficients, such that the duble sum converges absolutely and
uniformly in Q :
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A scheme for error evaluation (5)

For uniformly and absolutely convergent series:
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A scheme for error evaluation (6)

For uniformly and absolutely convergent series it is possible
to find such &,,,(p) that for given minimum(maximum)

translation distance

the max abs difference between two

subsequent functions is smaller than &, (p).

In this case the total error of FMM does not exceed:

FMError < N[ e () + (- e (p) + By + 2 - 2P ) |

thmeﬁﬁi‘?)(p) =0,

lmefP @) =0, lme®p) =0 Ime@) =0

e(p) = max (e (). (), (), ) ),

FMMError < 2N(L - 1)e(p).

Example Problem

Problem:
Evaluate the MLFMM error for computation of function’

N
) = Zukq)(%xk),
=0

Do) = =gy xk

where y and x; are points in a box of size D and space is subdivided by the binary tree to the
maximum level L.

This example is also good to evaluate 2D problem,
by treating x and y as complex numbers!




We have...

=] < Py =% R-expansion

v

Dy,x;) = iam(x,,x*)Rm(wx*),

m=0 S
(%) = =% =%)"Y, m=0,1,.., X;
Ro(y—x:) = (7—3:)", m=0,1,.. \
= %] > B — %] l S-expansion \
)

Dy,x;) = i By (%5, %4)Sm (V=54 ),

m=0
bo(x,xs) = (x; —x)", m=0,1,...
Swly-x.) = (y=x)""1, m=0,1,.

Singular Point is located
at the Boundary

of regions for the

" R- and S-expansions!

SIR-operator
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SIS-operator
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Note: this is correct, but usually we use 7= x., -
need to change the sign of 7.

:1+(n+1)a+7("+1;(!"+2)a2+ Z(”'"'")'

, in which case we

SIS-operator (2)
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Note: this is correct, but usually we use ¢ = x,, -
need to change the sign of 7.

X.p, in which case we




RIR-operator

Ra(ya1) = 2SRIR),,, (DR (r12), 1= Fuz =%

m=0

Ru(y=%a1) = (= %a1)" = (= %z = (a1 - %a2))"
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Note: this is correct, but usually we use ¢ = x,, - x.,, in which case we
need to change the sign of 7.

RIR-operator(2)

n

Ro(y—%a1) = D (RIR),, (DRn(y—%2), 1= Xuz—%a1

m=0
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1t £ 7
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00 0 -1

Note: this is correct, but usually we use ¢ = x,, - X.,, in which case we
need to change the sign of 7.

S-Expansion Error
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Sm(y=xa1) = (¥ —x) ™Y, m=0,1,...
Assume

Re—xal<r p-xal2R

- P-1
2 bm(ﬂ;%l)sm@"‘xu) - Ebm(xk>x*l>smwx*l>

m=0 m=0

ExpansionError(p,R,7) <

R = me(xk,x*l)SmOFxﬂ) <Z\bm(xk>xu)sm0'“xu)‘

) Bl
S @) x (&) w2

evel L

S-Expansion Error
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SIS-Translation Error

Translation from level o+1 to o

@) Alatly
= SISHC
) Alatl)
Co 1 0 00 0
Ala) Alatl)
[e —+ 1 0 0 |
@ | 2 2 Alar)
[o t 2t 1 0 .. foN
) £ 32 3t 1 .. Alatl)
Cs Cs
p first coefficients at level o
A Al can be exactly computed
o =% from p first coefficients at
Ala) Ala+l)  ala+l) R
L =—1Co  +Cy level o+1.
@) 2/\(“1) Alatl)  alatl) o .
Cy =1°Cy, -2C; +Cp This is exact translation of

Note: this is correct, but usually we usg.f = x., - x.,, in

which case we need to change the sign of 1.
—

first p coefficients!

SIS-Translation Error(2)

Translation from level o+1 to o

-1 o
~@ % A~ (at1) (@t
T = DLE19),, G0 —xENT, = SIS, &R —x )T,

=0 =0

since (S1S),,, (1) =0, m<n<p.

So: _ This factor shows that
- siay\» w7 Weareon level o
|00~ atyexo)| < (222 o

(Y1l _- i
'\\(R ) ®R-r ExpansionError(p,R,r)

For any level o!

SIS-Translation Error(3)

L-a ?
|oxe) - Batrxnr| < (252 )L

2R ) 2 (R )
ry_1 i
< (R ) = ExpansionError(p,R,r)

In this example SIS-translations do not cause any additional error!

SIR-Translation Error

Note that in result of SIS-translations, first p coefficients are exact!
Com = (SIR),,,, ()b (X, X4 )R (—X2)
i L L O
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SIR-Translation Error (2)

SIR-Translation Error (3)

© o -1 p-1
[@0x) = PO | = | DD com— 20 D
d=1: p/r =2 m=0 n=0 m=0 #=0
d=2:p/r=22-V2)N2 e plpt
=2(02-1)>0.8 1) S) 3030 ST 35 3
%, . m=0 #=0 m=p 1=0 m=0 20
y -1 p-1 1 =™ =1 p-1
= Cr +ZZCW+ZZCW— Com
m=0 =0 m=0 n=p m=p #=0 m=0 n=0
1 o 1 o
Long one! - Zcmwzzcm <ZZ\CW\+ZZ\CW\
=0 nep m=p n=0 m=0 n=p m=p n=0
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RIR-Translation Error

RIR-Translation Error(2)

Py, x) = P 30|
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since (R|IR),,,(5) =0, m>n

This is something, but why?

RIR-Translation Error(3)

Indeed, in our case the regular basis functions are
polynomials up to order p-1, which are obviously
can be expressed via other polynomial basis up
to order p-1 near arbitrary expansion center.

Zero error is provided due to domains of validity

are includes hierarchically to larger validity domains.

Total Error

AbsSingleSourceError < MaxExpansionError(p, R, r) + MaxSRTranslationError(p,r, p)
(Y1 2(_r
- (7)) 25 r )
AbsTotalError = N « AbsSingleSourceError

-7 2530

sinceR > r+p,

AbsTotalError < %\7 (ﬁ )p.




Total Error(2)

d=1: p=27% r=05-27"%,

AbsTotalError < 32;—?{\/.
d=2: p=(2-32)2% r=05/2.27

L 72 v
28N

AbsTotalError < 345"~ ——————+
-2 (2(&/2+27ﬁ) )

-3 2N (LY < 5.2(0.6)7 - 25N,
2-/2\4-42

Both formulae can be described as

AbsTotalError < Ca?2!N = e(p,N,L,d).

Total Error(3)

AbsTotalError < Ca?2EN = e(p,N,L,d).
Example: N = 10%, L=10,d=1:

r 10 20 30 40
€< 6102 9103 2-107 3-10-12
Example: N= 10%, L =10,d =2 :

p 40 50 60 70
€,< 8-107% 5-107* 3-10° 2-1078

Total Error(4). 2-Neighborhood.

5-neighborhood

AbsTotalError < 32;—’{\/.

d=1: p=2.27% r=05.27%

3-42

AbsTotalError < 2N ( 2( /2

3-2\6-42

V2/2+3-7)
- 32L7N( 2 ),, < 2(031)7 - 2N,

d=2: p=(3-42)27% r-0502-27%

y

AbsTotalError < Ca?2EN = e(p,N, L,d).

Total Error(5). 2-Neighborhood.

AbsTotalError < Ca?2EN = e(p,N,L,d).
Example: N = 104, L =10, d=1:

r 10 15 20 25
e,< 4 2.107 4.1077 2.1071°
Example: N = 104, L=10,d=2:

p 15 20 25 30
€,< 5-1071 2.107 4.10° 2.10°®




Optimization of MLFMM within
error bounds

In the example considered, the FMM error depends on:

* Truncation number, p;

* Max level of space subdivision, L;

« Size of the neighborhood (1,2, or maybe other);
* Number of sources, N;

* Problem dimensionality, d.

For fixed (given) N and d parameters p,L,and Neighborhood Size
can be optimized.

MLFMM Complexity

CostMLFMM = (M + N)P + 24(Py(d) +2) ¥CostT ranslation(P) + Pz(d)sMCostFunc,
N=2bd s=28d [ =L, L = élog%
Consider

1d
€(p.N, L,d) = Ca?2iN = cw’(%) N<eo

r> ﬁlo C;N;/:d ~alogN—blogs+ ¢
@ 0

CoSMLIMM(s) = (M + N)p(N,s) + 2(Pa(d) + 2) N p2(N,5) + Po(cysit

0= dc‘”M;FW@) o bMEN _(p )+ ) Y (alogN— blogs + ¢
A3 5

— 231 (Py(d) + )P (alogN - blogs + ) + PaldiM
5

MLFMM Complexity(2)

For asymptotic optimum s we can consider alogN — blogs ~ alogh, so

24(Py(d) + 2)a2log%\f 2T Nlog*N 7"
Sope~] Dol ~ 573 ~logN.

COSMLFMM gpi~O(Nlog N).

Different schemes for error estimate are possible.
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Optimum max level (experiment)

1.E+03

o
1.E+02 - €=10

N=65536

1.E-01

1.E-02 T T T T
3 5 7 9 11 13 15
Maximum Level, /

Effects of Machine Precision (1)

1.E-03

Double Precision Complex Arithmetics

Theoretical Error Bound .~ )

1.E-06 7 Machine Precision

Thresholds =
16384

Max Abs Error
m
o
©

Actual Max Abs Error

1.E-12
M=N, P =p(& lna)
1.E-15 T T
1.E-12 1.E-09 1.E-06 1.E-03

Prescribed Max Abs Error, &

Effects of Machine Error (2)

Two different computational problems:

1) Compute with a given prescribed accuracy;

2) Compute with a machine precision for a given type of float numbers.

Effects of Machine Error (3)

1.E+03 -
’
' s
1.E+02 1 Straightforward’
LA™
. Precision
£ 1.E+01 )
(o)
E
= Py
& 1.E+00
S + /'
1.E-01 Setting MLFMM
: Data Structure
1E02 1E o w-n. P =D lna)

1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07
Number of Source Points, N
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Effects of Machine Error (4)

30

Truncation Number
- - n n
o o o o
! L

o
L

0

1.E+02 1.E

o

o
Max
Precision

M=N, P =pE lna)-

+03 1.E+04 1.E+05 1.E+06 1.E+07
Number of Source Points, N

Effects of Machine Error (5)

If the cost of search is O(1),
then for computations with fixed machine precision

CostMLFMM,,, = O(N)
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