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Outline

* Results of the MLFMM tests
— Itemized Asymptotic Complexity of the MLFMM;
— Optimization of the Grouping (Clustering) Parameter;
— Regular mesh;
— Random distributions.

* Neighborhoods and Dimensionality in MLFMM

— Domains of Expansion Validity;
— Domains of Translation Validity;
— Neighborhood Increase Technique.

 FEvaluation of the FMM Error



Itemized Cost of MLFMM

Regular mesh:
N=2&d g=2Ld [ =] =1, —L.. Assume that all
translation costs are
CostUpward, = NCostExpansion(P) = O{NP). the same,
CostTranslation(P)

CostUpward, = 2¢ (2004 4 2024 4 | 4+ 2% 3 CostSS(P)

o
< 23—_1 (254 — 1) CostSS(P) ~ ¥ CostSS(P)

CostDownward, < Py(d){2% + ...+ 25 }CostSR(P) ~ P, (d)%(j 1SR(P),
CostDownward, = 29(2% + ..+ 219 Y CostRR(P) ~ LY CostRR(P),
/’/’—\
CostEvaluation = M(P,(d)sCostFunc + P). ~ Powers of E,

and E, neighborhoods
CostMLFMM = (M+ N)P + (P4(d) + 2)%(303:}" ranslation(P) + P, (d)sMCostFunc



Optimization of the Grouping Parameter

CostMLFMM |

CostMLFMM = (M+ N)P + (P,(d) + 2)%6’03:?’ ransiation(P) + P, (d)sMCostFunc

dCos ﬁ’g‘IF MM _ —(Py(d) + 2)%6‘051‘?’ ranslation(P) + P,(d\MCostFunc = 0
3 5

Somi = I:N(P 4(d) + 2)CostTranslation(P) :|1f2
” MP(d)CostFunc :

CostMLFMM,,, = (M + N)P + 2[MN(P4(d) + 2)P.(d)CostTranslation(P)CostFunc]".



Optimization of the Grouping Parameter
(Example)

Somy = I:N(P4 (d) + 2)CostTranslation(P) ]1f2
sz MP,(d)CostFunc '

CostMLFMM,,; = (M + N)P + 2[MN(P s(d) + 2)P»(d)CostTranslation(P)CostFunc] .

Example:

N=2M, Pyd)y=3%27-1}, Pyd)=3",
CostTranslation(P) = P?, CostFunc = 1
Sope ~ 29°P,  CoStMLFMM e ~ 2NP{1 + 392472}
Ford=12, P=10, $op~ 38, CostMLFMM,, ~ 38NP = 380N.

If non-optimized,

s =1, CostMLFAMM,,, ~ NP(Q + 3‘f2‘fP}
Ford=2 P=10, s=1, CostMLFMM,, ~ 360NP = 3600N.

In this example optimization results in about 10 times savings!



Some Numerical Experiments
with MLFMM



Regular Mesh, N = M.



Error Test. FMM vs Middleman.
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Test with Varying Grouping Parameter.
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CPU Time (s)

Test with Varying N.
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Looks like the MLFMM
complexity 1s O(NlogN)?

CostMLFAMM = (M+ N)P + (Pi(d) + 2)%6’03:?’ ransiation(P) + Po(d)sMCostFunc,

CostTranslation(P) = PureCostTranslation{P) + flog/N.

P I:N(P4(d) + 2)(PureCostTranslation(P) + plog N) :|1f2
e MP,(d)CostFunc

CostMLFMM,,; ~ (M+ N)P + [MN(C + logN)] "

Asymptotic Complexity of the optimized MLFAAL at AL ~ N1s
CostMLFMM,,; = O(Nlog'"*N)
Asymptotic Complexity of non-optimized MLFAM at A ~ Nis
CostMILFMM .. = O{NlogN)
To have this asymptotics realized one may need incredibly large V. For example,

P=35pB=1, PureCostTranslation(P) = P> =25 logN ~ 25, N~ 2% ~ 3107,
P=10, B=1, PureCostTranslation(P)= P> =100, logN ~ 100, N ~ 21%0 .~ 10%°,



Looks like the MLFMM
complexity 1s O(NlogN)?

Explanation of log behavior in the numerical example:
Translation was very cheap, PureCostTranslation ~ 35,
while 3 was also small (say 0.2-0.5), so some influence
of log dependence was observable.



Test at different translation costs

CPU Time (s)
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Test with Varying TranslationCost(P)
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CostMLFMM = (M+ N)P+ (Py(d) + 2)%6031‘?’ ranslation(P) + P,(d)ysMCostFunc,
CostMLFMM,,; = (M + N)P + 2[MN(P4(d) + 2)Po(d)CostTranslation(P)CostFunc]'”.



Test with Varying TranslationCost(P)
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CPU Time (s)

Comparisons for different
dimensionalities

1000
® - d=1,s=8...15
¢ -d=2,s=4...15
= = |
100 | 4-d=3,s=8...63
m - d=4, s=16...256
10 - 4 e
////.// - ] / - - - i
- 3 - ] Q.- B
e e T ¥ y=ax
_ B - 3 _ //‘//
. %’/ =
Prae - / - ///‘//
01+ & 4=
v
Regular mesh, optimal s
0.01 ‘
1000 10000

Number of Points

100000



100
- Optimal s for each d A
A-s=4 x 7
y=b" ~
10
@ A /// /,///
0] g
£ ’
) X/2
o =a
5 a7
1 7 7/
4
L"L Regular mesh, N=4096
0.1 T T T T
0 1 2 3 4

Space Dimensionality

Test at different dimensionalities

Py(d) ~ ¢}, Pyld) ~c5

CostMLFMM = (M+ N)P+ (Py(d) + 2)%6031‘?’ ranslation(P) + P,(d)ysMCostFunc,

CostMLFMM,,; = (M + N)P + 2[MN(P4(d) + 2)Po(d)CostTranslation(P)CostFunc]'”.



Random Distributions



Dependence of CPU Time on the
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Dependence of CPU Time on the
Maximum Space Subdivision Level
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Dependence of CPU Time on M
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Dependence of Optimum Max Level on M
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Domains of Expansion Validity (1)

Congider  —dimensional space.
Size of box at level / : - -y

size(l) = 27, //
/ rmin(l)
|
diag(h) = 271 qfd = 21 Ja '\

w . w \ :
Minimum sphere radius containing the box \ SIZC(Z)

Half of diagonal of box at level / :

N\
run(f) = diag(l). S _ -



Domains of Expansion Validity (2)

R-expansion

the most fary

closest x;

S-expansion

The most far x,

closesty



Domains of Expansion Validity (3).

R-expansion.
u Potentials (functions) can be factorized as (local expansion):
Px,,y) = AX,, X ) o R{y—-x_), |[y—Xu|<r<x;—x.|, i=1..,N

Y = Xu| < 7in(D),

X; — x| 2 %3:’:2(1}.
Strict unequality:

Froin(D) < %ﬂ'ze(lj

27-1.0d < %2--2 d<9

For d = 9 this condition also holds, if the requirements are weaker:

':D(Xi:}r) = A(xinx*) “ R(y_x*): |Y_X*| g |XI' _X*|:' y ¥+ X; I = 1:'"':'N



Domains of Expansion Validity (4)

Picture from Lecture 4

S What frequently happens,
X, 1is that that both S and R expansions
converge even on the sphere of radius
X« - X,;|, except of point y = X,.

|

If this 1s the case, d = 9 1s OK

Singular Point is located for R-expansion with the £; neighborhood.

at the Boundary
of regions for the
R- and S-expansions!



Domains of Expansion Validity (5).

S-expansion. irict
Potentials (functions) can be factorized as (far field expansion): /
Ox,y) = B(x;,x,) oSy —Xx,), [¥y-"X«|>R>x;-Xx4|, i=1,.., N
Px,y) = Bx, x,)oS(y—-Xx,), ¥ X«|2Xi—X4|, ¥=X;,i=1,..,N
\
Original Reduced weak

/
>
1A

/
_/A ,

K
(YAl
S

%!




Domains of Expansion Validity (6).
S-expansion.

In case of original FMM scheme the
limitation for dimensionality coming
from S-expansion validity 1s the same
as for R-expansion validity:

d <9 — strict,
d <9 — weak.



Domains of Expansion Validity (7).

S-expansion.

In case of reduced FMM scheme the

limitation for dimensionality coming

from S-expansion validity is the same closest y
as for R-expansion validity: |

d <4 — strict,
d <4 —weak.

Vv —X.| 2 size(I-1), [x;—xu| < rn(I-1)

270 0d < 27" d< 4

The most farx, — |




Domains of Expansion Validity (8).
R|R and S|S-translations.

K} R-expansion coefficients can be R|R-translated:

|y_X*2| < |X1‘_X*1|_|X*1_X*2| : NO
A(x;, X)) = (RIR)(Xaz — X1 )A(x,x.,)  additional
K S-expansion coefficients can be S|S-translated: constraints

¥V — Xuo| > [Xu1 — Xuo| + X — X1,

S|S B(Xz':-X*E) = (S|S)(X*2 - X*I:IB(XE':X*IJ R|R




Domains of Expansion Validity (9).
S|R-translation.

u S-expansion coefficients can be S|R-translated (converted to R-expansion coefficients)
Y — Xuz| < [Xa1 — Xa2| = X — Xa1

A(X;,X42) = (SIR) (X2 — X401 )B(X;, X0 )
Original

¥ —Xu| = ro(D), X Xa| < rn(D),

MINX.1 — X4o| = 2size(]).

2—3—1‘/§+2—3—1‘/§ < 2_”15 d< 4

d < 4 — strict,

d <4 — weak.




Domains of Expansion Validity (9).
Reduced S|R-translation.

d < 3 — strict,

d <3 — weak.

Y= Xa| € 70nd), X —Xa| < (= 1) = 27y (D),
2 2
MIN|X,; — X,2| = D‘/[%Size@] + [%Size(l) Yd—1 ] .

[Ssizeh ] + [ LoizeVT=T] > (raah + 200 = 972,00

25 _d-1 . 9d
4 i 7 4
d< 3.




What to do in larger dimensions?

Neighborhood Increase
Technique



Neighborhood Increase

Technique

Recipe: Build a fractal structure with larger neighborhood
Everything works by the same way, but £, and E, are larger
We need only: E; = E,, E;(Parent(n),l-1)UE,(n,))=E;(n,/).

5-neighborhood

3-neighborhood




Neighborhood Increase
Technique

5-neighborhood, Translation Reduction Trick

Y~ Xa| € renld), X — Xa| < rop(f— 1) = 2rp (D),
2 2
minfxX,; —X.z| = J[%size(l)] + [%s:’ze([} Jad—1 ] ,

[ Zsize(s ]2 + [ Lsize(r) Ja— 1 ]2 > [ren(D) + 2ran(D]? = 972, (D

49 . d-1 . 9
4" 4 4°

d < 6.

d < 6 — strict,

d <6 —weak.




Neighborhood Increase
Technique

5-neighborhood

The same as for non-
reduced scheme with
3-neighborhoods!

Number of Translations:

PP = PowerQfEsNeighborhood = 5% — 39 + 2939 — 54 = 34(24 1},



Neighborhood Increase
Technique

Advantages:
1) Enables larger dimensionality of the problem;
2) Smaller error (or smaller truncation number).

Unfortunately, cannot Increase Indefinitely...



Evaluation of the Error of FMM

e Each Translation introduces an error;
e This includes error of expansion/evaluation;

CoStMLFMM = (M+ N)P + (P4(d) + 2)%; CostTranslation(P) + P, (d)sMCostFunc,
Error:
ErrorMLFMM = (Py(d) + 2)%IErrorT ransiation(P).

or

172
ErrorMLFMM.,y; = [M{P4(d) + 2)Po(d) erﬁﬁﬁgﬁ P ] ErrorTranslation(P).

8§ = I:N(P 4(6?3) + 2)CostT, ransfarjon(p) :|1f2
Gpﬁ MPo(d)CostFunc '

Translation error depends on the size of neighborhood.



Example

Example (see Homework 4), © = ﬁ:.

% i A A | > ?
ErrorTransiation(p) T X; & B Ve 2 2
. 2 [ [ Shin Tl
%, i T A A | >
ErrorTranslation(p) .5 * SlT2 2 P YT 2

M = N,CostTransiation(P) = 10,CostFunc = 1.
3-neighborhood:

Py(1) =3, Pod) =3, $ou~4, €= ErrorMLFAMMSE), = 2N _ 2

v T g ] 3P
P = 101 3 log( 2§NE ) - -
g o For p=10, about 100 times higher accuracy!

5-neighborhood: \

Py(1) =35, Po(d) =35, S~ 4, FErrorMLFMMS) = F”fz .2 >
5 = 1 ( TN )
P log 5 . 20 e )T

For the same error, about 1.5 times smaller p



Problem:

Let the error 1s specified. What method 1s faster
Smaller neighborhood with larger p or
Larger neighborhood with smaller p?



