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Outline

• MLFMM Algorithm (Continuation)
– Downward Pass;
– Final Summation;

• Asymptotic Complexity of the MLFMM;
– Setting Data Structure;
– S-expansion;
– Upward Pass;
– Downward Pass;
– Final Summation;
– Total Complexity.



Downward Pass. Step 1.

Note that this is conversion from the Source Hierarchy to
Evaluation Hierarchy!



Downward Pass. Step 1.
Level 2: Level 3:



Downward Pass. Step 1.

THIS MIGHT BE
THE MOST EXPENSIVE
STEP OF THE ALGORITHM



Downward Pass. Step 1.

Total number of S|R-translations
per 1 box in d-dimensional space

(far from the domain boundaries)

Exponential
Growth

It is worth to think about optimizations



Downward Pass. Step 1.
Operation Reduction Trick.

Original Reduced



Downward Pass. Step 1.
Relatives and Neighbors
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Downward Pass. Step 1.
Reduced Number of Translations
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Downward Pass. Step 1.
(With Reduced Translations)

Boxes of the Same Level Boxes of the Parent Level



Downward Pass. Step 2.



Downward Pass. Step 2.



Result of the Downward Pass

In the entire hierarchy of boxes containing 
evaluation points R-expansion coefficients for 
potentials due to sources outside each evaluation 
point neighborhood (domains E3) are found. 
Expansions are valid in E1 domains.



Final Summation

yj

Contribution of E2 Contribution of E3



Complexity of the MLFMM

Let’s do some evaluations for regular mesh in d-dimensional space
and M=N:



Complexity of the MLFMM

Setting Data Structure

• Scale source and evaluation data to have the computational domain of size of a 
unit box.
• Sort data using interleaving technique.
• Determine the level of space subdivision with 2d-tree to have s sources at the 
finest subdivision level, Lmax.

Basic Procedures

Total Cost Comes from here



Upward Pass. Step 1.
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Upward Pass. Step 2.
S|S-translation. 
Build potential for the parent box (find its S-expansion). 



Downward Pass. Step 1.
Operation Reduction Trick.

Original Reduced



Downward Pass. Step 2.



Final Summation

yj

Contribution of E2 Contribution of E3


