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Decomposition of the matrix vector

product

D (y) = Z u; O(y, X, ),
x;E85(n)

Yy = D udy.x,),
X e85 ()

Since domains £,(n) and £+(n) are complhmentary:
iy
Oy) = D udy.x)= D udy.x) =2y + Py
i=1 XieEa(n ()
for arbitrary 7.

e FMM and related algorithms are about the approximation
of the product P,



SLFMM Algorithm

Step 1. Generate S-expansion coefficients
for each box

P (x) = CW o 8x-x),

Cw = 2 uiB(xj,xE’g} .
xi<E1 (L) loop over all non-empty source boxes

/
For n e NonEmptySource

Get x ™ |, the center of the box;

Cn=0;
loop over all sources in the box
Forx;e E,(n) 0P

Get B (x,, x ™) , the S-expansion coefficients
near the center of the box;
CW=C"+ yuB (x,, x.);
End:;
End; Implementation can be different!

All we need is to get C™:



SLFMM Algorithm

Step 2. (SIR)-translate expansion coefficients

¢ (y) = D o R(y - x),
D®@ = > (SIR)(x —x)c™).,

meizin)

loop over all non-empty

.— evaluation boxes
For n € NonEmptyEvaluation

Get x ™ |, the center of the box;

D™= 0; loop over all non-empty source boxes
Form e L(n) < outside the neighborhood of the n-th box

Get x ™ | the center of the box;
D® = D® + (SIR)(x M- x (M) Cm :

End;
End;

Implementation can be different!
All we need is to get D™



SLFMM Algorithm

Step 3. Final Summation

V= Dly) = D udy,x)+ DO o Ry, xP), y, € Ein),
x;=8,(n)

loop over all boxes

For n e NonEmptyEvaluation containing evaluation points

Get x ™ | the center of the box;

Fory,e E\(n) —— loop over all evaluation points in the box
v;=DMWeR(y,; - x.™);

Forx.e E(n)«— loop over all sources in the
i 2

neighborhood of the n-th box
V=V, +<I>(yj , X)) Fu,
End;

End;
End:;



Asymptotic Complexity of SLFMM

By some magic we can easily find neighbors, and lists of points in
each box.
— Assume that cost of finding these is less than the most expensive operation
— Magic will come from data-structures

Translation 1s performed by straightforward P xP matrix-vector

multiplication, where P(p) 1s the total length of the translation
vector. So the complexity of a single translation is O(P?).

The source and evaluation points are distributed uniformly, and
there are K boxes, with s source points in each box (s=N/K). We
call s the grouping (or clustering) parameter.

The number of neighbors for each box 1s O(1).



Then Complexity 1s:

For Step 1: O(PN)

For Step 2: O(P’K?)

For Step 3: O(PM+Ms)

Total: O(PN+ P°K? +PM+Ms) =

O(PN+ P?K? +PM+MN/K)



Selection of Optimal K (or s)
F(K) = PN+ P?K? + PM+ MNIK.

FI(K)=2P°K - MNK?=0.
F(K)

opt

K,,=((MN) /(2P?)) 7



Complexity of Optimized SLFMM

F(K. ) = PN+ PE(%)EB + PM + pm(%)‘“

= P(M+ N) + (MN)2O(P¥).
At K = K,,:, and M = O(N), the complexaty of SLFMM 1s:

O(PN‘I’ Pilﬁﬁfilfﬁ) — O(PMBMJ’B).



Hierarchical Spatial Domains
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Multiple Level FMM - 1

 Domain divided hierarchically, starting with
24 boxes

e Recursively subdivide till L levels reached
e Upward pass

— For each source box perform at finest level

e a multipole expansion of sources in a box, about the
box center

e Expansion valid outside neighborhood of box
— Combine multipole expansions of all children

of a parent to produce mutlipole expansion for
parent

— Repeat until level 2 reached



S|S-operator for example
Sp(¥—x.) = i(ﬂS)mn(I)Sm(}f—x*z), F=X0— Xy

1

o™ :1+(H+1)a+(ﬂ+1)(?1+2)&2+ Z(m+n) @ ol < 1.
-

2! min!

Su@=2a1) = (=277 = (=22 — (G —xa))™

= O’—x*z)‘”‘l[l B le_—xizz }—n—l

Z LA L ) = 3ag)

min!

Z ( 1) (m-'— H)!ImSn+m(y_-xt2) = i (_1 )m_nm!rm_nsm(y_‘x*z)

! nl(m —n)!
=N

0, m<n
() 8) = 4 ctpomt

>
— > M2 A



S|S-operator (2)

Sn(}’—»xn) = Z(S]S)mn(f)sm(}’—xu)a =X X
m=0

O, m<n
(SIS) () = (—1y" ]

RCOm oz R

nl{m-r)l

0 .. )
-+ 1 0 0 .
(S[S)E) = (S, =| t# -2t 1 0 .
3 312 3t 1 .




Upward Pass. Step 1.

S-expansion valid inQ

S-expansion valid in E5(n,L)



Upward Pass. Step 2.

SIS-translation.
Build potential for the parent box (find i1ts S-expansion).




Multiple Level FMM - 2

e Downward pass
— For each receiver box at level 2
— Initialize coefficients to zero

— For each non-neighbor source box in the E_4 domain perform a
multipole to local SIR translation and add to coefficients

— R-R translate to children boxes at finer level

— Add S-R translation of nodes in the new E_4 domain at finer
level

— Repeat until finest level reached
— Initialize evaluation vector to zero

— For each evaluation point in the box

e Evaluate local expansion using coefficients above at each evaluation
point and place answer in evaluation vector

* For each source in the box and its neighborhood evaluate the source
contribution directly



SIR for example case

(v — x| < J7))

Sy —x.+1) = (f+yv)" ! 2 1 de (f:' (y—2.)"

— Z 1 de (I)Rm(y'_ )_ Z(S|R)m(f)ﬁm(y—x*)

S0
_ 1 dnSa(r)
(SIRYmlf) = — 0 =
/ 1 42
_I—E _23‘-—3
(S|R)(#) =
2 34

(—1)"(m+n)!

m[”[l«n+m+l

f_3

6f>

)

34 .




SIR-translation

‘JU




RIR-operator for example case

Ru(3=%41) = D (RIR),,,(ORA(y-%12), = Xup = Xuy
p=(

Ri(y—=x:1)=—xa)" = ¥—x0—(xa—x2))"
= Z (_IJ_MHF ’ (-x*E —x*l)ﬂ_m@—x*z)m

=Z )7 R (V=X 4.

- m! (1 —m)!

0, m»n
(R|R)mn(fj = (—17™x! g

., m= n

ml (=)



RIR-operator(2)

Ru(y—x:1) = D _(RIR),,,(DRm(%s2), = Xu2 — Xu1
=0

. mE AR

0, m>n

el (s

(1 1 2 7 \
0 -1 -2 -3¢ ..
(RIR)(#) = (RIR),,, (&)= O O 1 3¢
0 0 0 -1




RIR-reexpansion of the same
function over shifted basis (2)

Original expansion
Is valid only here!

ly -x.-tl < r ;= r-It

/

Since Q. (X.+t) < Q (t) !




Downward Pass. Step 1.

Level 3:

Level 2:

Neh Y
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|\ _w% L




Downward Pass. Step 1.

THIS IS USUALLY THE
MOST EXPENSIVE STEP OF
THE ALGORITHM
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Downward Pass. Step 1.

P, = PowerOfE4Neighborhood = 392¢ — 3¢ = 34(29 - 1)

d=1: P,=3.
d=12: P,=27. Exponential
d=73 P,=189 v Growth

(/

K
_ 1>
Rl
N

\

Total number of SIR-translations
per 1 box in d-dimensional space

I
|\
B

(not on the domain boundary)

It 1s worth to think about optimizations



Downward Pass. Step 2.

ESFN At/ = 2 we have

n,2 n,2 . ~win.2)
O (y) = 97 (y), D =D ",
Form 'fbgg’” (y) (or expansion coefficients of this function) by adding bearm(”)’f_” (y) to

(R|R)- translated coefficients of the parent box to the child center:
©77(y) = DD e Ry - x(*),

< () . " _
D& =D + (RIR) (xg B x 13')[)'1%3 D, m = Parent(n).



Downward Pass. Step 2.

Figure shows that local-to-local translation is applicable in this case (smaller sphere 1s
located completely inside the larger sphere), and junction of structures £;(7, /) and
Es(nl+1)produces E5(;,/+ 1) :

Es(mi+ 1) = Es(m, D) U Es(n, i+ 1),



Final Summation

As soon as coefficients D" are determined total potential can be computed for any
pomty; € £,(0,0), where d?é”’ﬂ (¥) can be computed straightforward. So:

v, = Oly,) = Z u; Dy, %) + DL o Ry, —x N, y; € Ei(n,1).
xe8(0,0)

Contribution of E, Contribution of E;,

Y
[ ]
<




Itemized Cost of MLFMM

Regular mesh:
N=2&d ¢=2Ld [ =] =1L -1, Assume that all
translation costs are

CostUpward, = NCostExpansion(P) = O(NP). the same,
CostTranslation(P)

CostUpward, = 2¢ (2014 4 2024 4 | 4+ 2% 3 CostSS(P)

2

o
< 23—_1 (254 — 1) CostSS(P) ~ ¥ CostSS(P

CostDownward, < Py(d){2% + ..+ 2% }CostSR(P) ~ P, (d)%c 51SR(P),

L")

CostDownward, = 29 (2% + ..+ 219 Y CostRR(P) ~ LY CostRR(P),

CostEvaluation = M(P,(d)sCostFunc + P). ~ Powers of E,
and E, neighborhoods

CostMLFMM = (M+ N)P + (Py4(d) + 2)%(303:}" ranslation(P) + P,(d)sMCostFunc



Optimization of the Grouping Parameter

CostMLFMM ||

CostMLFMM = (M+ N)P+ (Py(d) + 2)%'{6*03:}" ransiation(P) + P, (d)sMCostFunc

8CGSQELFW = —(Ps(d) + 2)%605;‘?3‘&??53&&‘0}?(19) + Po(d)MCostFunc = 0
y £

$., = [N (P4(d) + 2)CostTranslation(P) TE
” MPo(d)CostFunc '

CostMLFMM,,; = (M+ N)P + 2[MN(P s(d) + 2)Po(d)CostTranslation(PYCostFunc .



Optimization of the Grouping Parameter
(Example)

§.. = [N (P4(d) + 2)CostTranslation(P) TE
sz MPs (d)CostFunc :

CostMLFMM,,; = (M+ N)P + 2[MN(P s(d) + 2)Py(d)CostTranslation(PYCostFunc .
Example:

N=2M, Pud)=3927-1}, Pyd) =3",
CostTranslation(P) = P?, CostFunc = 1
Sope ~ 29°P,  CoStMLFMM e ~ 2NP{1 + 392472}
Ford=12, P=10, Sop~ 38, CostMLFMM,, ~ 38NP = 380N.

If non-optimized,

s =1, CostMLFMM,,, ~ NP(Q + 3‘f2‘fP}
Ford=2 P=10, s=1, CostMLFMM,, ~ 360NP = 3600N.

In this example optimization results in about 10 times savings!



Domains of Expansion Validity (1)

Consider « —dimensional space.
Size of box at level / :

size(l) = 27, ,/
Half of diagonal of box at level 7 : 'I
diag(l) = 2L qfd = 271 Ja '\
Minimum sphere radius containing the box \\

rua(f) = diag(l).




Domains of Expansion Validity (2)

R-expansion

the most far y

closest x;

S-expansion

The most far x,

closest y



Domains of Expansion Validity (3).
R-expansion.

u Potentials (functions) can be factorized as (local expansion):
Plx,,y) = Alx,x,)oR(y—-x,), [y Xu|<r<|x;—-X|, I=1,.,N

|Y_X*| “‘“{* rﬂﬁn(z):-
Strict unequality:
Pl < %ﬂze([}

27104 < %2--*', d<o.



Domains of Expansion Validity (8).
RIR and SIS-translations.

K R-expansion coefficients can be R|R-translated:

¥ — Xz < X = Xaq| = [Xa1 — Xuz| No
A(X,Xa0) = (RIR)(Xaz - x.)A(x,,x,,)  additional
K} S-expansion coefficients can be S|S-translated: constraints

|Y_X*2| > |X*1 _ X*2| + |Xz' _ X*1|:~

SIS B(x;,X.2) = (S|S)(X42 — X.41)B(X;,X41) RIR




Domains of Expansion Validity (9).
SIR-translation.

u S-expansion coefficients can be S|R-translated (converted to R-expansion coefficients)
¥ — Xaz| < [Xa1 — Xa2| — X — X,

A(X;,Xa2) = (SIR)(Xuz — X1 )B(X:, X1

¥ —Xu| < ro(D), X Xu| < rn(D),

MiNX.1 — Xao| = 2size(]).

2—3—1‘/§+2—3—1\/§ < 2—;+1:' d< 4

d < 4 — strict,

d <4 — weak.




