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Lecture 3



Outline

* Factorization — One of key parts of the FMM.

— Necessary for fast summation

« Today’class: Discuss strategies for creating factored series
representations

* Types of Functions @

— The function @ is also called a “field” or a “potential”

— Singular and Regular Fields
— Far Field and Near Field

* Local Expansions (R-expansions)
— Local Expansions of Regular and Singular Potentials

— Power Series
— Taylor Series



Matrix-Vector Multiplication

Compute matriz-vector product

v = T,
If
Dy =Dly,x), i=1,..M i=1__N
or
([on [0 ] [ow (o) [0Gx) | | OGLxw
5 - Pa1 | Pz | | Paw | | _ | [ POzx1) | Plyzxz) | | Plyz.xw)
\(Dan | Pz || Paaw \ | Paex1) | Dyarxa) |- | Diyaxw)
we need to comute the following sums:
M
vy = Zuﬂﬁ'{yj,xi}, Ji=1,.,M
=1
(zenerally we hawve two sets of &-dimensional points:
X ={x1.x2, . Xp}, X; € ]R'.'ir, i=1,.., N

W o= {FI,FE,...,FM}, F_i" = m‘.d, j = 1,...,M

We call one of these sets, say &, “set of sources”, while the other set, say W, “evaluation points”



Why Consider R4 ?

Many problems are posed in higher dimensions
d=1

— Scalar functions, interpolation, etc.
d=23

— Physical problems in 2 and 3 dimensional space
d=4

— 3D Space + time, 3D grayscale images
d=35

— Color 2D 1mages, Motion of 3D grayscale images
d=06

— Color 3D 1mages
d=7

— Motion of 3D color images
d = arbitrary

— d-parametric spaces, statistics, database search procedure



Fields

(Potentials)

D (F.i'" If}

F

= Zﬂm{xrlfm {Fj) = Eﬂm(]{!-lfm (FJ} + Errﬂr{p;x!.,jrj]
=]

m={]

where p 13 the truncation number,

Extension for arbitrary v (turns O to be a function of v

Oy %) = D am(Xfm(¥) = 3 am(XYm(¥) + Error(p,x,.y), y €R?

=] =]

o0 P ‘

surn 15 also a function of v

Field (Potential) of a single
(ith) unit source

Fields are continuous!
(Almost everywhere)

N

v(y) = X u X, ¥ eRY
1=

v =wiy;), j=1..M

Field (Potential) of the set
of sources of intensities {u;}



Examples of Fields (functions)

e There can be vector or scalar fields (we focus mostly on

scalar fields)
 Fields can be regular or singular

Scalar Fields:

3 Gravity
(singular at y=x,) Dly.x,) = —]
¥ — x|
u Monochromatic Wawve (4 15 the wavenumber)
(singular at y=x,) Dly.x,) = [ikly — x,|} ‘
¥ — x4
n (Faussian
(regular everywhere) Dee . <l ‘
Vector Field: brx:) Ty - xflo)
3 3D Velocity field:

1 - 1
Diyvx, 1=V =1
WX T T Y ox

8 1 .3 1

2 3 ’
D2 ly-x| " ly—x

(singular at y=x,)

¥ =(r1.y2.r3) € B2




Far Field and Near Field

Region far /near from source where there is a simplified factorization
or description

n Mear Field of the ith source:
¥ — x| < re
n Far Field of the ith source:
. ¥ — x| > &
Near Field Far Field

What are these r.and R, ?
depends on the potential + some conventions for the terminology



Local (Regular) Expansion

Do not confuse with the Near Field!

Let
Basis
x, € B9 | .
Functions
We call expansion /
Dy, x;) = Z G (X, Xy R (¥ — X,
m={] \
local (regular) mside a sphere
F-xl<7 | Expansion
if the senes conwverzes for ¥y, [y — x| < 7y Coetticients

We also call this R-expansion,
since basis functions R should be regular
Regular functions are “finite” functions



Local Expansion of a Regular Function

* Region of validity
...or like this:
Can be like this;, x;,

...or like this:

P > X, - X > |y - X4
Y - Xe| <7 <X, - X4

Vi = |y'X>x<| > |Xl--X>x<|



Local Expansion of a Regular
Function (Example)

Valid for any r. < oo, and x;

Looling for factonzation:

e hawve

Choose

b = ]El.|

Dy, x; =¥

o0

Dy, x;) = Zam{xi — Xy )R (y—x4).

m={]

gm0t = g PR rET o e gl ) 2l )

= E_l:]"_-:':l-:liél_i-:':!_-:':t:li Z Em{}'fz — Ay jlml::}? ‘T’*jlm

#al

2

Al Ky — Xy) = & ~(a—a)? n—(x —x, )", m=01,.,

R (v—x }—.53_(”_”3'1/7(_)3 07, m=101,. .




Local Expansion of a Singular
Potential

...or like
Can be like this:

X, - Xa| > |y - X4

Y - Xs| <7e <X - X4

;

Like this only!

Y - X« > [X; - 3\/

Never ever!

Because x;1s a singular point!



Local Expansion of a Singular

Potential (Example) Do) =
Looking for factornzation:
. Dy, x;0) = Zcxm{x s (=% 4)
Valid for any |y-x.| < |x,.-x4| -0
We have
1 — 1 _ _ 1 [ V= Xy jl—l
y—x; ¥ Xa — (X ) (;.;z Ty ][ m_ﬁ ] (X;— X4 X;— X+ .
(Teofmettic progression
(1-a)y =1+a+a?+. Zr_:r loe| = 1
F¥—Xy 771 _ . -z )"
[1_:-'{!- I:.,jl _Z{I;—Iq.:lm I}’ ‘:"r"’l'ﬁ:|‘:|f I""l
me={]
PRI p— ~ 0,1
I:;'f;' I*)mﬂ




Power Series

* (Classic example of local regular expansions

e Monomials form a basis

FPower seres relatrve to real or complex variable v 15 a senies of type

]

Ay=xa) =D amly—x)™,

]

whetre a., are real of complex numbers.



Properties of Power Series

1) For any power series there exists 7., such that the series

converges absolutely at |y - x.| <r., and diverges at [y-x.| > r.,.
The number 7., 1s called the convergence radius of the series,

0<r,< oo,

For any number ¢, such that 0 < g <r,, the power series
uniformly converges at |y - x.| <g.



Properties of Power Series

2) Convergent power series can be summed, multiplied by a scalar, or multiplied
according to the Cauchy rule.

For |y-x.|< r, the sum of the series is a continous and infinitely differentiable
function of y.

The power series can be differentiated term by term at |y-x.|< r. and integrated over
any closed interval included in [y-x.|< r..

Differentiated or integrated series (if integration is taken from x. to y-x.) have the
same convergence radius 7. .

o0

D amy—xa )" D b= 1) = D (@ A )= x4,
2=l el

Fraed |

o0 o0
aZﬂm{jﬁ—L]m = Zaﬂm{y—x*]m,
Fre=l ] p={]

Cauchy’s rule[ — < w @ [ n
T [Zﬂmw—x*jm][zbmw_x*]m] - Z[Zﬂmb”_ﬂz j|I:JJ—I=.,.:|n
=il

Frae=l] n={] [ r={]




Properties of Power Series

3) Uniqueness. If there exists such positive » that at any y satisfying
ly-x«|< r two power series have the same sum, then the
coefficients of these series are the same.



For those who love proofs

Prove the above properties!

(Not a course formal requirement, but a
good exercise)



Taylor Series (Finite)

* Definition for a function which possesses a
known finite number of derivatives

Let /(3 be a real function, A7) € D%, %4 + 74 ) (50 the #-th derivative 7% () exists for x4 = ¥ < x4 + 7). Then

Jw) = Axa) +.f':x=+:”:y_ Xa)t %ff(x#j{y_ xa-:'z Tt I:H_l—.l:l!ﬂn_lj(x#]{y_ x#)?!_l + Restdual, ().

Cauchy’ s evaluation:

Resicual ()] < 2221 =00

#l T o

Lagrange evaluation:

Residuale() = | ax [ x| /@ xdx - ﬁ DXy — x4)",

A E(Ky,Xut 74l

We have stmilar formulae for x, —ry = ¥ < 1y



Taylor Series (Infinite)

 Extended definition for a function with infinite
number of derivatives

Let fiv) € L (xy — ry, %y + 7y ) and et

Then

Jiy) = E ﬁﬂm:'{x*]ﬂ)f—x*]m, = x| <

el |

7 cotverges to fiy) for any [v — x| £ ¢, where U= ¢ = ».



Local 1D Taylor Expansion

Looking for a local expansion

=l
Dy, x;) = ;-?lgl aam:—? (X X )y )"
=] Y
. __1 &% . _
7P - R ol (4.0, m=10,1




Local 1D Taylor Expansion (Example)

* Creating a factorization of a function using a

Taylor series

» Evaluate error =

bound

Oly,x;) = & |
voxe) = e, S L oy xMa?
a}rm ? 1 ? a b
—L amq:' L = i Alw
ilml:::-'fz =|-:| = a1l aym (I#,Iz] 1] o ] ‘

Residual for [y — x| = o (assume x; = 0,x, 2 0):

o0

Dlyxi) = e 3 T ()"

Formn=>5 a=05 x;=1,x4 = 0.2 we have

=]
Restud )] < P 180 6n0 | < Sxpene
: £ 3 _ 1 -3
|Eestdualsiy)| = 253 < 5. 190 590 < 107,




Multidimensional Taylor Series

Let fiy) be a real function,

Then we can wiite

ﬂ‘f:l = DWI:U:;‘ :I, ¥ =|:jf1,...,_}’d:|'5 Ux,,, — ma", I=+=|:I:|.1,...,I:¢.£:| — md |

A) = forya...va) |

Jv1va..ya) =

oo

2

-]
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