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Outline
• Review
• Vector analysis (Divergence & Gradient of potential)
• 3-D Cartesian coordinates & Spherical coordinates
• Laplace’s equation and Helmholtz’ equation
• Green's function & Green's theorem
• Boundary element method
• FMM
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Gauss Divergence theorem

• In practice we can write 

Ω
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Integral Definitions of div, grad and curl
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Green’s formula
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Laplace’s equation

Let G satisfy

∇2G (x) = δ (x)

Solution is

G (x) = − 1

4πr
More generally

G (x,y) = − 1

4π |x− y|
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Helmholtz equation
•

Let G satisfy

∇2G (x) + k2G= δ (x)

Solution is

G (x) = −exp (ikr)
4πr

More generally

G(x, y) = −exp(ik |x− y|)
4π |x− y|
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• Discretize surface S into triangles
• Discretize`
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Green’s formula
• Recall that the impulse-response is sufficient to characterize 

a linear system
• Solution to arbitrary forcing constructed via convolution
• For a linear boundary value problem we can likewise use 

the solution to a delta-function forcing to solve it.
• Fluid flow, steady-state heat transfer,  gravitational 

potential, etc. can be expressed in terms of Laplace’s
equation

• Solution to delta function forcing, without boundaries, is 
called free-space Green’s function
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Boundary Element Methods

• Boundary conditions provide value of φj or qj

• Becomes a linear system to solve for the other
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Accelerate via FMM
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