Lecture 4



Example

Oy, x;) = e¥™ = Z [(y—x,) -V, " D(x..x;),

1
m!
Fix (y — X, ):
P(x,,X;) = ¥,
Vi, P(X4,X;) = X2 = x;D(X0,X;),

[y =%« Vi, [P xg) = [(y - x,) - X3 [P, Xg ),
[ %)« YV ]7O(x, %) = [(y — %) - %] P(x4,X:),

Dly.x;) =ZH_% y—X, ) - X;]"D(x,,X;) = ¥ Zm% y—x_ )-x;]".

m:

B

Check: e¥% = g¥+Xip¥y X)X = p¥erXs ;if (v —x,)-x;]".

p=(]



|Is That a Factorization?

e Yy -x,) o x,)”

oo
1!
p=l]



Scalar Product in d-Dimensional
Space

Defimition of scalar product:

a =(a1:"':acf): b = (blf’"':'bd)?

d
a-b =£I1_b1_ + ...+ ﬂdbd = Zakbk-
i=1

a-b =|a|b|cosé,

la| = Ja-a.
What if
(?
ﬂlj...jﬂdjblj...:bd = :
Defimtion: complex

/ conjugate

d
a-b =£I_1.EJ1_ + ---+a_.:£b.:f = E Cl_kbk
=1



Properties of Scalar Product

Commutativity:
asb=D>bea
Scaling:
(Aayeb=as«{db)=A4{asb), AR
Distributivity:

(a+b)ec=aec+bec



Factorization of Scalar Product
Powers

d & d d d
(ﬂ . b)ﬂ = (Zakbk> = Zaklbkl Zakzbkg“' Zﬂknbkn
k=1 k=1 k=1 =1
= ZZ Zahakg A, by biy. Dy,

=1 ko=

—[a®@a®..@al+[b®b®..@b]=a"sb”

a”eb” = (ash)" = (bsa)” =b"ea"

@+ IZﬁ(y X,)*X;| = Zm% Pe(y-x,)"

=l



|Is That Factorization?

1) Truncation:

]

2) Fast summation:

p-1
Zu CD(yJ X} Zu e+ "“|: ﬁ 7 (ij*}m+Residualp:|

=[]

-1
1 _m _ 2 -
G PR (v—x,) =+ Residual, :|

e
[

-1

s=[]

Il
L
“'13

[

i=1

N
ﬁ(Zuzex*'xle> o (yj—x* }m + Residual
0
-1 N
C,y ® (yj—x* }m + Residual, Cmp = 1 Zuie"*'xixm.
=0 T =1

Yes! It 1s!

Il
™

S



Complexity of Product

a=(aa),
a’ = (ay(ar,az),ax(ay,a2)) = {aj,a1az,a:a1,a3 )},
33 = (ﬂ%(.ﬂ'l:ﬂg):ﬂ1ﬂg(ﬂ1,ﬂ2):a2a1(ﬂlnﬂg):ag(ﬂlﬂag)}

_ 3 2 2 2 p 3
= (ﬂljﬂlﬂgjﬂlﬂgﬂl:ﬂlﬂzjﬂgﬂl:ﬂgﬂlﬂgjﬂgﬂ]:ﬂz):,...

The length of a” is 271« This is not factorial!

In d dimensions the length of a” 1s even d”

What to do in practical problems?



Use Compression!

Compression operator:
A" = Compress(a”)

Required Property:
a” « b* = Compress(a”) « Compress(b”).

Consider R?:
a” « b* = (a . b)n = (ﬂlb] +a2szn

n n
= ath’ + ( 1 )a’flb’flagbg + ( ) )a;ﬂ?b?;?agf}g + ..+ aib’
The length 1s only

(n +1), not 2"

Let us define: rd
1
= Compress(a”) = L, “ai,..a

n n
B* = Compress(b”) = b” 15}2, b” bz, ..., b"



Example of Fast Computation

A -1
v =D u®(y.x;} = D cue (y—x.)" +Residual, ¢, = ﬁ 3 semenl
i=1 =] .

Equivalent to:

-1 ol
Vv = Z C, e Cumpress((yj—x* }m } + Residual, C, = ﬁ Zuiex*'xi(jumpress(xfz).
= =1

Number of multiplications (complexity) to obtain v;:

_plptl)

Complexity = 1+2+ ... +p 5



Compression Can be Performed for
any Dimensionality (Example for 3D):

a”«b” = (ﬂ . b)P3 = (.ﬂ!‘lbl +agbg +ﬂ353)n

# - 1 Ft R o
= [(a1b1 +azby) + azb;]" = Z (@b + azhy )" " ay by
m

m=[]

H = 11—
=22 a; b bya by
=0 =0 !
#? #1
= a'b’ + ( )a*’flb’flagbg + ( )a*‘fzb*’fzagbé + ..t alby
1 2
n n n—1
+ ( ) lbm lﬂjbg + ( . )( ) Ebklz zﬂgbgﬂgbg + . +ﬂjbm,

Compress(a®) = ( “la,, aial, )

The length of a” 1s (n+1)+n+. : .+1 (n+1)(n+2)/2



Compression Can be Performed for
any Dimensionality (General Case):

(a1 +ax+...+ay) = Z (myn,ng,...ng ) a3t ..a’y.
nit. trg=n
Multinomaial
! «— .
(m 11,70, ...,1,) = . . coefficients
ﬁl!ﬂg!...ﬂd!
Compress(a®) = (a"’f,J(m;n— 1,1,0,...0)a" 'as, ...,J(n 1,00, )0 Q57 . az"’,...,a;)

So we have
a” - b* = Compress(a”) - Compress{b”)
Z (mn,ne, .. ng)a ar . .a bl b b

Mt tHg=H

= (fﬂ'lbl + ﬂgbg + ...t ﬂdbd)?g = (a . b)n_



VWhat are multinomial
coefficients?

(n; ny,n,,...,n,) 1s the
number of ways of
© o , putting n different

e __— nobjects objects into d
different boxes with
n, 1n the k-th box

d boxes

ntn,t...tn;=n



The length of the compressed vector

1: 1
2. n+l,
3 %(n+1)(n+2)j

=)

ST TN
Il

Theorem: If a €R?, then the length of compressed vector Compress(a”), is

ntd-1 1  (n+1)..(n+d-1)
n (d—1)! '

Proof: We have a basis for induction (see above). Let this holds for & dimensions.
Consider  + 1 dimensions:

: n
((a1+...+ad)+ad+1)” = Z( )(a1+...+ad)ma§+’{*
mn

=0

The number of terms 1s then

()0 )

This proves the theorem.



Example of Fast Computation

i p—1 AN
1 . ] -
v, = E ujdﬁ(yj,xj) = E Con ® (yj—x*} + Residual, ¢, = o) E ue* Ny’
=1 =0 =1

Equivalent to:

N
g = Cm . Cumpress((yj—x* }m} + RESidual; Cm = ﬁ Zuiex*-erﬂmpl‘ESS(ng).

s=() =1
Number of multiplications (complexity) to obtain v;: (in 2D case!)

_perl)

Complexity = 1+2+ ... +p 7

n
- XX
Cy = E e,
i=1

w
Cy = (C11,Cr2) = D we™™ (xi1,x2),
-1

W
— — 5 2 O 2
Co = (C21,C0,C03) = 2 Ugexr (xﬂ_:' zxilxiE:xgg):

i=1



« C(p+d-1,d) is asymptotically df for large d
and fixed p
(p+d-1)/(p-11)d!
Recall Stirling’s formula n! ~ /27 nn+1/2) —n



Complexity of Fast
Summation

Let o be a scalar product of vectors A; and F; of length P(z) (p 1s the truncation number).
Complexity of summation over 7 18 then O(PN).

Complexity of scalar product operation 1s P.

Complexity of A scalar product operations 158 O(PA) (forj = 1,....M).

Total complexaty 18 O(PA + PN).

Fast Method 1s more efficient than direct only 1f O(PAL + PN) < O(MN),

so we should have

P(p) < min(M,N)



General Forms of Factorization for
Fast Summation (1)

N
v, = > ud(y.x;), j=1,..M
i=1

@(yj X; } Zam(x X ) (yj X*} + Error(p, X;,X., ;)
scalar product

= a(X;,X,) » f(y. — X, } + Error.

How about vectors of length p

v, = E u e ik 5l

\ Some parameter
More general to have depending on i

W i
vy = 2 u®i(y,) or viy) = D udy(y).
i=1 =1



General Forms of Factorization
for Fast Summation (2)

The potential can be factorized as

Diy) = Ax) e Fly — x4 )

Generalized product o can be scalar product, contraction, etc. A; and F can be real or
complex vectors, tensors, etc. in p-dimensional space.
Requirements to the product (distributivity with respect to addition)

({IAE' + ﬁAj) o F ={IA3' o F +ﬁAj o F.

In this case

y(y) = Zucb(y) ZuA(m)oF(y X.) = A(x.) o F(y - x.)

A
A(xa) = D A(X)
i=1

We do not need commutativity of o (1.e. we donotrequest A; o F = F o A;)(!).



General Forms of Factorization
for Fast Summation (3)

Actually, we even do need continuous variable y,
The problem i1s to represent all matrix elements in the form

then



Complexity of Fast Summation

Let o be a scalar product of vectors A; and F; of length P(z) (p 1s the truncation number).
Complexity of summation over 7 18 then O(PN).

Complexity of scalar product operation 1s P.

Complexity of A scalar product operations 158 O(PA) (forj = 1,....M).

Total complexaty 18 O(PA + PN).

Fast Method 1s more efficient than direct only 1f O(PAL + PN) < O(MN),

so we should have

P(p) < min(M,N)



Outline

« Far Field Expansions (or S-expansions)
— Regular Potential (Convergent Series);
— Regular Potential (Asymptotic Series);
— Singular Potential;

« Asymptotic Series

« Approaches for Selection of the Basis
Functions



Far Field Expansions
Let (S-expansions) g be

Y Singular (at y = X.)
’ ' Basis Functions

We call expangion /

DY, x:) = D bn(X,X)Sm(y - X,)
rrr=(]

far field expansion (or S-expansion) outside a sphere

¥y —x, | > R, oy

if the series converges for vy, [y — x,| > R..




Far Field Expansion of a
Regular Potentlal

..sometimes like this:
...sometimes like this:

Can be like this:

[y - Xal > R > ;- X4

[y - Xal > R > ;- X4




Local Expansion of a Regular Potential
Can be Far Field Expansion Also
(Repeat Example from Lecture 3 )
Valid for any r. < oo, and x;
D(y,x,) = e~ = iam(xi,x*)Sm(}*—x*).
prz=[]
We have
o T o o re(mrma)P o (e ) o (rire ) p2(H xR )

R I A e Z 2"(x; —x*)m(y %)™

Choose

A (X, X4 ) = e"ix!"x*jz(xi -x.)", m=0,1,..,

S(p=xa) = eI Iy 2y, m= 0,1,



Asymptotic Series

fx€) = fo(X)po(€) + [1(x)91(€) + fa()P2(€) + .. = D fol®)Pn(e)
n=[

/

lim 220 _ ¢
o Pt (€) Gaug.e
functions

p—1
fx,€) = D Lu@)9al€) = Oy (¥)9p(€))
n=0
The asymptotic expansion is zz2iform in domain x € Q if
-1
VxeQ, |flxe)- D fix)g.(e)| = Olgy(e)).
n=0

Otherwise the asymptotic expansion 1s not uniform.



Examples of Uniform and Non-
Uniform Expansions

Example of uniform expansion:

Example of non-uniform expansion:

fix,e) =e*, xeR!

(]

per — ey
Z n!
—0

M

Prove that! (Hint: consider x 3 ¢71).



Example of Far Field Expansion of a
Regular Function (Using Asymptotic

Series)

'513'()}:.-?6;')= | — | 1 (y x*) _
1+ (y—x;)° 1+ [y—xx — (x; — x4)]° (y X)L+ [y—xa— (% —x4)]°

Let

-

= 1
- e = 2 = 2 -y _
R 1+[1-@-x)] €+ (1—-ex) FUCO R
fix,€) = mee




Example of Far Field Expansion of a Regular
Function (continuation)

Sox) =1,

af{x,€)

fl(x)=T = 2x,

e=[

£ = 4 a{g(jf)

= 3x° -1,
e=l

':D(oy?'xi) = (‘y_I-X*)E ;fn(xi _.?C*)

1
(y_x*)n
Y 2 100’ X = ]-: Xx = 0:-

E=10_25 _x=]_

B(y,x;) - #[1 L 25— x) }

(y_-x*)z (¥y—X4) §E4(3x2—1)=2_10—8_




Far Field Expansion of a
Singular Potents

...someNmes like #is:

.. sometimes like this:

Can be like this:

X, - X| > |y - Xs| > R.

|y - X*| > R* > |Xi_ X*|

/y-X*|>R*2|XZ--X*|

This case only!



Example For S-expansion of
Singular Potential

':D[:.y:xi) = y_]-xz .

1 _ 1 _ 1 _ 1 [l_xi—x*]-l
Y7HR Ly mx) (yox)[l-ZE] - x) Yoa A

Py, x;) = i Do (%, % )Sm (VX4 ),
m=l]

bm(xiﬁx*) = (‘xi_x*)mﬁ m= 0:1:"':
Su(y—x4) = (y—x)"", m=0,1,...



Let us compare with the R-
expansion of the same

v — Xa| < |x; — x4

[V —Xa| > |x; — x4

function

l R-expansion

DOy,x;) = i A (X X0 SR (%),
=

am(xiﬁx*) = _('xl‘ _x*)_m_l:ﬁ m = 0:1:"':' I
Ru(yp—x+)=(y—x:)", m=0,1,...

l S-expansion

Dy, x;) = i Do (X55% 4 )Sm (V=% ),
=0

Singular Point is located
at the Boundary

1 of regions for the
Swy=xa) = =x)™ m=0,L.. p_and S-expansions!

bu(x,x:) = (x;—x.)", m=20,1,..,



What Do We Need For Real
FMM
(that provides spatial grouping)

re < R

We need S-expansion for |y - X.| > R.> |X; - X4
We need R-expansion for |y - X.| <7 <|X; - X4



Basis Functions

 Power series are great, but do they provide
the best approximation? (sometimes yes!)

« Other approaches to factorization:
— Asymptotic Series (Can be divergent!);
— Orthogonal Bases in L,;
— Eigen Functions of Differential Operators;

— Functions Generated by Differentiation or Other
Linear Operators.

« Some of this approaches will be considered
In this course.



