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• More general view on the FMM
• Theory of Diagonal Forms of Translation 

Operators in 1D and 2D (Laplace)
– Renormalized Basis Functions
– Toeplitz and Hankel Translation Matrices
– Signature Functions for R and S bases 
– Integral Representations
– Translation Operators
– FMM with Diagonal Translations
– Example
– More Insight to Diagonal Forms



More General View on the FMM
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More General View on the FMM (2)

FMM:
S-Representation
S|S-Translations
S|R-Translations
R|R-Translations
R-Evaluation

Build Finite Information on Function
Translate Information to Coarser Level
Convert Information
Translate Information to Finer Level
Convert Information to Function Value

In any case: ``Information” is a vector of finite length.
Translation/Conversion means transform of
this vector.
If representations are linear, they are represented by some
matrices acting on the vector.



Renormalized R-functions

Toeplitz
Translation Matrix:



Renormalized S-functions

ToeplitzTranslation Matrix:



Renormalized S-functions

Hankel

Translation Matrix:



Toeplitz Matrices



Hankel Matrices



Fast Toeplitz Matrix-Vector Product



Fast Hankel Matrix-Vector Product



With such renormalized functions all 
translations can be performed with 

complexity O(plogp).

But we look for something faster.

Theoretical limit for translation
of vector of length p is O(p).

ONLY SPARSE TRANSLATION MATRIX CAN PROVIDE
SUCH COMPLEXITY



Representations Based on 
Signature Functions

We assume that
series for SF
converge. This 
is always true 
for finite series,
Cm = 0, m > p-1.



Integral Representation of Regular Functions
Property of
Fourier coefficients

Regular kernel



Integral Representation of Regular Basis 
Functions



Integral Representation of Singular Functions

Property of
Fourier coefficients

Singular kernel



Integral Representation of Singular Basis 
Functions



R|R-translation of 
the Signature Function

So the R|R translation of the SF means simply multiplication 
of the SF by the regular kernel !



S|S-translation of 
the Signature Function

So the S|S translation of the SF means multiplication of the 
SF by the regular kernel.

Representation of 
the regular basis 
function



S|R-translation of 
the Signature Function

So the S|S translation of the SF means multiplication of the 
SF by the singular kernel.



Evaluation of Function 
based on its Signature Function

quadrature weights quadrature nodes

function bandwidth

quadrature order

Use Gaussian Type Quadrature



This Provides the MLFMM
based on SF translations.

To link it with the MLFMM
in space of S- and R- expansion 

coefficients consider the 
following correspondence.



Correspondence between samples of 
the SF and expansion coefficients 

Inverse FFT of order p

So we have one-to-one correspondence



Chain of translations in MLFMM



Translations of SF:

This can be done for each sk independently!
Since at the final step only integration is required
sk are just quadrature nodes!



MLFMM using 
SF representation



Example



Example (2)

Asymptotic complexity of the MLFMM in this case is
O(p(N+M)). The same as for Middleman!



More Insight to Diagonal Forms



More Insight to Diagonal Forms (2)



Problems with the SF-method
• Each multiplication of the signature function by 

the translation kernel increases the bandwidth of 
the signature function;

• Filtering procedures are needed to control the 
error and keep the prescribed bandwidth;

• Filtering procedures can be done with the FFT. In 
this case the complexity of translation with 
filtering will be O(plogp) (in fact, this is the same 
as Toeplitz or Hankel Matrix multiplication).


