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Example Problem

Problem:
Evaluate the MLFMM error for computation of function

N
v(y) = D D(y,x3),
=0

':D(.y:xk) = ¥ _]-.xk 5

where y and x; are points in a box of size D and space 1s subdivided by the binary tree to the
maximum level L.

This example is also good to evaluate 2D problem,
by treating x and y as complex numbers!



From Previous Lectures

v — Xa| < |x; — x4

[V —Xa| > |x; — x4

l R-expansion

DOy,x;) = i A (X X0 SR (%),
=

am(xiﬁx*) = _('xl‘ _x*)_m_l:ﬁ m = 0:1:"':' I
Ru(yp—x+)=(y—x:)", m=0,1,...

l S-expansion

D,X:) = D bon (50, %0)Sm (%),

=0

bu(x,x:) = (x;—x.)", m=20,1,..,

Singular Point is located
at the Boundary

1 of regions for the
Swy=xa) = =x)™, m=0,L..p_and S-expansions!



R|R-operator

RulyH) = (7 +8)" = m'(ﬂﬂ—!f’H)! Ty = 2 m'(ﬂﬂlm)'in_mﬁm@)
m=] m=l
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l I




S|S-operator
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S|R-operator

Sul(y+) = (£ +y)™ 0 = f—m(lﬁ}—”l 2(—1)’”(:2'%) ey

_ 2 f,: ljm(m'l_ﬂj # n—m—lRm(y)_
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S-Expansion Error

(I)(y,xk) = _}’_l-x;g = me(xk:x*l)gm(y_xﬂ)?
=

bo(x,Xx41) = (xp —x41)7, m=0,1,..,
Sm(_y_.x*l) = (.y_'x*l)_m_l:' mn = 0:]-:"'
Asgsume

e —xa| =1, Y—Xx.|2 K

o2 1
ExpansionError(p, R, r) = Z B (X o Xa1 ) (V%41 ) — me(xk,xﬂ)Sm (3—X41)
m=0 m=0

R

D b @2 ) (51| < D Jbn %1 )S (1)

y w=p H=p

1N ~ 1(rVY 1 P
N Z(ﬁ) : E(ﬁ) 1-#R (ﬁ) R—r
m=p

evel L



S-Expansion Error

ExpansionError(p,R,r) < ( r )P 1

R R—r
R E
e - d=1: r/R=1/3, (")
\ ] d=2: r/R=V2/3<1/2. =

N




S|S-Translation Error

Translation from level o+1 to o:

A -y

C = (SS)C

0 f/ 1 0 0o 0 .. \ 0
e Alatl)
C —t 1 0o 0 . C
(o) — _ {er+1)
/‘2 t# -2t 1 0 . 6;
E*(a} £ o3 -3t 1 . Al
3 3
- j - j

p first coefficients at level o

Ald) D) can be exactly computed
Co =Co from p first coefficients at
5O _ ey g level a+1.

() Alatl)  oafatl)  afat])

C, =1C, -2C;, +C, |, This is exact translation of

first p coefficients!



S|S-Translation Error(2)

Translation from level o+1 to o:

a+1) e (a1

= D (818),,(x@ —x@He,
n=[

) .

(

Cr = D (SIS, (x& - xEFT,
n=I[

since (S]S), (£) =0, m<n<p.

This factor shows that

SO:
fw NP / we are on level a
D -X _$&' -X % (2 r) 1
| 20.x0) = Baly.xn)| < (22 (T
r 1

F
H"{"‘* - - = . :‘R:'
,Q) R—r) ExpansionError(p, R, r)

For any level o!




S|S-Translation Error(3)

L—a F
| vx0) - Batyxn)| < (250 ) o L

2L aR J 2 (R — )
ry_ 1 _ -
< ( I ) R—1) ExpansionError(p, R, r)

In this example S|S-translations do not cause any additional error!



S|R-Translation Error
(see the homework)

Note that 1n result of S|S-translations, first p coefficients are exact!
Con = (SIR),,,(1)Dn (Xies X 41 )R (X2

— (_1)m(m+ ”)' (-xk _x*l)n(y_x*z)m

m'”’fmﬂﬁl

e —Xa1| € 250, xan| € 287 ke — x| 2 28+ 281 20
Translation with p —truncated operator (S|R)®(¢) yields

—1 p-1

level L POGx) = 2 D em-

=0 x=0

A
A\ 4




S|R-Translation Error (2)

pr =2,

l:
2: p/lr =22 -\2)N\2
=2(\2-1)>0.8

d
d

/' level L 7 /
2 ° r

Xk X Xr




S|R-Translation Error (3)

| P, x6) — PO (3,x0) |

Long one!

3 S el 3 S el = 3 S el + e

-1 p-1
E ;E ;CF'?E?E E;E ;Emn
=l =0 =0 x=0
1 o -1 p-1
E;E;Cmm+§;§;cmn_§;§;cmm
=0 n=0 m=p n=0 =0 n=0
-1 p-1 =1 = B o -1 p-
ZZCWZZCWZZC%ZZ
=0 x=0 m=0 n=p m=p n=I pa=0 p=0
-1 pl s
=0 »n=p m=p n=0 m':l;z—p m=p xn=0
<33 e+ 33 el = 33 el 373 Yo
m=0 n=p m=p n=[ n=p m=0 m=p n=0

FH=p n=[ m=p H= 0 p=p n=

continued



S|R-Translation Error (4)

— (???‘I' ”)’ |‘xk — Kx1 |Hb"_x*2|m + |xk — X1 |mb)_x*2|n
= LYy

mi'n! |r|m+n
——
LAp N (o L1\ [ R N Y
N T ) ZZ (?T};j)! < r}(ggi r; » (ia ;r}}mg )
r+ r+ P — Lr2! Syt 2+ 20
— (m+ n)! 3 pretin
24" fr(2+ 2 Zp; mlnl  prom(2 4 2y
— ZZ (m+n)! 1
2£%12+ Ly&& mnl (24 2y
™ It 1s really long!

- 2 (m+ n)! 1
2“r<2+ﬁ)z<2+ J”Z mial 2+ 2)
we used this

= 2 1 1 :
\ 2£—£?"(2+ %) ; (2+ %)m (1 R )m+1 COntlnued .

2+pir

1

(n+ D)(n+2) , Z(m-t—n) i
(l_a)?ﬁl

2 an, el < L.
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S|R-Translation Error (5)

r]

2 1 1
2;5 "??‘(Z-I- ) Z (2+ ) (1 )mﬂ ( )

_ 2 1 _
20 = (L 2y 2 (1 + Lyprt & Z (1 + )

2 b (1)

2 YT - 2 )

zgfp(r:p)z%(r:p)p.

That’s it!/ i 2,

d=1:
d=2: ,0 =2(2 - \2)\2
=2(v2-1)>0.8



R|R-Translation Error




R|R-Translation Error(2)

i

o
Pty ) - Pt (v,%0) |

7l @ k1)
= 2.0, Ru(y-¥®)- ZD Ry — y& 1)

xn=l =l

-1 @

= | DS RIR),, 6 -y D, Rty - ¥E)

=0 m=0

1 p-1

3R, - ¥OD, Ry -y )

=0 »=0

~1 m

- | RIR), 6 -y D, Rty - ¥E)

n=0 m=p

since (R|IR) (£) =0, m>n

This 1s something, but why?



R|R-Translation Error(3)

Indeed, in our case the regular basis functions are
polynomials up to order p-1, which are obviously
can be expressed via other polynomial basis up
to order p-1 near arbitrary expansion center.

Zero error 1s provided due to domains of validity
are included hierarchically to larger validity domains.



Total Error

AbsSingleSourceError < MaxExpansionError(p,R,r) + MaxSRTranslationError{p,r, p)

- (&) 25 ()

AbsTotalError = N - AbsSingleSourceError
- ry_1 2(_ r ¥
M) 753G

since R > r+ p,

AbsTotalError < 3;}{( r-fp )p.



Total Error(2)

d=1: p=27% r=05.27%

L
AbsTotalError < 3 23 R

d=2: p=(2-32)2% r=o052-27%

F
AbsTotalError < 3 2N ”ﬁ
2-J2\ 2(J22+2-2)

=3 Q‘LN( J2 )p{S.Z(U.ﬁjp-ZLN
2-J2\4-42

Both formulae can be described as

AbsTotalError < CaP2tN = e(p,N,L,d).



Total Error(3)

AbsTotalError < CaP2tN = e(p,N, L, d).

Example: N=10*, L=10,d=1:

p 10 20 30 40
€,< 6-10° 9.107° 2.1077 3.10712

Example: N=10*, L =10,d=2:

40 50 60 70
€,< 8107¢ 5.107* 3.107° 2.107°%



Total Error(4). 2-Neighborhood.

d=1: p=2-27% r=05.27"

5-neighborhood

I
AbsTotalError < 3 25 ;}r .

d=2: p= (3—\/5)2_"5:. r=05y2 .27,

P
2LN J2
AbsTotalError < 3
3\/5(2(\/5;%3‘/5))

=3 Q‘EN( /2 )p{2(0.31)P-2£M
3-J2\6-42

AbsTotalError < CaP2tN = e(p,N,L,d).



Total Error(5). 2-Neighborhood.

AbsTotalError < CaP2tN = e(p,N,L.d).

Example: N = 10%, L=10,d=1:

p 10 15 20 25
e,< 4 2:1077 4.1077 2.1071

Example: N =104, L=10,d=2:

p 15 20 25 30
€,< 5-100' 2.107° 4.107% 2.107°



Error for Different
Neighborhoods

10 .
MN=M=4035
10° Theoretical Errar Bounds 5:19:'”;;3“;?55;'_
RN

10’
S .0
T 10
ak]
=
2 10°
=

10°

] ; b,
o r k=2,m=1%
1|:|'1D 1 1 1 1 :' 1 1 -
0 5 10 14 20 25 30 35 40

Truncation Mumber

k 1s the size of the neighborhood, m 1s the cell consolidation order
(in our case m = 0)



Optimization of MLFMM within
error bounds

In the example considered, the FMM error depends on:

* Truncation number, p,

« Max level of space subdivision, L;

* Size of the neighborhood (1,2, or maybe other);
 Number of sources, N;

 Problem dimensionality, d.

For fixed (given) N and d parameters p,L,and Neighborhood Size
can be optimized.



MLFMM Complexity

CostMLFMM = (M + N)P + 29(P4(d) + 2) %COSIT ransiation(P) + Py (d)sMCostFunc,

N=28d  g=0Lld L=L*—Ls=§log¥.

Consider

1id
e(p.N,L,d) = Cor2"'N = Co? (L) "N < e

CNIHI.::E‘
1/d

log ~alogN — blogs + ¢

p>
log = €08

CostMLIMM(s) = (M+ N)p(N, s) + 29(Pa(d) + 2) L p(N, 5) + Po(d)sM
dCostMLFAMM(s)

s
— 291 Py () + 2) (alogN blogs +¢) + Po(dM

0 =

~ —E;-M — 29 P4(d) + E)E(alogN— blogs+c)*



MLFMM Complexity(2)

For agymptotic optimum s we can consider alogN— blogs ~ aloghN, so

[ 2%Pa(d) + alogN 2 T Nlog®N ”EMIDgN
e Py (M M '

CostMLFMM :~O(NlogN).

More precisely,

CostMLFMM,,,= O(NlogN+Nloge,™")



Optimum max level (experiment)

1.E+03

1.E+02
N=65536

(s)
-
o
=+
2
&

CPU Time

p=p (8’ lmax)

3 5 7 9 11 13 15
Maximum Level, /

max



Effects of Machine Precision (1)

1.E-03 Double Precision Complex Arithmetics .
Theoretical Error Bound
1.E-06 | Machine Precision \
_ Thresholds
O 7 :
LL] o
é 1 E-09 ,// ’ .- 4096
> 4024 /&
©
=
,{/ 256 Actual Max Abs Error
1.E-12
) M =N, P =P (& [ max)
1.E-15 ‘ ‘
1.E-12 1.E-09 1.E-06 1.E-03

Prescribed Max Abs Error, ¢



Effects of Machine Error (2)

Two different computational problems:

1) Compute with a given prescribed accuracy;
2) Compute with a machine precision for a given type of float numbers.



Effects of Machine Error (3)

1.E+03 :
’
Straightf d’./
1.E+02 | Straightforwarg )
J MLFMM
//‘ Max
— Precision
= 1.E+01 | _2 8 Py
= Y P
& 1.E+00 |
+ ] =
o
' S
1.E-01 - ’ I Setting MLFMM
. Data Structure
'
! //(/) M =N, =p (& I max)
1.E-02 ‘ ‘ | P =p & Imar)
1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07

Number of Source Points, N



Effects of Machine Error (4)

30

Max O
Precision O

Truncation Number
—
(@)
|

M =N, p:p(salmax)-
O T T T T

1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07
Number of Source Points, N




Effects of Machine Error (5)

If the cost of search 1s O(1),
then for computations with fixed machine precision

CostMLFMM,,,,= O(N)



