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Outline

e Ordering in d-dimensions
— Bit interleaving
— Children ordering
— Bit deinterleaving
— Neighbor and other search algorithms

» Spatial data structuring
— Separability of space
— Threshold level of subdivision
— Data sorting
— Binary search
— About some operations on sets (union, difference, intersection)



Spatial Ordering

These algorithms of Parent and Children finding
are beautiful (O(1)), but how about neighbor finding?

Also we need to find box center coordinates. ..

The answer 1s SPATIAL ORDERING.



Scaling

In physics-based problems (4 = 1,2,3) we usualy have symmetry of directions and can
enclose that box to a cube of size D % ... x D, where

D =maxD,,
d

and the corner that has mimmum values of Cartesian coordinates:

Xy = (X1 mins > Xgmin ) -
This cube then can be mapped to the unit cube [0,1] % ... x [0,1] by the shift of the origin
and scaling;

X~ X
D 2

X =

where x are true Cartesian coordinates of any point in the cube, and X are normalized
coordinates of such a point.



i Scaling (2)

In case if a 2¢-tree data structure is applied for parametric studies, where each parameter
has 1ts own scale D; the mapping of the original box

[xl,nﬂn:xl,max] x... X [xd,nﬁn:xd,max]: xj,max - xJII]Jn = Dj:' j = ]-:'"':'d

to the unit cube [0, 1] x ... x [0, 1 ] can be also easily performed by scaling in each dimension
as:

i

Further we will work only with a unit cube, assuming that such scaling 1s performed and 1f
necessary any point x in the original #~dimensional space can be found from given
X € [0,1]%..%[0,1] and back, for any x its 1image % can be found.

When scaling like this, don’t forget about deformation of
the domains for your R and S expansions!



Binary Ordering (1)

d=1":
Allx € [0, 1] naturally ordered and can be represented in decimal system as

X=0aiaas..)y a;=0,.,9 j=12 .
Note that the point ¥ = 1 can be written not only = 1.0000..., but also as
X=1=(0.999999..),,
We also can represent any point X € [0, 1] in binary system as
X=(0b1b2bs...),, b;=0,1; j=12,.
By the same reasons as for decimal system the point = 1 can be written as

x=1=(0111111..),.



Binary Ordering (2)
Finding the number of the box
containing a given point

Level Box Size (dec) Box Size (bin)

0 ] ]
] 0.5 0.1
y) 0.25 0.01
3 0.125 0.001
Level 1:
(0.0b1b2bs...), € Box((0)), (0.1b1h2bs...), € Box((1)), Vb, =0,1; j=1,2,..,
Level 2:

(0.00b1b3b5...), € Box((0,0)), (0.01b1hshs...), € Box((0,1)),

(0.10b1b2b5...), € Box((1,0)), (0.11b1b2b3...), € Box((1,1)),
‘G"bj =01, j=12,.., We use numbering

Level [: / strings !

(O.NlNg...N;blbgbg...)z = BOX((N1,N2,...,M)), er}j = 0,1; _} = 1,2,...



Binary Ordering (3)
Finding the number of the box

containing a given point (2)
(ONNy. . Nib1bybs..), = (NyNy Nib1bybs. )y, NNy Ny = [(N{No. Nypbibobs.),]

(Number,l) = [23 -.i:]. -« This is an
algorithm for
;k 1: 129 1i1 1%} 151 lf'] 111 ﬁndlng of the
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Binary Ordering (4)
Finding the center of a given box.

For box number Number at level / the left boundary can be found by / —bit shuft:
Number = (N\N,..N;), = (0O.N|N,..N;),,
Add 1 as an extra digit (half of the box size), so we have for the center of the box at level / :
X.(Number,l) = (0NN, .N;1),.
This procedure also can be written in the form that does not depend on the counting system:

X.(Number,l) = 27 « Number + 2771 = 27 « (Number + 271).

since addition of one at position /+ 1 after the point in the bin
addition of 271
Problem: Find the center of box #31 (decimal) at level 5 of the\binary tree.
Solution: We have x.(31,5) = 272 - (31 + 0.5) = 0.984375.
Answer: 0.9843735.

system 18 the same as

This 1s the algorithm!



Binary Ordering (5)
Neighbor finding

In the binary tree each box has 2 neighbors, except the boxes that have boundaries x = 0
and X = 1. The centers of the neighbor boxes:

x.(Neighbor((Number,1))) = X.(Number,1) £ 27

In the binary form: The size of the box at level /

%.(Neighbor((Number,1))) = (O.NyNy.. Nj1), % (0.0..01 ) ,
2

e

To find the number of the neighbor box we can then use the above algorithm for

determining the number of the box for point x.:

Neighbor((Number,[)) = [N\N,.N;. 12 1] = NN, N, £ 1 = Number= 1.

If the neighbor number at level / equal 2° or —1 we drop this box from the
Problem: Find all neighbors of box #31 (decimal) at level 5 of the b
Solution: The neighbors should have numbers 31 — 1 = 30 and 31

32 = 2°_ which exceeds the number allowed for this level. Thus, onl

neighbor. ._ .
Answer: #30. This1s the algorlthm!

1 = 32. However,
oxX #30 15 the



Ordering 1n d-dimensions (1).
Bit Interleaving.

Coordinates of a point X = (%y,...,X;) in the d-dimensional unit cube can be represented
in binary form

.if;c = (O-bklbkEka---)gp bk' 0,1

g = Vil

j = 1:2:----:. k= ].,...:,d.

Instead of having & numbers characterizing each point we can form a single binary number
that represent the same point by ordered mixing of the digits in the above binary
representation (this is also called bif interleaving), so we can write:

X = (0.5115‘21...bdlblgbgg...bdg...f}ljbgj...bdj...)g.
This number can be rewritten in the system with base 2¢:

X = (ONNoN3 N, Des Ny o= (byby.by),, j=1,2,., N, =0,.,29-1.

J

This maps R4— R, where coordinates are ordered naturally!



Ordering 1n d-dimensions (2).
Bit Interleaving (2). Example.

Consider 3-dimensional space, and an oct-tree.
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Ordering 1n d-dimensions (3).
Convention for Children Ordering.

Any binary string of length  can be converted into a a single number (binary or in some
other counting system, e.g. with the base 29):

(bljbgj...jbd) —* (ble---b.:f)g = de.

This provides natural numbering of 29 children of the box.’

0,1,1), — /(1,1,1)
O | (D o)A
1 3 T~ _4,/( b )
(09190)‘ .
Xz (090) (190) \\A" : v\\ (1 1 O)
0 2 X = 5Ly
! o A
Xl (19090)
d=2 X d=3



Ordering 1n d-dimensions (4).
Finding the number of the box
containing a given point.

Level 1:
X = (U.f}nf}gl...f}dlbmbgg...bdg...bubgj...bdj...)z = BOX((bllbgl...bdl)z) = BG.X((Nl)Ed),

Let us use 2¢-based counting system. Then we can find the box containing a given point at
Level 7 :

(O.NlNg...MClcgﬂg...)zd = BO.X((NhNg,...,Ng)Ed), \?{CJ.- = 0,...,2d— 1; j = 1,2,...

Therefore to find the number of the box at level / to which the given point belongs we need
simply shift the 2¢ number representing this point by / positions and take the integer part of
this number:

(O.NlNg...Mﬂ'ngCg...)zd —+ (NlNg...M.ClﬂgCg...)zd; NlNg...N; = [(NlNg...M.blbgbg...)zd:l.



Ordering 1n d-dimensions (5).
Finding the number of the box containing a
given point (2). Algorithm and Example.

This procedure also can be performed in binary system by & - / bit shift:

(0.511b21. banbrobo. bbby bab.)y — (B11bar. bbb by bubsy. bab. )y
Number = (511’521---bdlblEbEE---b.:fE---blEbEf---bcﬂ)g-

In arbitrary counting system:
(Number,l) = [ 2% -x].

Problem: Find decimal numbers of boxes at levels 3 and 5 of the oct-tree containing
point X = (0.7681,0.0459,0.3912).

Solution: First we convert the coordinates of the point to binary format, where we can
keep only 5 digits after the pomnt (maximum level 1s 5), so X = (0.11000,0.00001,0.01100),,.
Second, we form a single mixed number X = 0.100101001000010. Performing 3 - 3 = 9 bit
shift and taking integer part we have (Mumber,3) = 100101001, = 297. Performing
3 +5 = 15 bat shift we obtan (Number,5) = 100101001000010, = 19010.

Answer: #297 and #19010.



Bit Deinterleaving

Convert the box number at level / into binary form
Number = (bnbgl ---bdlb 1_25?22 ...bdg ...b”b 2;...5@;) 5

Then we decompose this number to  numbers that will represent  coordinates:

Numb€r1 = (bnblg...b”)z.
Numberg = (521522---523)2-

NHH?bE?‘d = (bdlbcﬂ---bdf) 5



Bit deinterleving (2). Example.

Nunber = 7689 31 0 It 1s OK that the first group is incomplete
To break the number

e A A — r—HA/ 1nto groups
10010110001011101, of d bits start from
the last digit!
(Numberg = |0||0||0[|1| /1|1 =111, = 7
< Numper, =1 |1 /1 /0 |1 /0 = 111010, = 58,
 Nunber;, = 0 1 0 0 1 =1001, = 9,




Finding the center of a given box.

Coordinates of the box center in binary form are
-i:fc,c (Number, f) = (U.bklbkg...bml )23 k= 1:, :d

or in the form that does not depend on the counting system:

%o (Number,l) = 27 « Number, + 2771 = 27 . (Numberk + %), k=1,..d

Problem: Find the center of box #5333 (decimal) at level 5 of the oct-tree.

Solution: Converting this number to the bit string we have 533, = 1000010101.
Retrieving the digits of three components from the last digit of this number we obtain:
Number: = 1001, = 9y,, Number, = 10, = 245, Number, = 1, = 1,,. We have then
X1:(533,5) =27 -(1+0.5) = 0.04875, x,,.(533,5) =272 - (2+ 0.5) = 0.078125,
%3.(533,5) =277 -(9+0.5) = 0.296875.

Answer: X, = (0.04875,0.078125,0.296875).



Neighbor Finding

Step 1: Demnterleaving:
Number - {Number,,...,Number ;'
Step 2: Shuft of the coordinate numbers
Number, = Number, + 1, Number, = Number, -1, k=1,...d,

and formation of sets;

{ Numbery,, Number, Numbert ., Number, + 0,2' — 1
S = {Number,,Number_, Number; = 0. k=1,..
{Number, , Number; -, Number, = 2'—1.
The set of neighbor generating numbers 1s then
n=(n,.,n), N <8, k=1, ..,d

where each »; can be any element of 5, , except of the case when all 7, = Number,
simultaneously forall £ = 1,....d, since this case corresponds to the box itself.



Neighbor Finding (2). Example.

25 27 49
2é8 06 NS

13 15 37

X Number, _
interleaving

1101,11000,11001,1111,11011,100101,110000,110001
=13, 24, 25, 15, 27, 37, 48, 49

26,,= 11010,
deinterleaving

(11,100), = (3.4),,

generation of
neighbors

(2,3) ,(2,4),(2,5),(3,3),
(3,5),(4,3),(4,4),(4,5)
(10,1 1),(10,100),(10,101),
(11,11),(11,101),(100,11),
(100,100),(100,101)



Definitions
Spatial Data Structuring /

Data Collection.

Scaling and mapping finite d-dimensional data into a unit d~dimensional cube yields in a
collection C of N points distributed inside such a cube:

C={%1,X2,...Xy}, X €[0,1)x[0,1)x..x[0,1)c R i=1,.,N

Data Set.

We call a collection C = {X1,Xp,.... Xy} “data sef” , 1t Vi = j, dist{X;,X;) = 0, where
dist(X;,X;) denotes distance between X; and X;.

Non-Separable (Multi-entry) Data Collection.

We call a collection C = {X1,Xp,....,Xy} “non-separable data collection™ , 1f 3i = j,
def(ig:ij:l = (.

(By this definition a non-separable data collection cannot be uniquely ordered using
distance function dis#(x;,X;)).



Some properties of 29-tree
hierarchy.

Theorem: Let dis#(X;.X;) = [X; — X;|. Then for any data collection C at level
L > éloggN

of 2¢-tree hierarchical space subdivision there exist boxes that do not contain points from C.
We call such boxes “empry™ or “zero” boxes.
Proof. The number of boxes at level £ is 2°¢, which is larger than NV, at L > % log, N.

Theorem: Let dis#(X;,X;) = [X; — X;|. For any data set S of power NV = 2 at level

1/2
L > IDgzg ,  Where

paanis)

Dy = min|X; — X;|, 4j=1,..,N,
I#7

of 2¢-tree hierarchical space subdivision each box contains not more than 1 data point.
Proof. The the main diagonal of the box at level L is ¢'“27*. This is smaller than D, if
L > log, (d"°/Dyy).



Threshold Level

We call level L;, (C) “threshold level” of data collection C if the maximum number of
data points in a box for any level of subdivision £ > L,;,(C) 1s the same as for Z,,(C) and
differs from L, (C) for any L < L;(C).

Note: in case if C is a data set of power N = 2, then at level L,;(C) we will have
maximum one data point per box, and at L < L;,(C) there exists at least 1 box containing 2
or more data points.



Some Practical Issues Related to
Spatial Ordering

) If the type of data used allows to keep Bit,... bits to represent each coordinate of a data
point, then the maximum available level of space subdivision is Bi7,.... If it happens that
Bit,... < Ly (C) then C 18 non-separable in machine representation (by definition we
always have a box containing at least 2 data points).

Indeed, imited (discrete) representation of numbers results in discrete distance between
the points. If this distance 15 denoted as dist, we have

de > 0:, def(ij:ij) = 01f|i3 —ij'| < €.

And a data collection, which is a data set in norm of R¢, is a non-separable data collection in

the norm of machine representation.

K} Box numbering in d-dimensions using interleaving shows that at level Z the number of
bits required for box number is L4, This may cause severe restrictions on use of standard
types for representation of integers. E.g. 1f the max number of bits for integer is 31 and
d = 3, L cannot exceed 10. This means that if the difference between coordinates of
data points is less than 37! =~ 1.7 « 107 such points cannot be uniquely ordered using
the oct-tree. For larger dimensions extended types for integers utilized in hierarchical
numbering should be defined.



Spatial Data Sorting

Consider data collection C. Each point can be then indexed (or numbered):
V= (V,Vo,..,Vy), V;=Number(X;)L), i=1,...N,

where Number can be determined using the algorithm described in the previous sections.
The array v then can be sorted for O(NlogN) operations:

(V1 Vs Viy) = (Vi Vigs o Vi )y Vi, € Vi € 0 € Vi

using standart sorting algorithms. These algorithms also return the permutation index (other
terminology can be permutation vector or pointer vector) of length NV :

ind = (fljfgj ...:,I.N):,

that can be stored in the memory. In terms of memory usage the array v should not be
rewritten and stored again, since ind 1s a pointer and

v(i) = vi, ind{) =i, v(ind() = v(ij) = vy, Lj=1,..N
50

V(iﬂd) = (V.il s vig: '--:viN)'



Spatial Data Sorting (2)

« Before sorting represent your data with maximum
number of bits available (or intended to use). This
corresponds to maximum level L available

(Say [L available =BitMax/ d] -

* In the hierarchical 29-tree space subdivision the
sorted list will remain sorted at any level L<
L, aiab1e- SO the data ordering 1s required only one
time.

available



After data sorting we need to
find the maximum level of space subdivision
that will be employed

In Multilevel FMM two following conditions
can be mainly considered:

« Atlevel L, _each box contains not more

than s points (s 1s called clustering or
grouping parameter)
« Atlevel L _the neighborhood of each box

max

contains not more than g points.



The threshold level determination
algorithm in O(N) time

=0, m=s,
while m < N
i=i+l, m=m+1;
a = Interleaved(v(ind(7));
b = Interleaved(v(ind(m));
J = Bitma +1
while o + 5
J=i-1
a = Parent(a);
b = Parent(b);
Imax = max({max.j);
end;
end;

s 1s the clustering parameter



Binary Search in Sorted List

« Operation of getting non-empty boxes at any level L

(say neighbors) can be performed with O(logN)
complexity for any fixed d.

* It consists of obtaining a small list of all
neighbor boxes with O(1) complexity and

 Binary search of each neighbor in the sorted list
at level L 1s an O(Ld) operation.

* For small L and d this 1s almost O(1) procedure.



Operations on Sets

Difference: C = A'\B
Intersection: C = ANDB
Union: C = A LUDB

Let Pow(h) =N, Pow(B) =M N2z M,
Then the complexity for sorted input/output:

AB - N

ANDB : mn(N,MlogN)

AJB N

Operations
Neighbors(W,n,I) = NeighborsAllin,[) "W, W =XV,
Children(W.n, 1) = Childrendll(n,)N'W, W =3XV.

are O(log V) operations for mimimum memory requirements and O(1) for sufficiently large
Memory.



