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Outline
• Ordering in d-dimensions

– Bit interleaving
– Children ordering
– Bit deinterleaving
– Neighbor and other search algorithms

• Spatial data structuring
– Separability of space
– Threshold level of subdivision
– Data sorting
– Binary search
– About some operations on sets (union, difference, intersection)



Spatial Ordering

These algorithms of Parent and Children finding
are beautiful (O(1)), but how about neighbor finding?

Also we need to find box center coordinates…

The answer is SPATIAL ORDERING.



Scaling



Scaling (2)

When scaling like this, don’t forget about deformation of
the domains for your R and S expansions!



Binary Ordering (1)



Binary Ordering (2)
Finding the number of the box 

containing a given point

Level 1:

Level 2:

Level l:
We use numbering
strings !



Binary Ordering (3)
Finding the number of the box 

containing a given point (2)

This is an 
algorithm for 
finding of the 
box number at 
level l (!)



Binary Ordering (4)
Finding the center of a given box.

This is the algorithm!



Binary Ordering (5)
Neighbor finding

This is the algorithm!

The size of the box at level l



Ordering in d-dimensions (1).
Bit Interleaving.

This maps Rd      R,  where coordinates are ordered naturally!



Ordering in d-dimensions (2).
Bit Interleaving (2). Example.

Consider 3-dimensional space, and an oct-tree.



Ordering in d-dimensions (3).
Convention for Children Ordering.
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Ordering in d-dimensions (4).
Finding the number of the box 

containing a given point.



Ordering in d-dimensions (5).
Finding the number of the box containing a 
given point (2). Algorithm and Example.



Bit Deinterleaving



Bit deinterleving (2). Example.

100101100010111012

Number3 =  0  0  0  1  1  1 = 1112 =  710
Number2 = 1  1  1  0  1  0  = 1110102 = 5810
Number1 =   0  1  0  0  1   = 10012 =  910

Number = 7689310

100101100010111012

Number3 =  0  0  0  1  1  1 = 1112 =  710
Number2 = 1  1  1  0  1  0  = 1110102 = 5810
Number1 =   0  1  0  0  1   = 10012 =  910

Number = 7689310 To break the number 
into groups
of d bits start from
the last digit!

It is OK that the first group is incomplete



Finding the center of a given box.



Neighbor Finding 



Neighbor Finding (2). Example. 
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2610= 110102

(11,100)2 = (3,4)10

deinterleaving

generation of 
neighbors

(2,3) ,(2,4),(2,5),(3,3),
(3,5),(4,3),(4,4),(4,5)
=
(10,11),(10,100),(10,101),
(11,11),(11,101),(100,11),
(100,100),(100,101)interleaving

1101,11000,11001,1111,11011,100101,110000,110001
= 13, 24, 25, 15, 27, 37, 48, 49



Spatial Data Structuring
Definitions



Some properties of 2d-tree 
hierarchy.



Threshold Level



Some Practical Issues Related to 
Spatial Ordering



Spatial Data Sorting



Spatial Data Sorting (2)

• Before sorting represent your data with maximum 
number of bits available (or intended to use). This 
corresponds to maximum level Lavailable available 
(say [Lavailable =BitMax/d].

• In the hierarchical 2d-tree space subdivision the 
sorted list will remain sorted at any level L< 
Lavailable. So the data ordering is required only one 
time.



After data sorting we need to
find the maximum level of space subdivision 

that will be employed

In Multilevel FMM two following conditions 
can be mainly considered: 

• At level Lmax each box contains not more 
than s points (s is called clustering or 
grouping parameter)
• At level Lmax the neighborhood of each box 
contains not more than q points.



The threshold level determination 
algorithm in O(N) time

s is the clustering parameter



Binary Search in Sorted List

• Operation of getting non-empty boxes at any level L
(say neighbors) can be performed with O(logN) 
complexity for any fixed d. 

• It consists of obtaining a small list of all 
neighbor boxes with O(1) complexity and
• Binary search of each neighbor in the sorted list 
at level L is an O(Ld) operation.
• For small L and d this is almost O(1) procedure.



Operations on Sets


