Discrete time Numerical Fourier Analysis

DEFT is really just a matrix multiplication!
N-1
I’ [m] = I/N 2 e -2mikm/N k]
k=0
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Numerical Harmonic Analysis

FFT: Symmetry Properties permits “Divide and Conquer”
Sparse Factorization
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Structured matrices

* Fast algorithms have been found for many
dense matrices

* Typically the matrices have some
“structure”

« Definition:
— A dense matrix of order N x N is called

structured if its entries depend on only O(N)
parameters.

* Most famous example — the fast Fourier
transform



Fourler Matrices

A Fourier matrix of order n is defined as the
following

(1 1 1 S |
1 wnp w% wg_l
an — 1 w% wg . wg(n—l) :
1 wg_l w%(n—l) wgn,—l)(n—l)

where

IS an nth root of unity.



Fast Fourier Transform
* Fourier transform of a function h(t) is given

by H(f) where fis the freauencv
H(f):/ h(t)e*™ It dt

ne) = | T H(f)e

 Discrete Fourier Transform: if the function is
sampled at discrete times

hi = h(tr), tr = kA, k=0,1,2,...,N -1

« OO
\H(fn) = / /"2,(lf)e2ﬁ""f”-tdt > Z hy e2™intk A = A Z hy, p2mikn/N
J — 00

k=0 k=0




Discrete Fourier Transform

All notion of time has disappeared
Multiplication of sampled data by a matrix

N—1
H, = E : h. 627r7,kn,/N
k=0

This matrix is called the Fourier Matrix

As discussed earlier it is a structured
matrix



A Fourier matrix of order n is defined as the following

1 1 1 S | |
1 W W2 oo wnd
1 W2 W4 L W2(n—1) :
1 wnr1 WQ(n—l) . W(n—l)(n—l)
where
2T
W = eT,

is an nth root of unity.



i—J—1 Primitive Roots of Unity

A number o 1s a primitive n-th root of unity, for n>1, if
o= 1
The numbers 1, ®, ®?, ..., ®™! are all distinct

e Example: The complex number e%F"is a primitive n-
th root of unity, where

w? T Tmaginary n complex roots of unity equally spaced around
g S the circle of unit radius centered at the origin of

w the complex plane.
"""é».ﬂ‘}/vlzcos(rc /4 + i

s 8 Real

cos(m/4)




Roots of Unity: Properties

« Property 1: Let o be the principal n* root of
unity. If n > 0, then "2 = -1.

—Proof: @=e?"!/n = @"2 =emi=_1. (Euler's
formula)

— Reflective Property:

— Corollary: ok*2= -gk,

* Property 2: Letn >0 be even, and let ® and v
be the principal nt" and (n/2)" roots of unity.
Then (%)% =vk.

—Proof: (oX)2 = e @2ti/n = g (K 2ni/(/2) = k.

— Reduction Property: If w is a primitive (2n)-th root
of unity, then »? is a primitive n-th root of unity.



L3: Let n > 0 be even. Then, the squares of the n
complex n" roots of unity are the n/2 complex
(n/2) 1 roots of unity.

— Proof: If we square all of the nth roots of unity,
then each (n/2) % root is obtained exactly twice
since:

k+n/2 — K

1 = o -®
. thus, ((Dk+n/2)2 — ((Dk)Z
» L2 = both of these = v K
« K+ N2 gnd ok have the same square

* Inverse Property: If o is a primitive root of
unity, then o “'=@"’
— Proof: oo 1=p"=1



Primitive Roots of Unity

e Example: The complex number e%F"is a primitive n-
th root of unity, where

Check: if properties are satisfied

Imaginary

\450

"Z'""--é..ﬁyvl=cos(7t/4) +i

cos(m/4) |

2l
1. w'=e" #1

n
n 2zl 27 . e
2. W' =|le?” = =cos2r+isin2x =1

n—1
3. =) o’ ="+’ + &0V + 0V + ...+ 0" =0

p=0

Real

n complex roots of unity equally spaced around
the circle of unit radius centered at the origin of

the complex plane.



Fast Fourier Transform
* Presented by Cooley and Tukey in 1965, but
iInvented several times, including by Gauss (1809)
and Danielson & Lanczos (1948)

 Danielson Lanczos lemma

N—-1
F, = E :EQWUA./J\ fj
§=0
N/2—1 N/2—-1
E 2mik(25)/ N § 2mik(254+1)/N
— € mwik(27)/1 fQJ + e wik(254+1)/1 fQJ—I—l
j=0 =0
N/2—-1 N/2—1
2mikj /(N /2 k 2mikj /(N /2
= E p2m J/(i/)f2j_|_pv E e27iki/( /)fzjJrl
=0 j=0

= F¢+W"F Fy



So far we have seen what happens on the
right hand side

How about the left hand side?

When we split the sums in two we have two
sets of sums with N/2 quantities for N points.

So the complexity is N2/2 + N?/2 =N?
So there is no improvement



 Need to reduce the sums on the left hand
side as well

— We need to reduce the number of sums
computed from 2N to a lower number

— Notice that the values corresponding to k and
k+N/2 will be the same.

— The transforms F_* and F_k are periodic in k
with length N/2.

— S0 we need only compute half of them!



FFT

So DFT of order N can be expressed as sum of two
DFTs of order N/2 evaluated at N/2 points

Does this improve the complexity?
Yes (N/2)2+(N/2)? =N4/2< N?
But we are not done ....
Can apply the lemma recursively
F]S — Fge 4 WkFeo, F]g — Fkoe 4 WkFOO,
Finally we have a set of one point transforms
One point transform is identity

Feoeeoeo---oee . f
Lk — Jn



FFT Algorithm

if (n == 1) // n is a power of 2
return a,

(eg/€1,€5,...,€,,5 1) < FFT(n/2, aj,a,,a,,.-.,a,,)
(do,d,,d5,...,d,,,,) < FFT(n/2, a,,a,,a;,...,3, ;)

for k = 0 to n/2 - 1 <::_O(n) complex multiplies
v, < e + of d if we pre-compute ok

_ k
Yk+n/2 < ©x ®° d.

return (yo,y1,Y2/ ° o o IYn—l)

T(n)=2T(n/2)+0O(n) = T(n)=0(nlogn)




Complexity

- Each F, is a sum of log, N transforms and
(factors)

* Thereare N F, s

» So the algorithm is O(N log, N)
* This is a recursive algorithm



FFTtx

function y = ffttx(x)

" 2) =
%FFTTX Textbook Fast Finite Fourier 1 (f/irﬁgéur)sive divide and conquer
Transform. ' !

k= (0:n/2-1)";

% FFTTX(X) computes the same finite _ A1
Fourier transform as FFT(X). YZ f?:g(e(ia(ll. .21.?1_1)).

% The code uses a recursive divide v = W ARX(X(2:2:1));
and conquer algorithm for ' &)

. y = [utv; u-v];
% even order and matrix-vector ’ ’

multiplication for odd order. eli/e The Fourier matrix
0 .
% If length(X) is m*p where m is odd 0ol
and p is a power of 2, the J1<=j;- ’
% computational complexity of this 7 NN
approach is O(m”2)*O(p*log2(p)). gz g{:;e.ga "R,
end
X = X(2);
n = length(x);

omega = exp(-2*pi*i/n);




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


