1 Abstract

This paper describes an approach for the automatic generation and optimization of numer-
ical software for processors with deep memory hierarchies and pipelined functional units.
The production of such software for machines ranging from desktop workstations to embed-
ded processors can be a tedious and time consuming process. The work described here can
help in automating much of this process. We will concentrate our efforts on the widely used
linear algebra kernels called the Basic Linear Algebra Subroutines (BLAS). In particular,
the work presented here is for general matrix multiplyy, DGEMM. However much of the
technology and approach developed here can be applied to the other Level 3 BLAS and the
general strategy can have an impact on basic linear algebra operations in general and may
be extended to other important kernel operations.
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2 Motivation

Today’s microprocessors have peak execution rates exceeding 1 Gflop/s. However, straight-
forward implementation in Fortran or C of computations based on simple loops rarely results
in such high performance. To realize such peak rates of execution for even the simplest of
operations has required tedious, hand coded, programming efforts.

Since their inception, the use of de facto standards like the BLAS [5, 4] has been a
means of achieving portability and efficiency for a wide range of kernel scientific computa-
tions. While these BLAS are used heavily in linear algebra computations, such as solving
dense systems of equations, they have also found their way into the basic computing in-
frastructure of many applications. The BLAS (Basic Linear Algebra Subprograms) are
high quality “building block” routines for performing basic vector and matrix operations.
Level 1 BLAS do vector-vector operations, Level 2 BLAS do matrix-vector operations, and
Level 3 BLAS do matrix-matrix operations. Because the BLAS are efficient, portable, and
widely available, they are commonly used in the development of high quality linear algebra
software, such as LAPACK [1] and ScaLAPACK [2], for example.

The BLAS themselves are just a standard or specification of the semantics and syntax
for the operations. There is a set of reference implementations written in Fortran, but no at-
tempt was made with these reference implementations to promote efficiency. Many vendors
provide an “optimized” implementation of the BLAS for a specific machine architecture.
These optimized BLAS libraries are provided by the computer vendor or by an independent
software vendor (ISV).

In general, the existing BLAS have proven to be very effective in assisting portable,
efficient software for sequential, vector and shared memory high-performance computers.
However, hand-optimized BLAS are expensive and tedious to produce for any particular
architecture, and in general will only be created when there is a large enough market,
which is not true for all platforms. The process of generating an optimized set of BLAS
for a new architecture or a slightly different machine version can be a time consuming
process. The programmer must understand the architecture, how the memory hierarchy
can be used to provide data in an optimum fashion, how the functional units and registers
can be manipulated to generate the correct operands at the correct time, and how best to
use the compiler optimization. Care must be taken to optimize the operations to account
for many parameters such as blocking factors, loop unrolling depths, software pipelining
strategies, loop ordering, register allocations, and instruction scheduling.

Many computer vendors have invested considerable resources in producing optimized
BLAS for their architectures. In many cases near optimum performance can be achieved
for some operations. However the coverage and the level of performance achieved has not
been uniform across all platforms. An example is that up until this point we have not had
an efficient version of matrix multiply for the Pentium/Linux architecture.

Our goal is to develop a methodology for the automatic generation of highly efficient
basic linear algebra routines for today’s microprocessors. The process will work on pro-
cessors that have an on-chip cache and a reasonable C compiler. Our approach, called
Automatically Tuned Linear Algebra Software (ATLAS), has been able to match or exceed
the performance of the vendor supplied version of matrix multiply in almost every case.

More complete timings will be given in Section 4, where we report on the timings of



various problem sizes across multiple architectures. As a preview of this more complete
coverage, figure 1 shows the performance of ATLAS versus the vendor-supplied DGEMM
(where available) for a 500x500 matrix multiply. See section 4 for further details on these
results.

500x500 Double Precision Matrix-Matrix Multiply Across Multiple
Architectures
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Figure 1: ATLAS/vendor performance preview



3 ATLAS

We have developed a general methodology for the generation of the Level 3 BLAS and
describe here how this approach is carried out and some of the preliminary results we have
achieved. At the moment, the operation we are supporting is matrix multiply. We can
describe matrix multiply as C < aop(A)op(B) + BC, where op(X) = X or X*'. C is an
M x N matrix, and A and B are matrices of size M x K and K x N, respectively.

In general, the arrays A, B, and C will be too large to fit into cache. Using a block-
partitioned algorithm for matrix multiply it is still possible to arrange for the operations to
be performed with data for the most part in cache by dividing the matrix into blocks. For
additional details see [6].

3.1 The ATLAS Approach

In our approach, we have isolated the machine-specific features of the operation to several
routines, all of which deal with performing an optimized on-chip, cache contained, (i.e., in
Level 1 (L1) cache) matrix multiply. This section of code is automatically created by a code
generator which uses timings to determine the correct blocking and loop unrolling factors
to perform an optimized on-chip multiply. The user may directly supply the code generator
with as much detail as desired (i.e., the user may explicitly indicate the L1 cache size, the
blocking factor(s) to try, etc); if such details are not provided, the generator will determine
appropriate settings via timings.

The rest of the code does not change across architectures, and handles the looping,
blocking, and so on necessary to build the complete matrix-matrix multiply from the on-
chip multiply.

3.2 Building the General Matrix Multiply From the On-Chip Multiply

In this section we describe the code which remains the same across all platforms: the routines
necessary to build a general matrix-matrix multiply using a fixed-size on-chip multiply.

The following section (section 3.3) describes the on-chip multiply and its code generator
in detail. For this section, it is enough to know that we have efficient on-chip matrix-matrix
multiplies of the forms C + A"B, C + A"B+ C, C + AT"B - C, and C «+ A" B + gC,
This multiply is of fixed size, with all dimensions set to a system-specific value, Np (i.e,
M = N = K = Np). Also available are several “cleanup” codes, which handle the cases
caused by dimensions which are not multiples of the blocking factor.

When the user calls our . GEMM, the first decision is whether the problem is large enough
to benefit from our special techniques. Our algorithm requires copying of the operand ma-
trices; if the problem is small enough, this O(N?) cost, along with miscellaneous overheads
such as function calls and multiple layers of looping, can actually make the “optimized”
GEMM slower than the traditional 3 do loops. The size required for the O(N?) costs
to dominate these lower order terms varies across machines, and so this switch point is
automatically determined at installation time.

For these very small problems, a standard 3-loop multiply with some simple loop un-
rolling is called. This code will also be called if the algorithm is unable to allocate enough
space to do the blocking (see below for further details).



Assuming the matrix is large enough, there are presently two algorithms for performing
the general, off-chip multiply. The two algorithms correspond to different orderings of the
loops; i.e., is the outer loop over M (over the rows of A), and thus the second loop is over
N (over the columns of B), or is this order reversed. The dimension common to A and B
(i.e., the K loop) is currently always the innermost loop.

Let us define the input matrix looped over by the outer loop as the outer or outermost
matrix; the other input matrix will therefore be the inner or innermost matrix. Both
algorithms have the option of writing the result of the on-chip multiply directly to the
matrix, or to an output temporary C. The advantages to writing to C rather than C are:

1. address alignment may be controlled (i.e., we can ensure during the malloc that we
begin on a cache-line boundary)

2. Data is contiguous, eliminating possibility of unnecessary cache-thrashing due to ill-
chosen leading dimension (assuming we have a non-write-through cache)

The disadvantage of using C is that an additional write to C is required after the on-
chip operations have completed. This cost is minimal if we make many calls to the on-chip
multiply (each of which writes to either C' or C)), but can add significantly to the overhead
when this is not the case. In particular, an important application of matrix multiply is the
rank-K update, where the write to the output matrix C' can be a significant portion of the
cost of the algorithm. Writing to C essentially doubles the write cost, which is unacceptable.
The routines therefore employ a heuristic to determine if the number of times the on-chip
multiply will be called in the K loop is large enough to justify using C, otherwise the answer
is written directly to C.

Regardless of which matrix is outermost, the algorithms try to allocate enough space to
store Np x Np output temporary, C (if needed), 1 panel of the outermost matrix, and the
entire inner matrix. If this fails, the algorithms attempt to allocate enough space to hold
C, and 1 panel from both A and B. The minimum workspace required by these routines
is therefore 2K N, if writing directly to C, and Np* 4+ 2K Np if not. If this amount of
workspace cannot be allocated, the previously mentioned small case code is called instead.

If there is enough space to copy the entire innermost matrix, we see several benefits to
doing so:

e Each matrix is copied only one time

e If all of the workspaces fit into L2 cache, we get complete L2 reuse on the innermost
matrix

e Data copying is limited to the outermost loop, protecting the inner loops from un-
needed cache thrashing

Of course, even if the allocation succeeds, using too much memory might result in
unneeded swapping. Therefore, the user can set a maximal amount of workspace that
ATLAS is allowed to have, and ATLAS will not try to copy the innermost matrix if this
maximum workspace requirement is exceeded.

If enough space for a copy of the entire innermost matrix is not allocated, the innermost
matrix will be entirely copied for each panel of the outermost matrix (i.e., if A is our



outermost matrix, we will copy B [M/Np] times). Further, our usable L2 cache is reduced
(the copy of a panel of the innermost matrix will take up twice the panel’s size in L2 cache;
the same is true of the outermost panel copy, but that will only be seen the first time
through the secondary loop).

Regardless of which looping structure or allocation procedure used, the inner loop is
always along K. Therefore, the operation done in the inner loop by both routines is the
same, and it is shown in figure 2.

N K
N
M M 12 K
C A A X B
C3 A3 1)A32 B2.2
D32

Figure 2: One step of matrix-matrix multiply

If we are writing to C, the following actions are performed in order to calculate the
Np x Np block C; ;, where ¢ and j are in the range 0 <i < [M/Npg], 0 < j < [N/Np]:

1. Call on-chip multiply of the form C <+ AB to multiply block 0 of the row panel 7 of
A with block 0 of the column panel j of B.

2. Call on-chip multiply of form C' +— AB+ C to multiply block k of the row panel i of A
with block k of the column panel j of B, Vk,1 < k < [K/Ng]. The on-chip multiply
is performing the operation C < AB + C, so as expected this results in multiplying
the row panel of A with the column panel of B.

3. C now holds the product of the row pangl of A with the column panel of B, so we
now perform the block operation C; ; < C; j + BC; ;.

If we are writing directly to C, this action becomes:

1. Call on-chip multiply of the correct form based on user-defined  (eg. if § == —1,
use C' < AB — () to multiply block 0 of the row panel ¢ of A with block 0 of the
column panel j of B.

2. Call on-chip multiply of form C < AB + C to multiply block k£ of the row panel i of
A with block k of the column panel j of B, Vk,1 < k < [K/Npg].

Building on this inner loop, we have the loop orderings giving us our two algorithms
for off-chip matrix multiplication. Figures 3 and 4 give the pseudo-code for these two
algorithms, assuming we are writing directly to C. We simplify this code by not showing
the cleanup code necessary for cases where dimensions do not evenly divide Ng. The matrix
copies are shown as if coming from the notranspose, notranspose case. If they do not, only
the array access on the copy changes.



work = allocate ((M+NB)*K)
if (allocated(work)) then
PARTIAL_MATRIX = .FALSE.
copy A into block major format
else
PARTIAL_MATRIX = .TRUE.
work = allocate (NB*2*K)
if (.NOT.allocated(work)) call small_case_code
return
end if
NBNB = NB * NB
do j =1, N, NB
Bwork = ALPHA#B(:,J:J+NB-1); Bwork in block major format
doi=1, M, NB
if (PARTIAL_MATRIX) Awork = A(i:i+NB-1,:); Awork in block major format
ON_CHIP_MATMUL (Awork (1:NB#NB), Bwork(1:NB#NB), BETA, C(i:i+NB-1, j:j+NB-1), 1ldc)
do k = 2, K, NB
ON_CHIP_MATMUL (Awork ( (k-1) *NBNB+1 :k*NBNB) , Bwork((k-1)*NBNB+1:k*NBNB) ,
1.0, C(i:i+NB-1, j:j+NB-1), ldc)
end do
end do
end do

Figure 3: General matrix multiplication with A as innermost matrix

work = allocate(N*K + NB*K)
if (allocated(work)) then
PARTIAL_MATRIX = .FALSE.
copy B into block major format
else
PARTIAL_MATRIX = .TRUE.
work = allocate (NB*2xK)
if (.NOT.allocated(work)) call small_case_code
return
end if
NBNB = NB * NB
doi=1, M, NB
Awork = ALPHA#A(i:i+NB-1,:); Awork in block major format
do j =1, N, NB
if (PARTIAL_MATRIX) Bwork = B(:,J:J+NB-1); Bwork in block major format
ON_CHIP_MATMUL (Awork (1:NBNB), Bwork(1:NBNB), BETA,
Cwork(i:i+NB-1, j:j+NB-1), 1dc)
do k = 2, K, NB
ON_CHIP_MATMUL (Awork ( (k-1) *NBNB+1 :k*NBNB) , Bwork((k-1)*NBNB+1:k*NBNB),
1.0, Cwork(i:i+NB-1, j:j+NB-1), 1ldc)
end do
end do
end do

Figure 4: General matrix multiplication with B as innermost matrix



3.2.1 Choosing the Correct Looping Structure

When the call to the matrix multiply is made, the routine must decide which loop structure
to call (i.e., which matrix to put as outermost). If the matrices are of different size, L2 cache
reuse can be encouraged by deciding the looping structure based on the following criteria:

e If either matrix will fit completely into L2 cache, put it as the innermost matrix (we
get L2 cache reuse on the entire inner matrix)

e If neither matrix fits completely into L2 cache, put the one with the largest panel that
will fit into L2 cache as the outermost matrix (we get L2 cache reuse on the panel of
the outer matrix)

The present code does no explicit L2 blocking (the size of the L2 cache is not known
anywhere in the code), and so these criteria are not presently used for this selection. Rather,
if one matrix must be accessed by row-panels during the copy (for instance, the matrix A
when TRANSA="N’), that matrix will be put where it can be copied most efficiently.

This means that if we have enough workspace to copy it up front, it will be accessed
column-wise by putting it as the innermost loop and copying the entire matrix; otherwise
it will be placed as the outermost loop, where the cost of copying the row-panel is a lower
order term. If both matrices have the same access patterns, B will be made the outermost
matrix, so that C is accessed by columns.

3.2.2 Blocking for Higher Levels of Cache

Note that we define the Level 1 (L1) cache is the “lowest” level of cache: the one closest
to the processor. Subsequent levels are “higher”: further from the processor and thus
usually larger and slower. Typically, L1 caches are relatively small (eg., 8-32KB), employ
least recently used replacement policies, and are often non-associative and write-through.
Higher levels of cache or more often non-write-through, with varying degrees of associativity
and differing replacement polices.

Because of the wide variance in high level cache behaviors, our present cache detection
algorithm is not sophisticated enough to reliably detect multiple levels of cache. Therefore,
by default the only cache size that is known to ATLAS is that of the L1 cache. This means
that we cannot automatically determine when it is appropriate to perform blocking for these
higher levels of cache, as we do for L1.

At installation time, the installer may supply ATLAS the cache size of one of the higher
level caches to ATLAS (this quantity is called CacheEdge), and ATLAS will then perform
explicit cache blocking, when appropriate.

Explicit cache blocking is required only when the cache size is insufficient to hold the
two input panels and the Np x Np piece of C. This means that users will have optimal
results for many problem sizes without setting CacheEdge. This is expressed formally below;
Notice that conditions 1 and 2 do not require explicit cache blocking, so the user gets this
result even if CacheEdge is not set.

The explicit cache blocking strategy discussed in 4 below assumes that we have a case
where the panels of A and B overflow a particular level of cache. In this case, we can
easily partition the K dimension of the input matrices so that the panels of the partitioned



matrices A, and B, will fit into the cache. This means that we get cache reuse on the input
matrices, at the cost of writing C' additional times.

More concretely, ATLAS allows an installer to supply the value CacheEdge. This value
is set to the size of the level of cache the user wants explicit blocking support for. It is
easily shown that the footprint of the algorithm computing a N x N section of C' in cache
is roughly 2K N + Ng?, where 2K Np stores the panels from A and B, and the section
of C is of size Ng?. If we solve this equation for K, we have the maximal K (call this
quantity K,,) which will, assuming we copy all of the inner matrix up front, allow us to
reuse the outer matrix panel N/Np times. We now translate our original matrix multiply
into [K/K,,]| rank-K,, updates.

Assuming we are discussing cache level L, of size Sp,, and that main memory is classified
as a level of “cache” greater than L, there are four possible states (depending on cache and
problem size, and whether CacheEdge is set) which ATLAS may be in. These states and
their associated memory access costs are:

1. If the entire inner matrix, a panel of the outer matrix, and the Ng x Np section of C
fits into the cache (eg. MK + KNp + Ng* < Sp)

e K (M + N) reads from higher level(s) cache

o MK writes to first level of non-write-through cache; higher levels of cache re-

ceive only the final M N writes

2. If the cache is large enough to accommodate the two active input panels, along with
the relevant section of C
(eg., 2K Np + Np* < S;, AND we copy entire inner matrix)
OR (3K Np + Np? < S;, AND we copy a panel of the inner matrix in the inner loop,
thus doubling the inner panel’s footprint in the cache))

e NK + M]\],i K reads from higher level(s) of cache

o MEK writes to first level of non-write-through cache; higher levels of cache re-

ceive only the final M N writes

3. If the cache is too small for either of the previous cases to hold true, (eg., 2K Np +
Np? > S1) and we do not set CacheEdge, and thus do no explicit level L blocking,
the memory fetch becomes:

o 2K reads from higher level(s) of cache

o MK writes to first level of non-write-through cache; higher levels of cache re-

ceive only the final M N writes

4. Finally, if the first two cases do not apply (eg., 2K Np + Np? > S;), but CacheEdge
is set to S, atlas can perform cache blocking to change the memory fetch from that
given in 3 to:

e NK + M]\],i K reads from higher level(s) of cache

o MK writes to first level of non-write-through cache; higher levels of cache re-

ceive at most MK—I\;K writes
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As mentioned above, case 4 is only used if CacheEdge has been set, and cases 1 and 2 do
not apply. It is used as an alternative to case 3. Note that, assuming we have a non-write-
through cache, we reduce one of the reads from O(n3) to O(n?) at the cost of raising the
number writes from O(n?) to O(n?). At first glance this may appear to be a poor bargain
indeed, since writes are generally more expensive than reads. There are several mitigating
factors that make this blocking nonetheless worthwhile. If the cache is write-through, 4
does not increase writes over 3, so it is a clear win. Second, ATLAS also does not allow
K,, < Np, so we know that the number of writes is at most the same as the number of reads
we saved. For many problems K,, > Np, so the number of writes is much less. Finally,
the writes are not flushed immediately; This fact has two important consequences:

1. The cache can schedule the write-back during times when the algorithm is not using
the bus.

2. Writes may be written in large bursts, which significantly reduces bus traffic; this fact
alone can make writing faster than reading on some systems.

In practice, 4 has been shown to be at least as good as 3 on all platforms. The amount of
actual speedup varies widely depending on problem size and architecture. On some systems
the speedup is negligible; on others it can be significant: for instance, it can make up to
20% difference on DEC Alpha- based systems (which have three layers of cache).

The analysis given above may be applied to any cache level greater than 1; it is not
for level 2 caches only. However, this analysis is accurate only for the algorithm used by
ATLAS in a particular section of code, so we cannot recur in order to perform explicit cache
blocking for arbitrary levels of cache. To put this another way, ATLAS explicitly blocks
for L1, and only one other higher level cache. If you have 3 levels of cache, ATLAS can
explicitly block for L1 and L2, or L1 and L3, but not all three.

If ATLAS performs explicit cache blocking for level L, that does not mean that level
L + 1 would be useless; there may be implicit blocking going on, as in cases 1 and 2 above.

Another interesting idea for performing explicit cache blocking is where multiple matrix
panels will fit into level L cache, but the entire innermost matrix will not. In this case the
looping mechanism must become slightly more complex. This algorithm copies X panels
of the outermost matrix into level L cache, and then reuses them by applying them to the
panels of the innermost matrix. If X becomes as small as 1 or as large as the number
of panels in the outermost matrix, we are in a previously discussed case (case 2 and 1,
respectively). Within this restriction, we reduce the number of times we must copy A.

This idea was promising enough that it was implemented. However, the range between
X of 1 and the entire matrix was typically not large enough to make the speedup worthwhile,
and so, for the sake of simplicity, we have chosen not to support this kind of blocking.

3.3 Generation of the On-Chip Multiply

As previously mentioned, the on-chip matrix-matrix multiply is the only code which must
change depending on the platform. Since we copy the input matrices into blocked form, only
one transpose case is required, which we have chosen as C' < A? B+ C (we support differing
values of 3 as well, but this is merely a convenience to avoid scaling). This case was chosen
(as opposed to, for instance C <— AB + C'), because it generates the largest (flops)/(cache
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misses) ratio possible when the loops are written with no unrolling. Machines with hardware
allowing a smaller ratio can be addressed using loop unrolling on the M and N loops (this
could also be addressed by permuting the order of the K loop, but we do not at present
use this technique).

In a multiply designed for L1 cache reuse, one of the input matrices is brought completely
into the L1 cache, and is then reused in looping over the rows or columns of the other input
matrix. The present code brings in the matrix A, and loops over the columns of B; this
was an arbitrary choice, and there is no theoretical reason it would be superior to bringing
in B and looping over the rows of A.

There is a common misconception that cache reuse is optimized when both input matri-
ces, or all three matrices, fit into L1 cache. In fact, the only win in fitting all three matrices
into L1 cache is that it is possible, assuming the cache is not write-through, to save the cost
of pushing previously used sections of C' back to higher levels of memory. Often, however,
the L1 cache is write-through, while higher levels are not. If this is the case, there is no way
to minimize the write cost, so keeping all three matrices in L1 does not result in greater
cache reuse.

Therefore, ignoring the write cost, maximal cache reuse for our case is achieved when
all of A fits into cache, with room for at least two columns of B and 1 cache line of C.
Only one column of B is actually accessed at a time in this scenario; having enough storage
for two columns assures that the old column will be the least recently used data when the
cache overflows, thus making certain that all of A is kept in place (this obviously assumes
the cache replacement policy is least recently used).

While cache reuse can account for a great amount of the overall performance win, it is
obviously not the only factor. For the on-chip matrix multiplication, other relevant factors
are:

e Instruction cache overflow

Floating point instruction ordering

Loop overhead

e Exposure of possible parallelism

The number of outstanding cache misses the hardware can handle before execution is
blocked
3.3.1 Instruction Cache Reuse

Instructions are cached, and it is therefore important to fit our on-chip multiply’s instruc-
tions into the L1 cache. This means that we will not be able to completely unroll all three
loops, for instance.

3.3.2 Floating Point Instruction Ordering

When we discuss floating point instruction ordering in this paper, it will usually be in
reference to latency hiding.

12



Most modern architectures possess pipelined floating point units. This means that the
results of an operation will not be available for use until X cycles later, where X is the
number of stages in the floating point pipe (typically 3 or 5). Remember that our on-
chip matrix multiply is of the form C < ATB + C; individual statements would then
naturally be some variant of C[X] += A[Y] * B[Z]. If the architecture does not possess
a fused multiply/add unit, this can cause an unnecessary execution stall. The operation
register = A[Y] * B[Z] isissued to the floating point unit, and the add cannot be started
until the result of this computation is available, X cycles later. Since the add operation is
not started until the multiply finishes, the floating point pipe is not utilized.

The solution is to remove this dependence by separating the multiply and add, and
issuing unrelated instructions between them. This reordering of operations can be done in
hardware (out-of-order execution) or by the compiler, but this will sometimes generate code
that is not quite as efficient as doing it explicitly. More importantly, not all platforms have
this capability (for example, gcc on a Pentium), and in this case the performance win can
be large.

3.3.3 Reducing Loop Overhead

The primary method of reducing loop overhead is through loop unrolling. If it is desirable
to reduce loop overhead without changing the order of instructions, one must unroll the
loop over the dimension common to A and B (i.e., unroll the K loop). Unrolling along
the other dimensions (the M and N loops) changes the order of instructions, and thus the
resulting memory access patterns.

3.3.4 Exposing Parallelism

Many modern architectures have multiple floating point units. There are two barriers to
achieving perfect parallel speedup with floating point computations in such a case. The
first is a hardware limitation, and therefore out of our hands: All of the floating point units
will need to access memory, and thus, for perfect parallel speedup, the memory fetch will
usually also need to operate in parallel.

The second prerequisite is that the compiler recognize opportunities for parallelization,
and this is amenable to software control. The fix for this is the classical one employed
in such cases, namely unrolling the M and/or N loops, and choosing the correct register
allocation so that parallel operations are not constrained by false dependencies.

3.3.5 Finding the Correct Number of Cache Misses

Any operand that is not already in a register must be fetched from memory. If that operand
is not in the L1 cache, it must be fetched from further down the memory hierarchy, possi-
bly resulting in large delays in execution. The number of cache misses which can be issued
simultaneously without blocking execution varies between architectures. To minimize mem-
ory costs, the maximal number of cache misses should be issued each cycle, until all memory
is in cache or used. In theory, one can permute the matrix multiply to ensure that this is
true. In practice, this fine a level of control would be difficult to ensure (there would be
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problems with overflowing the instruction cache, and the generation of such precision in-
struction sequence, for instance). So the method we use to control the cache-hit ratio is the
more classical one of M and N loop unrolling.

3.3.6 Putting It All Together

It is obvious that with this many interacting effects, it would be difficult, if not impossible
to predict a priori the best blocking factor, loop unrolling etc. Our approach is to provide
a code generator coupled with a timer routine which takes in some initial information, and
then tries different strategies for loop unrolling and latency hiding and chooses the case
which demonstrated the best performance.

The timers are structured so that operations have a large granularity, leading to fairly
repeatable results even on non-dedicated machines. The user may enter the size of the
L1 cache, or have the program attempt to calculate it. This in turn allows the routine to
choose a range of blocking factors to examine. The user may specify the maximum number
of registers to use (or use the default), and thus dictate the maximum amount of M and/or
N loop unrolling to perform.

The first step of the timing figures the size of the L1 cache, if the user has not supplied
it. This is done by performing a fixed number of memory references, while successively
reducing the amount memory addressed. The most significant gap between timings for
successive memory sizes is declared to mark the L1 cache boundary. For speed, we check
only powers of 2. This means that a 48K cache would probably be detected as a 32K
cache, for instance. We have not found this problem severe enough problem to justify the
additional installation time it would take to remedy it.

Next, we attempt to determine something about the floating point units of the platform.
We need to understand whether we have a combined muladd unit, or whether we need to
allow for independent multiply and add pipes. To do this, we generate simple register-
to-register code which performs the required multiply-add using a combined muladd and
separate multiply and add pipes. We try both variants using code which implies various
pipeline lengths. Therefore, once we finish timing this simple register-register code, we have
a good empirical idea of the kinds of instructions to issue (muladd or separate multiply and
add), the pipeline depth, and even some idea if we have multiple floating point units or not.
With this data in hand, we are ready to begin actual on-chip multiply timings.

In general, K loop unrollings of 1 or K have tended to produce the best results. Thus
we time only these two K loop unrolling during our initial search. This is done to reduce
the length of install time. At the end of the install process we try to ensure we have not left
out an opportunity to gain greater performance by trying a wide range of K loop unrolling
factors with the best case code generated for the unrollings factors of 1 or K.

At the beginning of the search a number of possible blocking factors are tried using set
amount of M and N loop unrolling (at the present, 2x2), from which an initial blocking
factor is chosen.

With this initial blocking factor, which instructions set to use (muladd or separate
multiply and add), and a guess as to pipeline length, the search routine loops over all M
and N loop unrollings possible with the given number of registers.

Once an optimal unrolling has been found, we again try all blocking factors, and various
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latency and K-loop unrolling factors, and choose the best.

All results are stored in files, so that subsequent searches will not repeat the same
experiments, allowing searches to build on previously obtained data. This also means that
if a search is interrupted (for instance due to a machine failure), previously run cases will
not need to be re-timed. A typical install takes from 1 to 2 hours for each precision.

3.3.7 Cleanup Code

After all of the above operations are done, we have a square on-chip multiply of fixed
dimension Npg. Since the input matrices may not be a multiple of Ng, there is an obvious
need for a way to handle the remainder.

It is possible to write the cleanup code in one routine, with 3 loops of arbitrary dimension.
Practice shows that on some platforms, this results in unacceptably large performance drops
for matrices with dimensions which are not multiples of Np. Generating the code for all
possible cleanup cases is not difficult, but is not a usable solution in practice. This would
result in N3 routines, which would take an unacceptable amount of compilation time, and
make the user’s executable too large.

The key is to note that a majority of the time spent in cleanup code will be the case
where only 1 dimension is not equal to Np. Therefore we generate roughly 4Np routines
for cleanup: 3Np routines for the cases where a given dimension is less than Np. The
remaining routines accept arbitrary M and N, but K is known so that we can unroll the
inner loop (critical for reducing loop overhead). Thus the Np routines generated for the
general case correspond to the differing values K is allowed. These routines where more
than one dimension is less than Np will still not be as efficient as the other routines, but
the time spent in them should be negligible.

Because of the number of routines required in this cleanup strategy, we generate only
the 3 = 1 case (eg., the operation done by the cleanup is always C < A” B 4+ C). Other g
choices are accommodated by scaling.

3.4 Why Can’t the Compiler Do This?

It would be ideal if the compiler where capable of performing the optimization needed
automatically. However, compiler technology is far from mature enough to perform these
optimizations automatically. This is true even for the BLAS on widely marketed machines
which can justify the great expense of compiler development. Adequate compilers for less
widely marketed machines are almost certain not to be developed.
3.5 Requirements for Good Performance
The approach we have taken has two requirements for achieving good performance:

1. There is a cache from which the floating point unit can fetch operands cheaply.

2. The platform possesses an adequate C compiler.

It might seem that the compiler would play little role in achieving performance, when the
code generator does so much of the work usually reserved for compilers (eg., loop unrolling,
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latency hiding, register blocking, etc.). Some compilers ignore the register keyword,
and/or reorder the loops even though they are already optimal. Also, if the compiler has
limits on its use of the hardware (for instance, it only emits code for a subset of the actual
physical registers), there is nothing ATLAS can do about it. Also, for the code other than
the on-chip multiply, the compiler must do the brunt of optimization (this is a low-order
cost, however).

There are two systems where we attempted an ATLAS installation, and had unaccept-
able performance. The platforms, and the reason for the performance loss is summarized
below:

o Intel 1860: inadequate C compiler

e Cray T3E: inadequate C compiler/lack of L3 cache
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