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Abstract

During the last decade, a number of projects have pursued the high-performance implemen-
tation of matrix multiplication. Typically, these projects organize the computation around an
“inner kernel,” C' = AT B + C, that keeps one of the operands in the L1 cache, while streaming
parts of the other operands through that cache. Variants include approaches that extend this
principle to multiple levels of cache or that apply the same principle to the L2 cache while
essentially ignoring the L1 cache. The intent is to optimally amortize the cost of moving data
between memory layers.

The approach proposed in this paper is fundamentally different. We start by observing that
for current generation architectures, much of the overhead comes from Translation Look-aside
Buffer (TLB) table misses. While the importance of caches is also taken into consideration, it is
the minimization of such TLB misses that drives the approach. The result is a novel approach
that achieves highly competitive performance on a broad spectrum of current high-performance
architectures.

1 Introduction

It is somewhat surprising that after decades of research into the optimal implementation of matrix
multiplication, papers on the subject still appear with great regularity. Matrix multiplication
continues to be of importance because a broad range of high-performance packages that support
directly or indirectly scientific computation depend, to a large degree, on the performance of the
matrix multiplication kernel [3, 13, 28, 5. New contributions continue to be made because the
gap between the performance of the CPU and the bandwidth to the memory continues to widen
and new architectural features are introduced into computers, which require new techniques or
refinements of old techniques, for matrix multiplication.

Two observations are fundamental to our approach:



e The ratio between the rate at which floating point computation can be performed by the
floating point unit(s) and the rate at which floating point numbers can be streamed from the
L2 cache is typically relatively small.

e Thus, it is the cost for starting the streaming of data from the L2 cache that represents a
significant overhead.

e A large component of the startup cost of the streaming of data cames from Translation
Look-aside Buffer (TLB) misses since these inherently stall the CPU.

By taking these observations into account, the contribution of this paper is that by casting the
matrix multiplication in terms of an inner kernel that performs the operation C = AT B+ C, where
A fills most of memory addressable by the TLB table and C' and B are computed a few columns
at a time,

e TLB misses can be largely avoided,

e the cost of the TLB misses that do occur can be amortized of a large amount of computation,
and

e the cost of transposing submatrices so that the overall matrix multiplication can be cast into
this inner kernel is amortized over a large amount of computation.

In practice, these observations lead to implementations that attain extremely high performance.

It can be argued that the exact nature of the new contribution of this paper is hard to identify.
Much of what we present has been incorporated in one form or another in other implementations
of matrix multiplication. It can also be argued that it is already known as street-wisdom and/or
is incorporated in proprietary libraries that keep the details of the implementation a trade-secret.
We would like to think that at the very least this paper exposes some of the issues explicitly and
thereby makes a contribution the body of knowledge in this area. The fact that the method leads
to consistently higher performance than achieved by competing implementations provides some
support for this view.

The structure of this paper is as follows: In Section 2 we discuss research related to the high-
performance implementation of matrix multiplication. Basic architectural considerations are given
in Section 3. Observations that show the importance of the TLB are given in Section 4. These
observations are translated to a practical implementation in Section 5. In Section 6 we report
performance results from implementations on various architectures. Concluding remarks follow in
the final section.

2 Related Work

The addition of a cache memory to vector architectures required library developers to reformulate
linear algebra libraries that had been written in terms of vector operations.. To obtain high per-
formance on these new machines, both vector operations and blocking to take advantage of the
cache was necessary. IBM’s ESSL library included block-based vector algorithms for a number of



linear equation solvers that were part of LINPACK [7], including LU and Cholesky based solvers
for dense and banded matrices [21]. These implementations were based on highly optimized linear
algebra routines that performed blocking together with an inner kernel that vectorized the linear
algebra operation on blocks that fit in the cache memory.

It wasn’t until the late 1980s that, with the introduction of the Cray 2, which also combined
vector processing with a cache memory, there was a strong impetus in the linear algebra library
community to standardize a new interface to a set of matrix-matrix operations, the level-3 BLAS [8].
The primary purpose of this new set of routines was to support newly proposed libraries such as
LAPACK [6, 2, 3]. By casting the bulk of computation in terms of matrix-matrix operations,
which perform O(n?) operations on O(n?) data, blocks of data could be moved in and out of the
data cache while amortizing the cost of this movement over a large number of computations. The
substantial task of providing all levels of BLAS was pushed onto the vendors. The reward was that
numerically stable libraries like LAPACK then provided high-performance across a large variety of
architectures.

By the early 1990s, it was recognized that as architectures were becoming increasingly complex
the task of providing a complete set of (especially level-3) BLAS was becoming a substantial burden
on the vendors. Fortunately, it was shown that high-performance level-3 BLAS could be coded to be
portable by casting these operations in terms of matrix multiplication [23, 16, 24, 13]. This reduced
the cost of implementing the level-3 BLAS to the cost of implementing matrix multiplication.
Next, it was recognized that by combining a blocking strategy with a carefully crafted inner kernel,
which performs matrix multiplication with blocks that are roughly of a size so that they fit in
the cache memory, the cost of implementing the level-3 BLAS could be reduced to the cost of
implementing this inner kernel. At IBM the idea of designing the architecture for this approach to
coding the matrix multiply and other algorithms, referred to as Algorithms and Architectures, was
both expounded and applied to the development of the IBM POWER2 architecture in conjunction
with the ESSL library for that architecture [1]. By also designing compilers specifically for this
combination of algorithms and architecture, the implementations of the BLAS could be coded in
FORTRAN rather than in assembly code.

By the late 1990s architectures with multiple levels of cache memory were being introduced.
With it came a recognition that the implementation of matrix multiplication for a given architecture
had become, and would remain, a formidable task [12]. Based on the work at IBM that coded such
operations in FORTRAN, the PHiPAC project at Berkeley pursued the portable implementation
of matrix multiplication in a high-level language, C [4]. The idea behind that project was to
automatically generate code so that in combination with an exhaustive search, the optimal blocking
of the operands and optimal ordering of the loops could be discovered. The different blocking
schemes were intended to automatically detect optimal blockings for the different caches while the
different loop orderings would automatically detect how the movement of blocks between memory
layers could be best amortized over computation. In addition, the inner kernel was automatically
generated so that the number of registers and depth of pipelines could be detected. At the expense
of an optimization process that often took days or even weeks to complete, remarkable performance
was observed.

The ATLAS [29] project at the University of Tennessee refined the techniques developed as part
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Figure 1: The hierarchical memories viewed as a pyramid. Under the new model, the memory that
is addressable by the TLB is explicitly exposed.

of the PHiPAC project by constraining the number of different implementations that are generated
as part of the search process. As a result, the optimization process completes more quickly, typically
in a matter of hours.

In a recent paper [14] a family of algorithms based on a model of the memory hierarchy was
introduced. The model predicts, and preliminary experiments with an implementation for the Intel
Pentium (R) III processor show, that at a given level of the memory the blocking of the matrices
and order of the loops is dictated by the shapes of the operands together with the size of memory
layer one level above (in the pyramid).

Recently, algorithms that automatically block for caches by formulating the algorithms to be
recursive have received a great deal of attention for matrix multiplication and many other important
computations such as matrix factorizations [11, 17, 29, 22, 15, 26, 19]. Others have focused on
(also) applying “recursion” to produce new data formats for matrices, instead of the traditional
FORTRAN and C data structures [27]. Our view is that recursion is very powerful and excellent
results are obtainable. The techniques presented in this paper are in some sense orthogonal to
those addressed by recursion in data storage and algorithm implementation.

3 Basic Architectural Considerations

In this section we present, at a high level of abstraction, some of the architectural features of a
typical modern microprocessor.

The memory hierarchy of a modern microprocessor is often viewed as the pyramid given in
Fig. 1. At the top of the pyramid, there are the processor registers, with extremely fast access. At
the bottom, there are disks and even slower media. As one goes down the pyramid, the amount of
memory increases as does the time required to access that that memory, while the financial cost of
memory decreases.



of the physical memory. Memory is partitioned in pages of some (often fixed) prescribed size. A
table, referred to as the page table maps virtual addresses to physical addresses and keeps track
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