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Numerical Integration

Idea 1s to do integral in small parts, like the way you
first learned integration - a summation

Numerical methods just try to make 1t faster and

more accurate
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Basic Numerical Integration

 Weighted sum of function values
J, £ Zc f(x;)
[0 =, f(x,)+e, f(x;)++e,f(x,)




Numerical Integration

* Characterized by where the function is
evaluated

* Newton-Cotes Closed Formulae -- Use both end
points
— Trapezoidal Rule : Linear

— Simpson’s 1/3-Rule : Quadratic
— Simpson’s 3/8-Rule : Cubic

— Boole’s Rule : Fourth-order

* Newton-Cotes Open Formulae -- Use only
interior points
— midpoint rule



e Straight-line approximation




Example:Trapezoid Rule

Evaluate the integral ! e dx
« Exact solution (integration byoparts)‘

4
J‘ erxdx x 2x_ler
2 4

0
14
=5216.926477
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=—e""(2x—-1
p ( )

* Trapezoidal Rule

I= j: xe e~ 220 [7(0)+ f(4)|=2(0+4¢° )= 23847.66

_5216.926 — 23847.66
5216.926

=—357.12%




Approxima

P a
Lbf(x)dxzZcif(x,.)=cof(x0)+clf(x1)+c2f(x2)

= Xy ) X;)
8\

(x,)+ f(x,)]
f) \\.9

Xy

)




Approximate by a cubic polynomial

J;lz;j”(x)dxzch.f(xi)=c,,f(x,,)+clf(x1)+c2f(xz)+CSf(x3)
S (x,)+3f(x, +f(x3)]

SOIR
E -\\\\\\\\\\‘\\\W

x

-

X
X3



Example: Simpson’s Rules

4
Evaluate the integral Io xe’“dx
* Simpson’s 1/3-Rule

7 _f:xezxdx zg[f(0)+4f(2)+f(4)]

:%[0+4(2e4)+4eg] = 8240.411

o 5216.926 -8240.411

216026 0°
 Simpson’s 3/8-Rule -
4o 3 4 8
I =j0 xe a’x~g[f(0)+3f(§)+3f(§)+f(4)}

= %/3)[0 +3(19.18922) +3(552.33933) +1 1923.832] =6819.209

o 5216.926 -6819.209
5216.926

=-30.71%
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Approximate by a straight line

Lb Jees b;a J(x)+ f(x, )]+ (b—a) "
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1*( x*3/3-5h*x"2/2+6*h"2*x)/(2h"2)
1*((4h)"3/3-5h*(4h)"2/2+6h"2*4*h))/(2h"2)
1*(4h)(8/3-5+3)

_1*(4h/3)(8+9-15)

(b-a)/3*F 1*2

"l'J"l'Jl'TJ’TJ




Better Numerical Integration

 Composite integration
— Composite Trapezoidal Rule
— Composite Simpson’s Rule

* Richardson Extrapolation
 Romberg integration



Apply trapezoid rule to multiple segments over
integration limits

Two segments Three segments

Four segments Many segments




X (x)dx
dx = Ixo f
* fx)
J. 7




Composite Trapezoid Rule

Evaluate the integral

I = I: xe *dx

n=1Lh=4= Izg:f(0)+f(4)]=23847.66 £=-357.12%
n=2,h=2:>Izg:f(0)+2f(2)+f(4)]:12142.23 £=-132.75%
n=4,h=1:>I=g:f(0)+2f(1)+2f(2)

+2f(3)+ f(4)]|=7288.79 £=-39.71%

n=8,h=0.5:>I=g[f(0)+2f(0.5)+2f(1)

+2F(L5)+2F(2)+2f(2.5)+2f(3)
+21(3.5)+ f(4)]|=5764.76 £=-10.50%

n=16,h=0.25:>I=g[f(0)+2f(0.25)+2f(0.5)+---

+2£(3.5)+21(3.75)+ f(4)]
— 5355.95 £=-2.66%



Composite Trapezoid Rule with Unequal
Segments

Evaluate the integral I = J‘" e dx
e h,=2,h,=1,h,=05h,=0.5

1=[ fdc+[ feode+ [ feode+ [ f(x)ds
— %[f(O) + f(2)]+h—22[f(2) + /3]
+ h_23 [F3)+ f(3.5)]+ h—z“[f (3.5)+ f(4)]

:%[0+ 2@4]+%[2e4 +3e6]+% 3¢t +3.5¢7]

+% 3.5¢7 +4¢*|=5971.58 = e=-14.45%




Composite Simpson’s Rule

Piecewise Quadratic approximations

)




Composite Simpson’s Rule

Multiple applications of Simpson’s rule
[ foodx = j floodx + j' foOdx + -+ j fo)dx
h h
=S Lo+ 4 fox )+ foe )]+ Lfoes )+ 4 foxeg )+ fiee, )]

+...+g[f(xn_2)+4f(xn_1)+ f(x, )]

h
= E[f(xo)+4f(x1)+Zf(x2)+4f(x3)+2f(x4)+~'

+4f(x, )+ 2f(x, ) +4f(x,,, )+
+2f(x, ,)+4f(x, )+ f(x,)]




Composite Simpson’s Rule

Evaluate the integral I = J‘" xe* dx
e n=2,h=2 ’

F(0)+4f(2)+ f(4)]

=Zlo+402¢" )+ 4¢*|= 8240.411 = £=-57.96%

[(0)+4f(1)+2f(2)+4f(3)+ f(4)]

0+4(e” )+2(2e* )+ 4(3e” )+ 4e*]
670.975 = &=—-8.70%

n




Composite Simpson’s Rule with
Unequal Segments

Evaluate the integral
* h;=15, h,=0.5

I = I: xe *dx

1= feodx+[ f(x)dx
_ %[ £(0)+4£(1.5)+2/(3)]
+£[ FR)+41(3.5)+27(4)]
135 l0+4(1.5¢") +3¢° ]+

=5413.23 —=¢g= —3.76%

> [3¢° +43.5¢7) + 4e']
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