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Look at the fitting matrix in more detail
• Suppose we want to solve via least squares 

Ax=b
– A is a m× n matrix with m>n

• One way to solve was via LU decomposition of normal equations
– Poor condition numbers and so not recommended
– Require matrix-matrix multiplication

• Today: Other matrix decompositions that are stable and less expensive
• Here A is a matrix that takes n vectors into m vectors
• Not all m vectors will be reachable even if we supply arbitrary n vectors

– Range of A: the part of the space of m vectors that are reachable
Range(A) = {y ∈ Rm : y=Ax for some x ∈ Rn}

– The range of A contains all those vectors that can be made up using the columns of A
– Rank(A) is the dimension of the range of A
– Null space of A: those vectors x, for which Ax is zero

Null(A) = {x ∈ Rn : Ax=0}

Dim(Null(A))+Rank(A)=n



Orthogonal Matrices

• Orthogonal matrices are square matrices that have their 
columns orthonormal to each other
– dot product of dfferent column vectors is zero, while of the 

same column is one
– Denoted Q
– Most trivial orthogonal matrix is the identity matrix
– QtQ=I

So Q-1=QT

generalization: a matrix is Hermitian iff Q-1=QH where 
superscript H denotes complex conjugate transpose



QR decomposition
• Suppose we can write 

A=Q’R’
– Q’ is an orthogonal matrix of dimension m× m
– R’ is a m× n matrix that can be written as [R]

[0 ]
R is a triangular  n× n matrix and 0 is a matrix of zeroes of size m-

n× n
Q’ can also be partitioned as [Q Q~] with Q containing n 

orthogonal columns and Q~ m-n orthogonal columns

• If Ax=b then (Q’R’)x=b or Q’(R’x)=b  or Q’y=b
– So if b is in range(A), it is also in range(Q’)
– Similarly if Q’y=b; then b=Ax with x=R-1y 
– Columns of Q form an orthonormal basis for range(A)



Properties of QR
• Let At z =0 

– z is in the nullspace of At

– (Q’R’)t z= R’t Q’t z=0
– So Rt y = 0 for  y=Qt z
– If R is full rank this means y has to be the zero vector
– So Qt z =0
– So z must be composed of the elements from Q~

– So the columns of Q~ form an orthonormal basis for  nullspace(At)



Orthogonal matrix facts

• Suppose Q is an orthogonal matrix
• Then for any vector r the Euclidean norm is preserved in 

an orthogonal transformation
• Proof

||Qr||2=(Qr)t (Qr)= rt Qt Q r = rt (Qt Q) r =rt r =||r||2

• If Q is an orthogonal matrix 
so is the extended matrix Qe

• Easy to show from definition that 
Qe

t Qe = I



Solving least squares with QR
• A=Q’R’
• Let         r= b-Ax c=Q’t b
• Goal of least squares find the x that minimizes squared 

error (residue)
• Partition c in to two pieces

– c1 of dimension n
– c2 of dimension m-n
– ||r||2 = || b- Ax||2 = ||b –Q’ R’ x||2

– Length is not changed by multiplication with orthogonal matrix
– So ||r||2 =||Q’tr||2 =||Q’t [b –Q’ R’ x]||2

=||c1 – R x ||2 + ||c2 – 0x||2

So no matter what x is the second term remains unchanged
If we minimize ||r||2 the best we can do is minimize first term 



Solving LS via QR

• How do we minimize ||c1 – R x ||2 

– If R is full rank set solve Rx=c then we have done the best we 
can

– (if R is rank deficient solve in least squares sense)
– Recall R is triangular so this equation can be easily solved

• Algorithm
– Compute QR factorization of A
– Form c1=Qt b
– Solve Rx=c1

– If R is full rank and Q~ is available then the norm of the 
residual is ||Q~t b||. Else r = b – A x.



Computing the factorization

• QR is useful … so how do we factorize a matrix A?
• In LU we computed a upper triangular matrix by computing adding 

multiples of other rows so that elements below a given column were 
zeroed out

• The multipliers were stored in L which gave us A=LU
• Here we want to zero out entries below the diagonal but do it with 

orthogonal matrices
• Two strategies
• Zero out a column at a time using a matrix Q1 so that Qt

1 A gives us 
all entries below a certain one in a column as zero
– Householder transformations
– Result Qt

n…Qt
2Qt

1 A =R  or A = Q1…Qn-1Qn R =Q R
• Zero out one specific entry of a column at a time

– Givens rotations
• Product of orthogonal matrices is orthogonal



To compute QR
• Perform a sequence of orthogonal transformations that 

zero out elements
• Orthogonal transformations can be rotations or 

reflections or combinations
• Givens Rotation:
• Givens matrix has elements 
• c2+s2=1
• How do we use a rotation to zero out an element?
• Let z= [z1 z2]t 

• We want 
• Eliminate z2

• Similarly we get s=z2/x,  and z1
2+z2

2 = x2



Givens QR
• To apply idea to larger matrix, embed the Givens matrix in  identity

• Algorithm for i=1, …,n
for j=i+1, …, m

Find Givens matrix Gijto zero out j,i element of A
using the the value at position (i,i)
A=GijA

end
end



Householder Transformations

The Householder transformation determined by vector  v is:

To apply it to a vector x, compute:
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Householder Geometry

• Hx is x reflected through the hyperplane
perpendicular to v (p : pTv=0)



Householder Properties

• H is symmetric, since

• H is orthogonal, since
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Householder to Zero Matrix Elements

We’ll use Householder transformations to zero 
subdiagonal elements of a matrix.

Given any vector a, find the v that determines an H such 
that,

Now solve for v:
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Choosing the Vector v
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Applying Householder Transforms

• Don’t compute Hx explicitly, that costs 3n2 flops.
• Instead use the formula given previously,

which costs 4n flops (if you pre-compute vTv or pre-
normalize vTv=2).

• Typically, when using Householder transformations, you 
never compute the matrix H; it’s only used in derivation 
and analysis.
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QR Decomposition

• Householder transformations are a good way to zero out 
subdiagonal elements of a matrix.

• A is decomposed:

• where QT=Hn…H2H1 is the orthogonal  product of 
Householders and R is upper triangular.

• Overdetermined system Ax=b is transformed into the 
easy-to-solve
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SVD and Pseudo-Inverse



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


