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Structure from Motion
Review of Motion
Review of camera models
Optical Flow



Structure-from-Motion

e Determining the 3-D structure of the world, and/or the
motion of a camera using a sequence of images taken by a
moving camera.

— Equivalently, we can think of the world as moving and the
camera as fixed.

 Like stereo, but the position of the camera isn’t known
(and It’s more natural to use many images with little
motion between them, not just two with a lot of motion).

— We may or may not assume we know the parameters of the
camera, such as its focal length.



Structure-from-Motion

« As with stereo, we can divide problem:
— Correspondence.
— Reconstruction.
o Again, we’ll talk about reconstruction first.

— Assume that each image contains some points,
— we know which points match which



Motion

« Rigid and Non-Rigid Motion

 Rigid motion: all points on the object move together.
— Their relative coordinates do not change



3D Geometry

* To model 3D scenes, we must specify:
— Location
— Displacement from arbitrary locations
— Orientation



l_inear Transformations

e A linear transformation:
— Maps one vector to another
— Preserves linear combinations

e Thus behavior of linear transformation Is
completely determined by what it does to a basis

e Turns out any linear transform can be represented
by a matrix



Matrices

» By convention, matrix element M, Is located at
row r and column c:

* By convention,
vectors are columns:




Matrices

« Matrix-vector multiplication applies a linear
transformation to a vector:

« Recall how to do matrix multiplication



Matrix Transformations

« A sequence or composition of linear
transformations corresponds to the product of the
corresponding matrices

— Note: the matrices to the right affect vector first
— Note: order of matrices matters!

e Some (not all) matrices have an inverse:
e So we can reverse the transformation

M™*(M(v))=v



Transformations

e Modeling transforms

— Size, place, scale, and rotate objects parts of the model
w.r.t. each other

— Object coordinates A world coordinates




Transformations

« All these transformations involve shifting coordinate
systems (i.e., basis sets)

e That’s what matrices do...
* Represent coordinates as vectors, transforms as matrices

x| [cos(®) —sin(8)] x

y'| |sin(6) cos(0) |y

o Multiply matrices = concatenate transforms!




Transformations

¢ Homogeneous coordinates: represent coordinates
In 3 dimensions with a 4-vector

— Denoted [X, Y, z, W]
 Note that typically w =1 in model coordinates

— To get 3-D coordinates, divide by w:
[X’, Yy, Z2°] = [XIw, ylw, z/w]

e Transformations are 4x4 matrices

 Why? To handle translation, rotation and projection
uniformly



Translations

* For convenience we usually describe objects in relation to

their own coordinate system
— Solar system example

« \We can translate or move points to a new position by

adding offsets to their coordinates: _

— Note that this translates all points uniformly

X
y

I

I




2-D Rotation
(X*, y’)

(X, Y)

X’ =X c0os(0) - y sin(0)
y’ =X sin(0) +y cos(0)




2-D Rotations

* Rotations in 2-D are easy:
x| [cos(0) —sin(0)] x
y'| [sin(6) cos(6) |y

e 3-D is more complicated
— Need to specify an axis of rotation

— Common pedagogy: express rotation about this axis as the
composition of canonical rotations
» Canonical rotations: rotation about X-axis, Y-axis, Z-axis



Scaling

« Scaling a coordinate means multiplying each of its
components by a scalar

« Uniform scaling means this scalar is the same for all
components:

X 2




Scaling

* Non-uniform scaling: different scalars per component:

)N

XXZ, rg—_\l
Y x 0.5

e How can we represent this in matrix form?



Scaling

« Scaling operation:

e Or, In matrix form:
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2-D Rotation

e This Is easy to capture in matrix form:
x| [cos(@) —sin(8)] x
y'| |sin(6) cos(6) |y

e 3-D is more complicated
— Need to specify an axis of rotation
— Simple cases: rotation about X, Y, Z axes




3-D Rotation

 What does the 3-D rotation matrix look like for a
rotation about the Z-axis?

— Build it coordinate-by-coordinate

X' (cos( ©) —sin( ) O] x
y'| =] sin( 0) cos( 0) 0 y
z' 0 0 1 Z




3-D Rotation

 What does the 3-D rotation matrix look like for a
rotation about the Y-axis?

— Build it coordinate-by-coordinate

x'] [ cos(®) 0 sin(0) | x
vi=l 0o 1 o0 |y
z'| |—sin(6) 0 cos(0) | z




3-D Rotation

 What does the 3-D rotation matrix look like for a
rotation about the X-axis?

— Build it coordinate-by-coordinate

X' 1 0 0 X
y'|=|10 cos(0) -sin(®) |y
z'| |0 sIn(0) cos(0) | z




Translation Matrices?

e \We can composite scale matrices just as we did
rotation matrices

e But how to represent translation as a matrix?
 Answer: with homogeneous coordinates



Homogeneous Coordinates

¢ Homogeneous coordinates: represent coordinates
In 3 dimensions with a 4-vector

x/w] | x|
ylw| |y
(X,y,2) = =
Z/w Z
| 1 - _W_

(Note that typically w = 1 in object coordinates)



Homogeneous Coordinates

e Homogeneous coordinates seem unintuitive, but
they make transformation operations much easier

e They allow us to string transformations together
easily

e Qur transformation matrices are now 4x4:

1 0 0 0
0 cos(0) -—sin(B) O
0 sin(®) cos(0) O
0 0 0 1

Rx =




Homogeneous Coordinates

e Homogeneous coordinates seem unintuitive, but
they make graphics operations much easier

e Qur transformation matrices are now 4x4:

- cos(@) O sin(@) O]
0 1 0 0
Ry=| .
—sin(@) 0 cos(®) O
0 0 0 1]




Homogeneous Coordinates

e Homogeneous coordinates seem unintuitive, but
they make graphics operations much easier

e Qur transformation matrices are now 4x4:

' cos(0) —sin(0)
sin(0) cos(0)
0 0
0 0

R: =

OO b O O
_ O O O




Homogeneous Coordinates

e Homogeneous coordinates seem unintuitive, but
they make graphics operations much easier

e Qur transformation matrices are now 4x4:

S« 0 0 0
0 S 0 0
S —
0 0 & O
0 0 0 1




Homogeneous Coordinates

e How can we represent translation as a
4x4 matrix?

e A: Using the rightmost column:

0 T
0 Ty
1 T
0 1

o O O B+
o O — O




Rigid-Body Transforms

» (oal: object coordinatesAworld coordinates

 |dea: use only transformations that preserve the shape of

the object
— Rigid-body or Euclidean transforms

— Includes rotation, translation, and scale
e To reiterate: we will represent points as column vectors:

(X,y,2)=|Yy




Vectors and Matrices

* Vector algebra operations can be expressed in this matrix
form

— Dot product:
b
— Cross product: asb=lac a alb =«
* Note: use _bZ_
right-hand ~ L
rule! 0 —dz dy Dx Cx

axb=| a 0 —axl|byl=|lc|=C

— dy dx 0 ] b: C:z
aec=0

bec=0




Rotation of coordinates

Rotation Matrix

r'ly 131y 1F *1;
gole Iycly, 1g-l;

i1, i i

y 131z




The Camera

* These parameters are encapsulated in a projection matrix
— Homogeneous coordinates of the world a 4 vector
— Homogeneous coordinates of the image a 3 vector

— S0 the projection operation is a 3 x 4 matrix

W) [P P P R
sVve=|Py B, B, P, <Z>
kW, _P31 332 P33 P34_ 1 , \ X\
7 (u) |10 0 O '
Perspective Vi=joo 100 7
W) {0 0 % o]\”



Weak Perspective

(U

s 0 0 0)
0 s 0O




Reconstruction

A lot harder than with stereo.
o Start with simpler case: scaled orthographic projection
(weak perspective).

— Recall, in this we remove the z coordinate and scale all x and y
coordinates the same amount.



First: Represent motion

o We’ll talk about a fixed camera, and moving object.

o Key point: _
Some matrix

Points

hh ho hs

/ \ S= r211 r2'2 rzye ty

Xl X2 Xn {rsjl r3:2 r3:3 tz]

o % Y o

— The image (ignoring z)
4 4 2l (X X .. Xj
| = ° 2 “
\1 1 1/ Y Y Y

Then: | = SP



» Objects represented as a moving set of points
*These are projected into the image
*Projection is represented with Matrix multiplication

stake inner product between each row of S and each
point.

First row of S produces X coordinates, while second row
produces Y.

* Projection model is “scaled orthographic” here

e from now on we ignore third row of S.
« Translation occurs with t, and t; t, does not matter
» Scaling encoded with a scale factor in S.

 The rest of S accounts for rotation



Examples:

«eS=][s,0,0,0;
0,s, 0, 0];
This Is just projection, with scaling by s.

«S=]s, 0, 0, s*tx;

0, s, O, s*ty];
This Is translation by (tx,ty,something),
projection, and scaling.



Structure-from-Motion

e S encodes:
— Projection: only two lines
— Scaling, since S can have a scale factor.
— Translation, by tx and ty.

— Rotation:



Putting It Together

Scale 3D Translation/r r r 0)
/1 O O tx\ 1,1 1,2 1,3
1 O O r2 1 r2 2 r2 3 O
0O 1 0 t | | | P
O 1 O y r3 1 r3 2 r3 3 O
Projection .0 0 0 1
3D Rotation

(sﬂ S, S, stxj

=+ P

S,, S,, S, S’[y
where We can just write st, as

t,and st as t,.
(s.,s.,s.)e(s,,s ,s.)=0

(5.:8.:8.)1=[(s..,8..,8.)]



Affine Structure from Motion

(s s st
| | | P
S, S, s, t,

2,2 2,3

VVRere

(S..,S.,S Je4s~s ,s )=0
) =|(s,,,s

11 70 13 221 75




Affine Structure-from-Motion: Two Frames

P
-( tack image data of corresponding points in an image
measurement matrix

e Object coordinates are what we seek to find

* The projection equations for the two frames, including the
relative motion between them is in the matrix S

(U U uy (s. s, s tyx x X )
VA" A s,, S, S, Uy v, y
u> u u'| s s stz oz Z

V'V vi) \s, s, s, UA1l 1 1)






Affine Structure-from-Motion: Two Frames

(2)

/Xl X X X N (01 0 0)

Tomakethings Y, Y, Y Y, | 00010

easy, sSuppose: 7 7 7 12 B 0O 0 0 1
1l 1 1 1) {1 1 1 1)



Affine Structure-from-Motion: Two Frames

(3)
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Looking at the first four points, we get:
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Affine Structure-from-Motion: Two Frames

(4)

(U U U Uu) (s s s tyo1o0 0
V.V v V| [s s s t[0010
u u u u B s, s, 10001

v v ov)s s s tAl 11 1)

\
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We can solve for motion by inverting matrix of points.

Or, explicitly, we see that first column on left (images of first
point) give the translations. After solving for these, we can
solve for the each column of the s components of the
motion using the images of each point, in turn.



Affine Structure-from-Motion: Two Frames

()
‘u) (s, s, s, tya)

1,1 1,2 1,3

VIi|Ss S, S t]b

[
[

k 2,1 2,2 2,3 y K

u2 SZ SZ SZ t2 C

K 1,1 1,2 1,3 X

V) \s, s, s, tAL)

2,2 2,3 y

Once we know the motion, we can use the images of
another point to solve for the structure. We have four
linear equations, with three unknowns.



Affine Structure-from-Motion: Two Frames
(6) Suppose we just know where the k'th point is in image 1.

(u) (s, s, s, tya)
v||s s, s t]b
o[ ls s s tc
?) \s, s, s, tAl)

Then, we can use the first two equations to write a, and b, as linear
In c,. The final two equations lead to two linear equations in the
missing values and c,. If we eliminate c, we get one linear equation
In the missing values. This means the unknown point lies on a
known line. That is, we recover the epipolar constraint.
Furthermore, these lines are all parallel.



Affine Structure-from-Motion: Two Frames

(7)

But, what if the first four points aren’t so simple?

Then we define A so that:
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This is always possible as long as the points
aren’t coplanar.



Affine Structure-from-Motion: Two Frames
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Affine Structure-from-Motion: Two Frames

(9)

u u u’ s, s, s, t 01 00
_ ViV Vil [s., s, s, ¢ A 0 01 O
Given: u: u u'l |s. s st 000 1
VA A s s, s, U 1 1 11
Then we just pretend that:
(s" s st
1,1 1,2 1,3 X
s § s IS our motion,
2,1 2,2 2,3 y 1
A and solve as
2 2 2 2
s s S U before.

\S,. o, O ty/

N < X




Affine Structure-from-Motion: Two Frames
(10)

This means that we can never determine the exact 3D
structure of the scene. We can only determine it up to
some transformation, A. Since If a structure and motion
explains the points:

(ull uzl ' ) ' u: \ (Slll Sl1 2 Slls ti \ /Xl Xz ' ' ' Xn \

VoV Vi |S, S, S, Uy vy y,

u u u S, S, Uz z Z

V.V v) s, s, s, thl 1 1)
So does uou u) ((s. s, st X X
another A VoS s s U Y Y
image Of u> u’ u’ s, s, s, ¢ Z  Z
VAA A s, s, s, U 1 1

the form:

=N < X




Affine Structure-from-Motion: Two Frames

(11)

Note that A has
the form:

A corresponds to
translation of the
points, plus a
linear
transformation.
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For example, there is clearly a translational
ambiguity in recovering the points. We can’t
tell the difference between two point sets that
are identical up to a translation when we only
see them after they undergo an unknown
translation. Similarly, there’s clearly a
rotational ambiguity. The rest of the ambiguity
IS a stretching in an unknown direction.



Affine Structure-from-Motion: A lot of
frames (1)

(U u u) (s, s, s, t)
V. Vv V. s, S, s, t
u 12 u 22 u n2 S Sl2 2 S12 3 't)(2
2' 21 2 (Xl X2 Xn\
V12 V22 V: S SZ,Z 82,3 ty
B Y, . y
Zl ZZ Zn
1 1 1,
ur u s s st
A vi) \s, s, s, t)



First Step: Solve for Translation (1)

« This is trivial, because we can pick a simple origin.
— World origin is arbitrary.

— Example: We can assume first point is at origin.
 Rotation then doesn’t effect that point.
 All its motion is translation.
— Better to pick center of mass as origin.
» Average of all points.
» This also averages all noise.



Specifically, we can never tell where the world
points were to begin with. Adding one to every
X coordinate in P and then subtracting 1 in every
tx Is undetectable.

So, wlog we can assume that sum(P(k,:)) = O for
k from 1to 3, ie., sum(x1 ... xn) =0,
sum(yl...yn) =0, sum(z1 ... zn) = 0.

Rotation doesn’t move the origin, which is now
the center of mass. Neither does scaled
orthographic projection. So, this only moves
from translation.

Explicitly, we assume sum(p) = (0,0,0)AT. Then:
sum(s*R(p)) = s*R(sum(p)) = s*R(0,0,0)*T =
(0,0,0)*T. (“T means transpose).



More explicitly, suppose sum(p) = (0,0,0,n)"T. Then,
sum(R*P) = R*(sum(P)) = R*(0,0,0,n)*T = (0,0,0,n)"T.
Sum(T*R*P) = T*(0,0,0,n)"T = (ntx,nty,ntz,n)*T. (Or
just look at the 2x4 projection matrix). If we subtract tx
or ty from every row, then the residual is
(s11,512,513;s521,522,523)*P. | = s part of matrix +t
part of matrix.

‘v, r, r, 0
(10 0 tY = = -

1 0 O r r. r O
S 0O 1 0 t | | P
0O 1 O “I'r r r O

\O O 1 tZ) 3,1 3,2 3,3

L~
o
-
o
=
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Even more explicitly. Consider the first row of the
Image matrix I. Average together all the entries in
this row. This gives us:

sum( (s{1,1},s{1,2},s{1,3D)*(x_I,y 1,z 1) + tx)/n
= (s{1,1},s{1,2},s{1,3})*sum(x_I,y 1,z 1)/n + tX
= (s{1,1},s{1,2},s{1,3})*(0,0,0) + tx = tx.

So we’ve solved for tx. If we subtract tx from every
element in the first row of I, we remove the effects of
translation.



a

u-u
V-V
u —u
V=V’
u —a

First Step: Solve for Translation (2)

u-—-u
Vi -V’
u —-ua
V-V’
u'—u
V' =V’




First Step: Solve for Translation (3)

@ o . ..o (s s, s
Vv v V| |[S S, s,
oo 0| |s. s. s
v v VIS S, S (X X . . . X)
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As If by magic, there’s no translation.



Rank Theorem [ has rank 3.

u a u s, S, s,
7o vl s s s This means there
a a a| |s s s are 3 vectors
AN Vol |sLosLosixox X, such that every
- Yo . Y. rowof | Isa
S 3 linear

oo s s s combination of
7o 7 ls s s these vectors.

- These vectors

| S are the rows of P.



Solve for S

| =UDV
e SVD is made to do this.

D is diagonal with non-increasing
values.

U and V have orthonormal rows.

Ignoring values that get set to O, we
have U(:,1:3) for S, and

D(1:3,1:3)*V(1:3,:) for P.



Linear Ambiguity (as before)

I =U(,1:3) * D(1:3,1:3) * V(1:3,)
r = (U(:,1:3) * A) * (inv(A) *D(1:3,1:3) * V(1:3,7))



Noise
|

+ | has full rank.

e Best solution Is to estimate | that’s as near to
as possible, with estimate of | having rank 3.

e Qur current method does this.



Weak Perspective Motion

u a u s, S, s,
VAR v S
u- a u s, S, S,
VAR A s s, s I(x x . . . X
: | = y. Y. Y.
: [zl Z, zn}
u ar u s’ s’ S
VARR'A v s’ s’ s
| S

T =(U(,1:3)*A)*(inv(A) *D(1:3,1:3)*V(1:3,))

Row 2k and
2k+1 of S should
be orthogonal.
All rows should
be unit vectors.

(Push all scale
iInto P).

Choose A so
(U(:,1:3) * A)
satisfies these
conditions.



Related problems we won’t cover

« Missing data.
e Points with different, known noise.
* Multiple moving objects.



Final Messages

 Structure-from-motion for points can be reduced to linear
algebra.

 Epipolar constraint reemerges.
e SVD important.

* Rank Theorem says the images a scene produces aren’t
complicated (also important for recognition).



