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Abstract e Every superpixel should overlap with only one object.

e The set of superpixel boundaries should be a superset

We propose a new objective function for superpixel seg- of object boundaries

mentation. This objective function consists of two compo-
nents: entropy rate of a random walk on a graph and a

The mapping from pixels to superpixels should not re-

balancing term. The entropy rate favors formation of com- duce the achievable performance of the intended appli-
pact and homogeneous clusters, while the balancing func- cation.
tion encourages clusters with similar sizes. We presenta

g ; - The above properties should be obtained with as few
novel graph construction for images and show that this superpixels as possible.

construction induces a matroid— a combinatorial structure

that generalizes the concept of linear independence in vec-  In this paper, we study the superpixel segmentation as
tor spaces. The segmentation is then given by the graph® clustering problem. In order to satisfy the above require-
topology that maximizes the objective function under the Ments, we presenta new clustering objective function which
matroid constraint. By exploiting submodularity and mono- consists of two terms: (1) the entropy rate of a random
tonicity of the objective function, we develop an efficient Walk on a graph; (2) a balancing term on the cluster dis-
greedy algorithm. Furthermore, we prove an approxima- tribution. The entropy rate favors compact and homoge-
tion bound of} for the optimality of the solution. Extensive N€oUS clusters— encouraging d'V'Slo_n ofimages on percep-
experiments on the Berkeley segmentation benchmark show@l boundaries and favoring superpixels overlapping with

that the proposed algorithm outperforms the state of the art Only & single object; whereas the balancing term encour-
in all the standard evaluation metrics. ages clusters with similar sizes— reducing the number of

unbalanced superpixels.
Our clustering formulation leads to an efficient algorithm
1. Introduction with a provable bound on the optimality of the solution.
We show that our objective function is a monotonically in-
Superpixel segmentation is an important module for ¢reasing submodular function. Submodularity is the dis-
many computer vision applications such as object recogni-¢rete analogue of convexity in continuous domains. Know-
tion [14], image segmentation.p, 8], and single view 3D g whether a function is submodular enables us to better
reconstruction{, 18]. A superpixel is commonly defined  ynderstand the underlying optimization problem. In gen-
as a perceptually uniform region in the image. eral, maximizationof submodular functions leads to NP-
The major advantage of using superpixels is computa-hard problems, for which the global optimum is difficult
tional efficiency. A superpixel representation greatly re- to obtain. Nevertheless, by using a greedy algorithm and
duces the number of image primitives compared to the pixelexploiting the matroid structure present in our formulafio
representation. For instance, in &rlabel labeling prob- e obtain a bound of on the optimality of the solution.
lem, the solution space for a pixel representation’.fs  Recently, maximization of submodular functions has been
wheren is the number of pixels— typically0°; in con-  ysed in sensor placemerii] [and outbreak detectiore]
trast, the solution space for a superpixel representation i problems.
L™ wherem is the number of superpixels— typically?
(<< 10°). Moreover, superpixel segmentation provides the 1-1. Related Work
spatial support for computing region based features. Graph-based image segmentation work of Felzenszwalb
The desired properties of superpixel segmentation de-and Huttenlocher (FH)4], mean shift P], and water-
pends on the application of interest. Here we list some gen-shed PZ] are three of the most popular superpixel segmen-
eral properties required by various vision applications: tation algorithms. FH and watershed are extremely fast;



mean shift is robust to local variations. However, they pro-  The paper is organized as follows. We review the nota-

duce superpixels with irregular sizes and shapes which tendions and background materials in SectibnThe problem

to straddle multiple objects as pointed out i)[21]. formulation and the optimization scheme are given in Sec-
Ren and Malik 19 propose using Normalized Cut tions3and4respectively. We present the experimentresults

(NCut) [20] for superpixel segmentation. NCut has the nice in Section5 and conclude the paper in Sectién

property of producing superpixels with similar sizes and o

compact shapes which is preferred for some vision algo-2- Preliminaries

rithms [L9, 14]. One drawback of NCut is its computational Graph representation: We useG = (V, E) to denote

requirement— it takes several minutes for segmenting anan undirected graph wheté is the vertex set and’ is the

image of moderate (481x321) size. Levinshtein etEll[  edge set. The vertices and edges are denoted ayde;

propose TurboPixel as an efficient alternative to achieve arespective|y_ The S|m||ar|ty between vertices is givenl‘h@/t

similar regularity. TurboPixel is based on evolving bound- \eight functionw : E — R+U{0}. In an undirected graph,

ary curves from seeds uniformly placed in the image. Re- the edge weights are symmetric, thatis; = w; ;.

cently Veksler et al. 1] formulate superpixel segmenta-  Graph partition: A graph partitions refers to a di-

tion as a GraphCutl] problem. The regularity is enforced yision of the vertex seti/ into disjoint subsetsS =

through a dense patch assignment technique for allowable; s, g, . §.} such thatS; N S; = @fori # j and

pixel labels. U, Si = V. We pose the graph partition problem as a sub-
These methods produce nice image tessellations asset selection problem. Our goal is to select a subset of edges

shown in [L9, 10, 21]. Nevertheless, they tend to sacrifice 4 ¢ E such that the resulting gragi’, 4) consists ofK

fine image details for their preference for smooth bound- connected components/subgraphs.

aries. This is reflected in the low boundary recall asregorte  Entropy: The uncertainty of a random variable is mea-

in[10, 21]. In contrast, our balancing objective, which regu- syred by entropyd. Entropy of a discrete random variable

larizes the cluster sizes, avoids the over-smoothing probl  x with a probability mass functiopy is defined by
and hence preserves object boundaries.

Moore et al. .3, 17] propose an alternative approach for H(X)=- Z px(z)logpx (x) Q)
obtaining superpixels aligned with a grid. In3, a greedy reX
algorithm is used to sequentially cutimages along some ver-

. . S . . where X' is the support of the random variablé. The
tical and horizontal strips; whereas ih7, the problem is conditional entropyH (X|Y) quantifies the remaining un-
solved with a GraphCut algorithm.

certainty of a random variabl& given that the value of a

1.2. Contribution correlated random variablé is known. It is defined as
The main contributions of the paper are listed below: H(X[Y) = Z py(WH(X|Y =y)
e We pose the superpixel segmentation problem as a yey 2)
maximization problem on a graph and present a novel =— Z py (y) Z x|y (zly)log px |y (z|y)
objective function on the graph topology. This func- yey reX

tion consists of an entropy rate and a balancing
term for obtaining superpixels with commonly desired
properties.

where) is the support ofy” andpy |y is the conditional
probability mass function.

Entropy rate: The entropy rate quantifies the uncer-
e \We prove that the entropy rate and the balancing func- tainty of a stochastic procesé = {X,|t € T} whereT

tions are monotonically increasing and submodular. s some index set. For a discrete random process, the en-

e By embedding our problem in a matroid structure tropy rate is defined as an asymptotic measure
and using the properties of the objective function, we .

o . . . X)=lim H(X{|X;_1,X¢ 92,.... X 3

present an efficient greedy algorithm with an approxi- HX) = Jim H(X|Xio1, Xoay o K1), (3)

H fl
mation bound of;. which measures the remaining uncertainty of the random

e Our algorithm significantly outperforms the state of process after observing the past trajectory. For a station-
the art with respect to the standard metrics on the ary stochastic process, the limit i8)@lways exists. In the
Berkeley segmentation benchmark— a reduced under-case of a stationaryst-order Markov process, the entropy
segmentation error up t60%, a reduced boundary rate has a simple form{(X) = lim; oo H(X;|Xi—1) =
miss rate up t@0%, and a tighter achievable segmen- lim; .., H(X2|X1) = H(X|X1). Thefirst equality is due
tation accuracy bound. In addition, the presented algo-to thelst-order Markov property whereas the second equal-
rithm is highly efficient— takes about 2.5 seconds to ity iS a consequence of stationarity. For more details, one
segment an image of size 481x321. can referto §, pp.77].



Random walks on graphs:Let X = {X;|t € T, X; €
V} be a random walk on the graghh = (V, E) with a
nonnegative similarity measute. We use a random walk
model described ing, pp.78]— the transition probability is
defined as

(4)

wherew; = >, i neE Wik is the sum of incident weights
of the vertex;, and the stationary distribution is given by

pi; = Pr(Xip = 0| Xy = v;) = w; j /w;

wy w2 w)v
B = (Mlaﬂ?a"wuﬂ/\)T = (_1_7"'7L)T (5)
wr wr wr
wherewr = Z‘Zzll w; is the normalization constant. For

a disconnected graph, the stationary distribution is not
unigue. Howevery in (5) is always a stationary distribu-
tion. It can be easily verified through = P”u where

P = [p]; ; is the transition matrix. The entropy rate of the
random walk can be computed by applyi®y (

H(X) = H(X2|Xy) = ZMH(X2|X1 = ;)
= —Zuzsz,jlogpw = Z ;U; Z —od * log

Wi, j

(6)
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Submodularity: Let E be a finite set. A set function
F :2F — R is submodular if

F(AW{a1}) —F(AU{a2}) (7)

forall A C F, a1,a2 € F anday,as ¢ A. This property is
also referred as the diminishing return property, whichssay
that the impact of a module is less if used in a later stage.
Monotonically increasing set function: A set function
F is monotonically increasing if'(4;) < F(As) for all
A C As.
Matroid: A matroid is an ordered pai/ = (F,ZT)
consisting of a finite set’ and a collectior¥ of subsets of
E satisfying the following three conditions: (©) € Z, (2)
If I e Zandl’ C I,thenl’ € Z, and (3) IfI; andl; are in
T and|I;| < |I2|, then there is an elemenbf I, — I; such
thatl; Ue € Z. Note that there are several other definitions
for matroids which are equivalent. For more details, one
canreferto {7, pp.7~15].
Later in the paper we prove that our objective function is
monotonically increasing and submodular.

—F(A) > F(AU{a1, as})

3. Problem Formulation

We consider clustering as a graph partitioning problem.
To partition the image intd( superpixels, we search for a
graph topology that ha&” connected subgraphs and maxi-
mizes the proposed objective function.

Wi WiitWi; W< W +w

Q_Q-vaQ

Wi

€, selected €;j unselected

w0
Figure 1. lllustration of the graph construction. If an edgg is
unselected in cluster formation, its weight is redistréalito the
loops of the two vertices.
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Figure 2. We show the role of entropy rate in obtaining corhpac
and homogeneous clustering. We use a Gaussian kernel tertonv
the distances, the numbers next to the edges, to simikariach

of these clustering outputs contains six different cluisséown as
connected components. As described in SecBioavery vertex
has a loop which is not shown. The entropy rate of the compact
cluster in (a) has a higher objective value than that of the tem-
pact one in (b). The entropy rate of the homogeneous clus{ej i
has a higher objective value than that of the less homogsraoei

in (d).

3.1. Graph Construction

We map an image to a graggh = (V, E) with vertices
denoting the pixels and the edge weights denoting the pair-
wise similarities given in the form of a similarity matrix.
Our goal is to select a subset of edges- F such that the
resulting graphG = (V, A), contains exactlys” connected
subgraphs. In addition, we also assume that every vertex of
the graph has a self loop, although they are not necessary
for the graph partition problem. When an edge is not in-
cluded inA, we increase the edge weight of the self loop of
the associated vertices in such a way that the total incident
weight for each vertex remains constant (See Figiire

3.2. Entropy Rate

We use the entropy rate of the random walk on the con-
structed graph as a criterion to obtain compact and homo-
geneous clusters.
stationary distribution of the random walk)(unchanged

The proposed construction leaves the



((a) Balancing Function =-1.00 (b) Balancing Function = -1.1% equal to

pZA(.) ||f/|| = {1 NA}? (10)

and the balancing term is given by
B(A) = H(Za)~ Na = — zpm )log(pz, (i) — Na.

Lo b Jjlge o ) o

) - — . The entropyH(Z,) favors clusters with similar sizes;
Flgure 3. We shovy thg role of the balancing function in obtain whereasV, favors fewer number of clusters. In Figuse
g clusters of similar sizes, The conne_cted components ﬂ.l.e we show an example of this preference where a more bal-
different clusters. The balancing function has a higheecidje e .
value for the balanced clustering in (a) compared to thebats anced partitioning is preferred for a fixed number of clus-

anced one in (b). ters._ ) ) o
Similar to the entropy rate, the balancing function is

) N . also a monotonically increasing and submodular function
where the set functions for the transition probabilifigs as shown in the following theorem:

2% 5 R are given below:

Theorem 2. The balancing functiol8 : 2 — R is a
Wi ifi£j ande,, € A, monotonically increasing submodular function under the

pii(A) = O““ ifi#jande,, ¢ A proposed graph construction.
1,7 — 7, )

1 Djie; jea Wi if i = . The proof is given in Appendi.
wi ®) The objective function combines the entropy rate and the
balancing function and therefore favors compact, homoge-
neous, and balanced clusters. The clustering is achieaed vi
optimizing the objective function with respect to the edge

Zm2m7bwdm @ 5 max H(A) + AB(A)

subjectto A C FandNy > K,
Although inclusion of any edge in sdtincreases the en- herex > 0 is th iaht of the balancing t Li
tropy rate, the increase is larger when selecting edges that/"ere IS the weight ot the balancing term. Linear

form compact and homogeneous clusters, as shown in Fig: combination with nonnegative coefficients preserves sub-
ure2. modularity and monotonicity1[5], therefore the objective

. . function is also submodular and monotonically increasing.
We establish the following result on the entropy rate of I~ )
The additional constraint on the number of connected sub-
the random walk model.

graphs enforces exactly clusters since the objective func-
Theorem 1. The entropy rate of the random walk on the tion is monotonically increasing.

graph? : 2% — R is a monotonically increasing submod-
ular function under the proposed graph construction.

Consequently, the entropy rate of the random wallGos
(V, A) can be written as a set function:

(12)

4. Optimization

In this section, we present a greedy optimization scheme

~ Itis easy to see that the entropy rate is monotonically for the proposed objective function and analyze its optimal
increasing, since the inclusion of any edge increases the unity and complexity.

certainty of a jump of the random walk. The diminishing
return property comes from the fact that the increase in un-
certainty from selecting an edge is less in a later stage be- One standard approach for maximizing a submodular
cause it is shared with more edges. The details of the prooffunction is through a greedy algorithmig]. The algo-
is given in AppendiA. rithm starts with an empty set (a fully disconnected graph,
A = ) and sequentially adds edges to the set. At each
iteration, it adds the edge that yields the largest gain. The
We utilize a balancing function that encourages clus- iterations are stopped when the number of connected sub-
ters with similar sizes. Le# be the selected edge set, graphsreaches a preset numbég, = K
N4 is the number of connected components in the graph, In order to achieve additional speedup, we put an ad-
and Z 4 be the distribution of the cluster membership. For ditional constraint on the edge sdtsuch that it can not
instance, let the graph partitioning for the edge debe include cycles. This constraint immediately ignores addi-
= {51,52,...,Sn,}. Then the distribution ofZ, is tional edges within a connected subgraph and reduces the

4.1. Greedy Heuristic

3.3. Balancing Function



number of evaluations in the greedy search. Notice that Initially, we compute the gain of adding each edgeito
these edges do not change the partitioning of the graphand construct a max heap structure. At each iteration, the
Although this constraint leads to a smaller solution space edge with the maximum gain is popped from the heap and
(only tree-structure subgraphs are allowed) comparedtto th included toA. The inclusion of this edge affect the gains

original problem, in practice the clustering results argyve
similar.

This cycle-free constraint together with the cluster num-
ber constrainftV, > K leads to an independent set defini-
tion which induces a matroid/ = (E,Z). We prove this
via the following theorem:

Theorem 3. Let F be the edge set, and l&tbe the set of
subsetsA C FE which satisfies: (14 is cycle-free and (2)
A constitutes a graph partition with more than or equal to
K connected components. Then the pdir= (E,7) is a
matroid.

The proofis given in Appendig.

Maximization of a submodular function subject to a ma-
troid constraint has been an active subject in combindtoria
optimization; it is shown in Fisher et ab][that the greedy
algorithm gives an;— approximation bound. Following the
same argument, we achieve the saréeamproximation)

of some of the remaining edges in the heap; therefore, the
heap needs to be updated. However, the submodular prop-
erty allows an efficient update of the heap structure. The
key observation is that, throughout the algorithm, the gain
for each edge can never increase— the diminishing return
property. Therefore, it is sufficient to keep a heap struc-
ture where the gain of the top element is updated but not
necessarily the others. Since the top element of the heap
is updated and the values for the other elements can only
decrease, the top element is the maximum value.

Although the worst case complexity of the lazy greedy
algorithm isO(|V'|? log |V']), in practice the algorithm runs
much faster than the naive implementation. On average,
very few updates are performed on the heap at each iter-
ation, and hence the complexity of the algorithm approx-
imatesO(|V|log [V']). In our experiments, it provides a
speedup by a factor of 200—300 for image size 481x321 and
on average requires 2.5 seconds.

guarantee on the proposed greedy algorithm. A pseudocodey Experiments

is given in Algorithm1.

Data: G = (V, E),w : E — R", K, and\
Result A

A+—0O

for N(A) > K do

4 < argmax F(AU{a}) — F(A)
{a}UA€T

A<+AuU{a}

end

Algorithm 1: Pseudocode of the greedy algorithm. The
objective function is defined a8 = H + A\B.

4.2. Efficient Implementation

In each iteration, the greedy algorithm selects the edge
that yields the largest gain in the objective function sabje
to the matroid constraint. A naive implementation of the
algorithm, as given in Algorithni, loopsO(|E|) times to
add a new edge intd. At each loop, it scans through the
edge list to locate the edge with the largest gain; therefore
the complexity of the algorithm i©(|E|?)*. Since we map
an image into a grid graph (8-connected), the complexity of
the algorithm isO(|V|?). By exploiting the submodularity
of the objective function, we can achieve a more efficient
implementation which is called lazy greedi}.|

INote that an edge gain can be computed in constant time.

We conducted the experiments on the Berkeley segmen-
tation benchmark11]. The benchmark contain¥)0 im-
ages with human-labeled ground truth segmentations.

Superpixel segmentation has a different goal than object
segmentation, therefore the performance metrics are also
different. We use three standard metrics which were com-
monly used for evaluating the quality of superpixels: un-
dersegmentation errofi{, 21], boundary recall 19 and
achievable segmentation accuradys][ For the sake of
completeness we first describe these metrics. Wejuse
{G1, G, ..., Gy, } to represent a ground truth segmentation
with ng segments and7;| denotes the segment size.

e Undersegmentation error (UE) measures fraction of
pixel leak across ground truth boundaries. It evaluates
the quality of segmentation based on the requirement
that a superpixel should overlap with only one object.
We utilize the undersegmentation error metric used in
Veksler et al. 1],

_ 20 2oksunGizo 1Sk — Gil
Zi |Gz|

For each ground truth segmefit we find the over-
lapping superpixels’s and compute the size of the
pixel leaks|S, — G;|'s. We then sum the pixel leaks
over all the segments and normalize it by the image
size) ", |Gil.

Boundary recall (BR) measures the percentage of the
natural boundaries recovered by the superpixel bound-

UEg(S) (13)
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Figure 4. Performance metrics: (a) undersegmentation eurges (b) boundary recall curves (c) achievable segrtientaccuracy curves.
The proposed algorithm performs significantly better thendtate of the art in all the metrics at all the superpixehtsu
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Figure 5. Superpixel segmentation examples. The imageaiodt00 superpixels. The ground truth segments are coldeaand blended

on the images. The superpixels (boundaries shown in whetgect object boundaries and tend to divide an image intbasisized
regions.

aries. We compute BR using These performance metrics are plotted against the number
Il of superpixels in an image. Algorithms producing better
BR4(S) = 2_pesg L(mingess|ip — gll < 6)7 (14)  performances with a smaller number of superpixels is more
oG] preferable.

which is the ratio of ground truth boundaries that have ~ We use a Gaussian kernel to convert pixel differences
a nearest superpixel boundary within apixel dis- to similaritieSezp(—%) whered(v;, v; ) is defined as
tance. We uséS anddg to denote the union sets of  the intensity difference multiplied by the spatial distanc
superpixel boundaries and ground truth boundaries re-\e also present a method to automatically adjust the bal-
spectively. The indicator functiohchecks if the near-  ancing parametex. Given an initial user-specified value
est pixel is withine distance. In our experiments we ', the final balancing parameteris adjusted based on:
sete = 2. (1) the number of superpixel§ and (2) a data dependent

e Achievable segmentation accuracy (ASA)s a per-  dynamic parametef which is computed from the inputim-
formance upperbound measure. It gives the highest ac-age. The cluster numbéy is introduced for emphasizing
curacy achievable for object segmentation that utilizes more on the balancing term when large numbers of super-
superpixels as units. To compute ASA we label each pixels are required. The data dependent term is given by the
superpixel with the label of the ground truth segment ratio of the maximal entropy rate increase and the maximal
that has the largest overlap. The fraction of correctly balancing term increase upon including a single edge into

labeled pixels is the achievable accuracy, the graphs = THZZ?’J‘_ZE:?;:Z((S; and compensates for
ASAL(S) = > max; [Sk NGy 15 the magnitude difference between the two terms in the ob-
9(8) = > 1G] : (15) jective function. The final balancing parameter is given by

A = BK ). Throughout the experiments we use= 0.5



%

and Gaussian kernel bandwidih= 5.0 and generate the
results. Later in the section we analyze the effect of these
parameters on the results.

In the first experiment, we compare our results with
FH [4], GraphCut superpixelZ[l], Turbopixels [L0] and
NCut superpixel 19 methods using the three evaluation
metrics. The results were obtained by averaging over all
the 300 gray images in the dataset.

Figure 4(a) shows the undersegmentation error curves.
The curves for the other methods are duplicated from the
original paper 21]. The proposed algorithm outperforms
the state of the art at all the superpixel counts where the er-
ror rate is reduced by more th&a%. It achieves an under-

segmentaftlon error _df.13r:/y|th 350§;0perpler§ Wlh"e Fhe Figure 6. Superpixel hierarchy. The proposed algorithnegetes
Same performance IS achieved w. SUpErpIxeis using a superpixel hierarchy during segmentation. The figure shbe

GraphCut superpixel segmentatichl]. With 550 super-  gegmentations with 40, 4, and 2 superpixels, their corretipg
pixels, our undersegmentation erronis6. levels in the hierarchy, and the merging from the lower leel
In Figure 4(b), we plot the boundary recall curves. perpixels to the higher level superpixels.
Again, the curves for the other methods are duplicated from
the original paper{l]. The proposed algorithm reduces
the missed boundaries by more th&0¥% compared to the
state of the art at all the superpixel counts. The recalbrate
of the presented algorithm ag2€% and92% with 200 and

600 superpixels respectively. The recall rates with the same .
berp P Y ferent )’ values for a fixedr = 5.0. We observed that

superpixel counts args and86 percents with FH. ) .
Fl)ani ure4(c), we plot the acl;ievable seqmentation accu- smaller)\’ results in better boundary recall rates especially
g WP g for smaller superpixel counts, while the results are largel

racy curves. In this experiment we generated the curves for.

. C I . invariant to this parameter for larger superpixel counts.
the other methods using the original implementations. The P g perp
. . . . We further observed that better performances on underseg-
proposed algorithm yields a better achievable segmentatio

. . mentation error and achievable segmentation accuracy are
upperbound at all the superpixel counts—particularly for

. i , :
smaller number of superpixels. The ASAG8% with 100 achieved with a larged’. In general, there is a tradeoff

superpixels where the same accuracy can only be achieveél monl? dn‘fe;ent ??ng\? Eased (_)nk;)dqoaran;eter, and em-
with 200 superpixels for the other algorithms. pirically we found thatt” = 0.5 yields a good compromise

) . among these metrics.
In the second experiment, we evaluate the segmentation , , .
In Figure 8, we plot the performance curves with dif-

results wsgally. Several e_x_ample_s are shown |n_F|gijre ferento values for a fixed\" = 0.5. We observed that a
where the images are partitioned into 100 superpixels. For .
large range ofr values results in comparable performances,

better visualization, the ground truth segments are color- amelv from0.5 to 5. The superoixels are largely insensi-
coded and blended on the images, and the superpixel bound{—; y : ) perp gely

. . ) . .. tive to the selection of the parameter.
aries recovered by the algorithm are superimposed in white Th d alaorithm i the fastest el
color. It is difficult to notice pixel leaks and the superpsxe € proposed algornthm 1S among Ihe fastest superpixe

tend to divide an image into similar-sized regions which are se%m?ntanon algtorlthms and tak?s aré avkerlagago{;e%- K
important for region based feature descriptors. onas o segment an image on the berkeley benchmar

. . . (481 x 321 pixels) on an Intel Core 2 Duo E8400 processor.
In Figure 6, we show an example of superpixel hierar-

chy. The proposed algorithm starts with each pixel as a Sep_Compared to the state of the art methods, it is faster than the

arate cluster and gradually combines clusters to constructGraPhCUt superpixe[] (.6'4 seconds), turt_)o_plxellp]( 1
: ; ; seconds), and NCub (minutes), whereas it is slower than
larger superpixels. This agglomerative nature generates &
. ! : . . . FH [4](0.5 seconds).

superpixel hierarchy during segmentation. The hierarshy i
useful for many vision applications such as interactivé-edi 6. Conclusion
ing or algorithms that utilize information from multiple su : u
perpixel segmentations. One such example is presented in  We formulated the superpixel segmentation problem as
Kohli et al. [3]. an optimization problem on graph topology. We proposed a

In the third experiment, we analyze the effects of the bal- novel objective function based on the entropy rate of a ran-
ancing term,)\’, and the kernel bandwidtls, parameters  dom walk on the graph. We derived an efficient algorithm

End with the entire image as a superpixel

2 superpixels

4 superpixels

Start with each pixel as a superpixel

40 superpixels
\ perpi

\>

| Agglomerative clustering>

on the quality of segmentation. We observe that competi-
tive segmentation results are achieved with a wide range of
parameter selection.

In Figure 7, we plot the performance curves with dif-
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with a bound on the optimality of the solution. In future, we respectively. Applying the notations iB)( the increase in
plan to investigate the applicability of the proposed formu the entropy rate due to the additionegfs is equal to
lation for general clustering problems.
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A. Proof of Theorem 1 H(AU{e12}) — H(A) (19)
== Z i Zpi,j (AU{ei2})logpij(AU{er2})

The proof contains two parts. The first part proves the
monotonic increasing property. In the second part, we prove

i J
the submodularity. +> i > pii(A)logpi ;(A) (20)
i J

A.1. Proof of the monotonically increasing property

Proof. Let A C E be a subset of edges and € E be any
edge. We prove the monotonically increasing property by

=- Z Z wipi’j(ilu: fer2) log pi j (AU {e12})

iPij (AU i
showing Sy Y e i(AU{erq}) log 2t
- - wTr wr
H(AU{a1}) — H(A) > 0. (16) i ”
W;Pi,j w;
WLOG we can assume that = e; 2. GivenAU {e; 2} + Z Z T; log T
is selected, the resulting loop weights for vertiocggindw, v
are given by i Z Z wip;;j(A) log pi.; (A)
- - T
? J
¢ =wp — Z W1 (17) o o
kie1 r€AU{e12} = — Z Z Wibi.j (i}: {8172}) log Wibi.j (i}: {6172})
g
and
wip; j(A) , wip; ;(A)
Co = Wy — Z w2,k (18) + ; ; wr log wr (21)

kiea r€AU{e12}



Note that

B Z Z w;ip; j(AU{e12}) log wi
2 ; wr wr

wipii(A) w;
— ] 22
w; w;
—_ 1 (A
zi: wor %8 ;P (AU {er2})
w; w;
+ lo i (A 23
5 o 2 54 =
0. (24)

by the definition of the transition probabilify’ ; p; ;(A U
{ei2}) = >, pi;(A) = 1. With some simple algebraic
manipulations, 1) is reduced to

w2t w12 + €1 w1,2 w1,2
={ log( ) — log(—=)
wr wr wr wr
_9 9 (i)} + {wQ"l tes lo (w2"1 + 02)
wr & wr wr & wr
w21 w21 C2 2
— —log(—=) — —log(—)} (25)
wr wr wr wr
wi,2 + €1 w1,2 wi,2 + €1 c1
= { log( :
wr wi2 +C1 w12 w12 + €1
w12 + €1 wa1 + C2 w21 wa1 + C2
lo : + —= : lo :
8l 1 )} wr {w2,1 + C2 &l w21 )
C2 w1 + C2
+ lo : 26
wa1 + C2 ( C2 )} (26)
> 0. (27)

Note that the terms within the two curly bracket pairsa6)(

The increase in the entropy rate due to the additioe, of
to AU {es 4} is given by

H(A U {61,2, 6374}) — H(A U {6374}) (31)
_ {w1,2 + 10g(w1’2 + 01) Wi log(wm)
wr wr wr wr
1 c1 wa1 + C2 wa1 + C2
— _1 - ) 1 5
- og(wT)} +{ o los(— )
— 2L jog(Z21) — Zog(-—2 )} (32)
wr wr wr wr
=H(AU{e12}) — H(A) (33)

Case (2) Let assume; anday share a common vertex.
WLOG, we can assume that = e; » andas = e 3 Where
vy is the shared vertex. The updated loop weightandds
for the vertices; andvsy are now given by

>

k:e1,r€AU{e1,2,e1,3}

>

k:es e AU{e1,2,e1,3}

respectively. The increase in the entropy rate due to the
addition ofe; » to AU {e3 4} is equal to

dy = wy — Wi,k = C1 —W1,3 (34)

and
(35)

do = wy — Wo = C2

compute the entropy of the binary random variables and areBY subtracting §7) from (25), we have

nonnegative. O

A.2. Proof of the submodularity

Proof. We prove the submodularity by showing

H(AU {al}) — H(A) > ’H(AU {al, ag}) —H(AU {ag}).
(28)

Based on whether these edges share a common vertex or

not, we have the two following cases.

Case (1) Let assume; andas, have no common vertex.

WLOG, we can assume that = e 2 andas = e3 4. Since
the addition ofes 4 has no effect on the loop weights of
andvy, we have

c1 =wip11(AU{er s, es4}) = wipr,1(AU{e12}) (29)
and

ca = wap22(AU{e1,2,€3.4}) = wapa2(AU{e12}) (30)

H(AU{e12,e13}) — H(AU{e13}) (36)
— (2 (a2 L 02 gy
— L log(Zh)} 4 (LR g2 L)
- L gL - 2 10y 2 37)
[H(AU fer2D) - H(A)}
—{H(AU{e12,e13}) —H(AU{e13})} (38)

w2+ dy + w1,3)

Wy, + dy + w3
= { log(
wT wr
_ditwis log(dl + wl,s)}
wr wr
d d d d
_ {w1,2+ 1 log(w1’2+ 1) _ —llog(—l)} (39)
wr wr wr wr
di +wi s dy
=g(——=)—g(—)>0 (40)
wr wr

The last equation is an application of the strictly incregsi
property of

9(@) = (z + §)log(z + £) — xlog(x) (41)
where¢ = -2 in this case.
From 32) and @0), we arrive the proof.
O



B. Proof of Theorem 2 B.2. Proof of the submodularity

The proof contains two parts. The first part proves that proof. We prove the submodularity by showing
BB is monotonically increasing. In the second part, we show

that B is submodular. BIAU {a1}) — B(A) > B(AU {a1, a2}) — B(AU {as}).
B.1. Proof of the monotonically increasing property (53)
We are only interested in the cases thatcombines two
clusters. For the case the does not combine clusters, both
sides of b3) are zero and the diminishing return property

Proof. Let A C E be a subset of edges and € E be any
edge. We prove the monotonically increasing property

B(AU{a1}) — B(A) > 0. (42) trivially holds.
WLOG we can assume thai = e; 2 andas = e3 4.
WLOG we can assume that thaf = e, ; and thatv, Depending on whether the addition @f 4 combines clus-
andv; be in the clusters’; and.S; respectively. From1(0), ters or not, we need to discuss the following four cases.

we know that the probability that a randomly picked vertex

is in the clusterss; is equal to Case 1: Let assume the addition ef 4 combines the

clustersS; and.S;. This means); andw, are in the same
1S;| cluster givenA U {es 4}. Therefore the addition of; » has

Pza(i) = v (43) no effect on the graph partition. Both the number of clusters
o and the cluster membership distribution remain the same;
Similarly, 5| the increase in the balancing function is zero
pza(J) = ﬁ (44)

. ) . B(AU{elg})—B(A) Z B(AU{GLQ, 6374})—B(AU{8374}) = O
To further simplify the notations, denotg = p, (i) and (54)
p; = pz.(j). We only need to consider the case that the
addition ofe; » combines two clusters since the balancing
term remains the same otherwise.

Let assume the two vertices andv, are in two different
clusters underd; i.e., i # j. Therefore, the addition of
e1,2 Will merge S; andS; and the total number of clusters

Case 2:Let assume the addition ef 4 combines some
other clusters;, andS,, where|{k,m} N {%,j}| = 0. Un-
der this assumption the addition @f » merges the clusters
S; andS;. From (48) and the relations,

is decreased by. The probability that a randomly picked N N 1S3 55
vertex is in the newly merged cluster is given by PZasieg (1) = P24 (1) V| (55)
. . Si| + |5
pea®) +pzati) = 2L @) and
. . . . . N N
The increase in the balancing function can be computed via PZaisiey 1y U) = P24 (1) = v (56)
B(AU{e12}) — B(A) (46)

we have the following equality
= {nauiesh - 1@} - N - 3
(47) B(AU{elg})—B(A) = B(AU{GLQ, 6374})—B(AU{8374}).

= —(pi + p;) log(pi + p;) + pilogpi + pjlogp; + 1 . _ 7)
(48) Case 3: Let assume the addition af; 4 combines a
Di y cluster to eitherS; or S;. In this case, the addition of
= pilog D + pjlog Py +1 (49) e12 mergesS; and S;. However, the cluster member-
Di + P ship distribution are different. WLOG, let us assume that
> (pi +pj) 10g(ﬁ) +1 (50) e3.4 combines the clusters;, and S;. Let us also denote
pi+p) pr = pz, (k). The increase in the balancing function due
=—(pi +pj) +1 (51) to the addition ok, » can then be computed in
> 0. (52)
Note that the inequality in50) is an application of the log- B(AU{e12, e34}) = B(AU{ez}) (58)
sum inequality. We have proven the monotonically increas- = —(p; + p; + px) log(p; + pj + pr) + (ps + pr) log(pi + pr)
ing property. 0 plog(py) +1 (59)
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By comparing §9) and @8), we have

{B(A U{ei2}) — B(A)} - {B(A U{e12,e34})

— B(A @] {6374})} (60)

= (pi + pj + pr)log(pi + p; + pr) — (pi + pj) log(p; + pj)

— ((pi + pr) log(pi + pr) — pilog ps)
= g(pi +pj) —9(p:)
>0

(61)
(62)

Note that the last inequality is an application of strictly i

creasing property of the function

9() = (x+&)log(z + &) — xlog(x).  (63)

Case 4: Let assume the addition ef; 4 does not com-

bine any cluster. Therefore we have

B(AU{€172})—B(A) = B(AU{GLQ, 6374})—B(AU{6374}).
(64)

From showing the diminishing return property for the

four cases, we complete the proof. O

C. Proof of Theorem 3

The proof is given by showing that/ satisfies the three

matroid conditions.

C.1. Proof of the matroid condition C1

Proof. The setf) is an independent set of the matroid —

it contains no cycles and constitute$ld-partition where

Np=|V|> K. 0
C.2. Proof of the matroid condition C2

Proof. Let I € Z andI’ C I. This implies thatl has
no cycles andV; > K. Sincel’ C I, the setl’ can be

From the above statements we have the following equations.

Nh >N]2
N =|V|=|h|=2K+1

(65)
(66)

We now prove that there exists somec [, — I; such
that N;, ey > K and the sef; U {e} is cycle-free; i.e.,
I, U {e} is an independent set. Since adding one edge to
a graph decreases the number of connected components by
at most one, Equatior66) implies Ny, .y > K fore €
Iy — I. The remaining part of the proof is achieved by
contradiction.

Let us assume there is no edge= I, — I; such that
I U {e} is cycle-free. In other words, adding any edge
in Io — I; to the setl/; will result in a cycle and leaves the
number of connected components in the graph unchanged,
Np,ugey = N1, Thus by adding all the edges frofp —
I; to the setl;, the number of connected components will
remain asVvy, .

Npu(t—1) = Nnur, = Ni, - (67)

We know that the sef; U I, can also be obtained by
adding edges frond; — I to I5. Since adding edges to a
graph can only decrease the number of connected compo-
nents, we have the following relation

Nrur, <N, = N, < Ny,. (68)

This contradicts Equation6p) and thus the theorem is
proved.
O
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