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Abstract—We develop a new class of hierarchical stochastic
image models called spatial random trees (SRTs) which admit
polynomial-complexity exact inference algorithms. Our frame-
work of multitree dictionaries is the starting point for this
construction. SRTs are stochastic hidden tree models whose leaves
are associated with image data. The states at the tree nodes are
random variables, and, in addition, the structure of the tree is
random and is generated by a probabilistic grammar. We de-
scribe an efficient recursive algorithm for obtaining the maximum
a posteriori estimate of both the tree structure and the tree states
given an image. We also develop an efficient procedure for per-
forming one iteration of the expectation-maximization algorithm
and use it to estimate the model parameters from a set of training
images. We address other inference problems arising in applica-
tions such as maximization of posterior marginals and hypothesis
testing. Our models and algorithms are illustrated through several
image classification and segmentation experiments, ranging from
the segmentation of synthetic images to the classification of natural
photographs and the segmentation of scanned documents. In each
case, we show that our method substantially improves accuracy
over a variety of existing methods.

Index Terms—Dictionary, estimation, grammar, hierarchical
model, image classification, probabilistic context-free grammar,
segmentation, statistical image model, stochastic context-free
grammar, tree model.

I. INTRODUCTION

I N THIS work, we develop a new methodology for con-
structing hierarchical stochastic image models called spatial

random trees (SRTs). Similar to [2], [10], [13]–[15], [18],
[33], [36], [37], [45], [56], and [57], our models are stochastic
hidden tree models whose leaf nodes are associated with image
data. Our key innovation, however, is that not only the states
at the nodes of the tree are random variables, but also the tree
structure itself is random and is generated by a probabilistic
grammar [24], [35], [47]. While grammars have been used
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to develop tree-structured models for one-dimensional (1-D)
signals [38], the generalization to two dimensions is not direct
because the leaves of a tree generated by a grammar cannot
be naturally mapped to a two-dimensional (2-D) grid. We
solve this problem by uniquely associating every symbol in the
grammar with a 2-D region. The most important contribution
of our paper is the introduction of a rich class of probability
distributions over trees which allows for exact calculation of
likelihoods in polynomial time. Armed with such a probability
distribution, we can use Bayesian techniques to perform typical
tasks of parameter estimation and classification.

We are motivated by the wide use of probabilistic context-
free grammars (PCFGs) in natural language processing, for ex-
ample, to model the structure of sentences [22], [38]. PCFGs are
based on the concept of branching stochastic processes which
have been used in studying population dynamics since 1845 [6],
[31], [32], [54]. These problems have been posed in 1-D where
the objects under consideration (e.g., words in a sentence) have
a natural linear arrangement; or even in “0-D” where the ar-
rangement of objects, such as molecules of different types in
a population of particles, does not matter. In addition to early
efforts to apply both deterministic grammars (see, e.g., [21],
[46], [49], and references therein) and probabilistic grammars
[21] in 2-D, probabilistic grammars have more recently been
applied to such 2-D problems as optical character recognition
[23], [43] and analyzing the layout of document images [30].
However, currently existing image models with stochastic tree
structure—both grammar-based [23], [43] and those that do not
use grammars [25], [52], [55]—do not admit computationally
feasible exact inference algorithms.

The main contribution of this paper is the introduction
of SRTs which are stochastic grammar models for images
and other multidimensional data, and which admit polyno-
mial complexity exact inference algorithms. The second key
contribution of this paper is the development of these exact
inference algorithms, and the demonstration of their use in
several segmentation and classification examples. We build
upon our earlier research on stochastic grammars [40]–[42],
[50] and multitree dictionaries [27]–[29]. Specifically, we use
the framework of multitree dictionaries as the starting point for
our novel construction of SRTs. Section II reviews multitree
dictionaries and the associated efficient algorithm for finding
the globally optimal tree in a multitree dictionary. Section III
introduces new SRT models through two examples and shows
how to use the optimal tree extraction algorithm of Section II to
find the maximum a posteriori (MAP) estimate of both the tree
structure and the tree states for an SRT model. These examples
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are extended in Section IV, where we present our SRT frame-
work in its full generality. Section V is primarily devoted to the
maximum likelihood (ML) parameter estimation for SRTs. We
introduce the center-surround algorithm which is an efficient
algorithm for computing the expectation-maximization (EM)
[3] updates. The center-surround algorithm is a generalization
of the forward-backward algorithm [44] and the inside-outside
algorithm [1], [34], [38]. Two other inference problems are
also discussed in Section V: finding the maximum posterior
marginal (MPM) estimates of the leaf states, and choosing
the most probable model within a Bayesian hypothesis testing
framework.

Section VI illustrates our models and algorithms through
several image classification and segmentation experiments. We
demonstrate the utility of our tree models by comparing the
performance of several classifiers on a database of 150 natural
images. The classifier based on an SRT model achieves over
97% correct classification rate; whereas, classifiers which do
not use the hidden tree structure perform very poorly. We also
use our model to classify Brodatz textures. In this task, we
reduce the misclassification rate by a factor of 4.5 as compared
to a recent algorithm [12]. We use synthetic images from [10]
to show the improved segmentation performance of our algo-
rithm, as compared to a quadtree-based algorithm called SMAP
[10]. Finally, we demonstrate the potential of our models for
document image processing, by segmenting a document image
into regions and classifying each region. The ability to do
this robustly is important for various tasks such as document
image compression and analysis, and database organization
and search.

II. MULTITREE DICTIONARIES

We first review the framework of multitree dictionaries
[27]–[29] which we will use to develop our SRT image models.
Multitree dictionaries are defined using grammar formalism
[26], [38]. We define a grammar to be a pair which
consists of a set of symbols, and a function which maps
symbols to finite sets of symbols. If and , the
expression is called a split or a production, and has the
interpretation that the symbol generates the set .

For example, the symbols may represent different rectangular
tiles of an image, as in Fig. 1, or coefficients of an image with re-
spect to different orthogonal bases. By starting with a single ele-
ment of , we can generate various sets of elements of via re-
cursive splitting—i.e., recursive application of productions, see
Fig. 1. This process can be visualized as a tree where each pro-
duction is depicted as a node labeled whose children
are labeled with the elements of . Following [27]–[29], we let
a multitree dictionary be the set of all such trees that can
be produced by the grammar , starting with the root symbol .
When there is no possibility of confusion, we will simply denote
such a dictionary by . We say that a grammar is
finite-depth if, for every , is a finite set containing
only finite-depth trees. This can be insured by only allowing a
finite set of symbols to be descendants of , and not allowing

Fig. 1. Illustration of rectangular image tilings: (a) a tiling; (b) a corresponding
tree of splits.

to be its own descendant. In this paper, we only work with fi-
nite-depth grammars.

Suppose that each symbol is assigned a cost ,
and that each production is assigned a cost .
Further assume that for any tree is the sum
of the individual costs of all the productions comprising , plus
the sum of the costs of all its leaves

(1)

We would like to find the best tree in the dictionary , i.e.,
the tree whose cost is the smallest

We denote the corresponding cost by , i.e., .
This problem can be solved using an efficient recursive algo-
rithm for best tree search described in [28], [29]. The pseu-
docode for this algorithm is reproduced in Fig. 2. To illustrate
this algorithm, we suppose that the only allowed split of the
symbol is . There is a tree in the multi-
tree dictionary which consists of one node labeled ,
with . For any other tree , its
left subtree is in , and its right subtree is in

. Therefore, since the cost is additive
. Consequently, the op-

timal tree is

if

otherwise.

In other words, we find the best trees and in the dictio-
naries and , respectively, and compare their total
cost plus the cost of the root production , with the
cost of the tree . We have a similar recursion in the general
case, as shown in Fig. 2 and described in [29].

We emphasize that, despite its appearance, our fast re-
cursive search algorithm for the globally optimal tree is
neither a greedy search nor an exhaustive search algo-
rithm. While the number of trees can be exponential in the
number of symbols, the complexity of this algorithm is only

which, in many applications,
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Fig. 2. Pseudocode for the calculation of the best productions and costs, and for the generation of the globally optimal tree.

can be made linear or polynomial in the number of symbols. As
we will see in Sections III and IV, judicious choice of and

can make the complexity of the search algorithm polynomial
or even linear in the number of data points.

III. SPATIAL RANDOM TREES: TWO EXAMPLE MODELS

There are a variety of ways to adapt the framework of mul-
titree dictionaries to probabilistic modeling. We now give two
examples where we use this framework to develop probabilistic
models for images defined on a fixed domain.

A. SRT Construction 1

In our first example, we suppose that the discrete image do-
main is a square where is a fixed integer.1 We define
the following grammar to describe hierarchical seg-
mentations of the domain . Following the conventions used in
context-free grammars [38], three types of symbols are defined:
the root symbol which can only appear at the root, the nonter-
minal symbols which can only appear at the nonroot internal
nodes, and the terminal symbols which can only appear at the
leaves.

• We use the root symbol .
• The nonterminal symbols have the form

where is a dyadic rectangular subset of (i.e., obtain-
able through a recursive dyadic splitting of ) such that

, and the number is an integer from a fixed set
which can represent, for example, the classi-

fication of the image pixels belonging to into one of
classes.

1The use of a fixed finite domain reflects that, in any practical application,
there exists a largest image domain of interest.

Fig. 3. Nonroot productions for Construction 1. (Top) Horizontal split into two
congruent rectangles. (Bottom) Vertical split into two congruent rectangles.

• The terminal symbols have the form where
is a 1 1 rectangle (i.e., ) and is as above.

We let be the set of all valid regions, i.e., the set of all dyadic
subrectangles of , including 1 1 rectangles. We now define
the corresponding set of productions.

• The root productions are for
.

• The remaining productions are defined for all nonterminal
symbols . These productions are

, for all and for all
partitions of into two congruent rectangles and ,2

as illustrated in Fig. 3.
For each symbol , we call the state and we call
the region. If this symbol appears in a tree, we say that the

region is labeled .
For every root or nonterminal symbol , we specify a

probability distribution on (recall that is the
set of all righthand sides of the productions starting with

2Note that, for a 1�2 or 2 � 1 rectangle R, there is only one possible
partition into two congruent rectangles, and for any other dyadic rectangle R
there are two possible partitions, namely, along the vertical and horizontal lines
through the center of R.
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“ ”): , and let the cost of each
production be the corresponding negative log-probability,

. Our observation model is as follows.
For , we let be a probability distribution
over the set of all valid pixel values. If pixels are modeled
as continuous valued, a typical choice would be a Gaussian
density, , where and
are parameters which depend on . If pixels are modeled as
discrete valued, a typical choice would be a probability mass
function over all grayscale values . Our
model can, thus, be viewed as a generative process which first
uses the productions of Fig. 3 to recursively subdivide the
domain into progressively smaller rectangles until every
rectangle is a single pixel, and then samples the value of each
pixel from the conditional distribution .

Given an image , we specify the cost of every leaf of the tree
as shown in the equation at the bottom of the page. In other

words, we impose that each leaf must be an individual pixel, and
we make the cost of a pixel be the negative log of its probability
(or probability density).

We define the joint probability distribution of a tree and
the data as the product of the probabilities of the productions
in the tree and the conditional probability distributions of the
observations

Using an argument described in [40], it can be shown that we
have defined a legitimate probability distribution on the set of
all pairs , i.e., that3

(2)

where is the set of all trees generated by our grammar. This
motivates defining the following probability distribution over
images supported on :

(3)

Note that defined in (1) is then, for a fixed image ,
given by , and, therefore,
the problem of finding the MAP tree given an image is equiva-
lent to minimizing and can be solved using the recur-
sion of Fig. 2 described in the previous section. Moreover, the

3Equation (2) assumes -valued images; for eight-bit grayscale images, the
integral is replaced with a summation over f0; . . . ; 255g .

TABLE I
COMPUTATIONAL COMPLEXITY FOR THE MAP TREE EXTRACTION

ALGORITHMS FOR OUR MODELS, WHERE J IS THE NUMBER OF

STATES, jQj IS THE TOTAL NUMBER OF PIXELS IN THE IMAGE

DOMAIN, AND jAj IS THE TOTAL NUMBER OF SYMBOLS (j;R)

probability (or probability density) of an image can be calcu-
lated using a simple modification of this recursion, essentially
by replacing all minimizations of probabilities with sums. As
we show in Section V, this can be used with the EM algorithm
[3] to estimate the parameters of the model, i.e., the production
probabilities and the parameters of the leaf distributions

. Note that, since our grammar describes a region-splitting
process, any symbol can occur at most once in a tree,
and, moreover, any production
can occur at most once in a tree. Therefore, we either need to
use large amounts of training data to estimate the production
probabilities, or reduce the number of independent parameters.
We do the latter by requiring that, if and ,
where and are congruent, then . This is further
discussed in Section V, in a more general setting.

We call such probabilistic models spatial random trees to em-
phasize the fact that the underlying grammar4 models spatial
organization. We note that, in addition to defining a probability
distribution over all images supported on , (3) induces a prob-
ability distribution over all images supported on any fixed subset
of the domain : Such a distribution is obtained via marginal-
ization.

We now derive the computational complexity of the MAP
tree extraction algorithm for this construction, shown in Table I.
Since every rectangle can only be split into two congruent
rectangles, the total number of valid rectangles is .
Therefore, the total number of nonterminal symbols is

. For each nonterminal symbol , the optimal cost
is computed by searching over possibilities: splitting
either horizontally or vertically and assigning one of states to
each of the two children. Therefore, the total time complexity
of the search is . For each symbol, numbers
need to be stored: the location of the optimal split, the optimal
cost, and the optimal states of the two children. Therefore, the
memory complexity of the search is .

4Since grammars generate 1-D strings of symbols [26] while SRTs do not,
this is a slight abuse of the standard language-theoretic terminology. The use of
this terminology is appropriate, however, since the structure of our construction
is similar to that of a PCFG.

if is the root symbol or a nonterminal symbol
if
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Fig. 4. Nonterminal productions for Construction 2, for a 3� 4 rectangle.

B. SRT Construction 2

In our second example of SRT construction, we suppose
that the image domain is an arbitrary discrete rectangle and
specify the following grammar for describing
rectangular tilings of . First, we partition the set
into two subsets: the terminal states and the nonterminal
states . The terminal states can only label the leaf
regions, and the nonterminal states can only label the nonleaf
regions. We then proceed to define the symbols and productions
as summarized in table shown at the bottom of the page.

There are four differences from Construction 1 here: We let
the set of all valid regions be the set of all subrectangles of
rather than just dyadic subrectangles; we allow arbitrary splits
of every rectangle into two subrectangles rather than only split-
ting in the middle (see Fig. 4 and compare with Fig. 3); we allow
arbitrary subrectangles to occur at the leaves rather than having
leaves be individual pixels—and, because of this, we have a sep-
arate set of terminal states which indicate when the recursive
splitting terminates (in Construction 1, a branch of the splitting
process terminated whenever a 1 1 rectangle was reached).

For every root or nonterminal symbol , we specify a proba-
bility distribution on ; for every terminal symbol , we
specify a probability distribution over the valid pixel values
(again, a typical choice is a Gaussian with mean and variance

for -valued images or a discrete probability mass function
over for eight-bit grayscale images). We define the
joint probability distribution of a tree and an image as
follows:

The normalization (2) still holds, and we use (3) to de-
fine the probability distribution over images. We define
the cost of each production as ,
and the cost of each leaf as shown in the equation at the
bottom of the page. Using these definitions in (1), we have

, and, therefore, finding
the MAP tree given an image again amounts to minimizing

and can be accomplished through the algorithm of
Fig. 2 and [28], [29]. Note that, since in our present construction

if is the root symbol or a nonterminal symbol
if is a terminal symbol
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the leaves can be rectangles of any size, in this case, our search
algorithm in fact finds the best rectangular tiling of an image.

The total number of valid rectangles is now .
Therefore, via reasoning similar to Section III-A, we infer that
the time complexity of the MAP tree search for Construction
2 is and the memory complexity is , as
shown in Table I.

As in Construction 1, we reduce the number of parameters
by imposing additional constraints. Specifically, for any three
states , , , we require that the probabilities of all produc-
tions of the form depend on only
one parameter. We describe in Section V how these parameters,
as well as the parameters of the observation distributions ,
can be estimated from the image data.

IV. SPATIAL RANDOM TREES: GENERAL FORMULATION

We now generalize our Constructions 1 and 2. This will allow
us to develop a single set of inference algorithms which spe-
cialize to both constructions, rather than use two separate sets of
formulas. In addition, the model we presently introduce is more
general than either Construction 1 or 2 and provides a frame-
work for designing other SRT models.

We generalize our Constructions 1 and 2 to images
defined on an arbitrary finite set of points and taking values

in some set . The only requirement we impose on the set is
that a probability distribution can be defined on it. For example,

can be or . We also introduce two other exten-
sions. First, we allow the set of valid regions to be an arbitrary
collection of subsets of , not necessarily rectangles. Second,
we allow partitions of a region into an arbitrary number of re-
gions, not necessarily two. In practice, allowing to include
every subset of and allowing every region to be partitioned ar-
bitrarily would make the algorithm of Fig. 2 intractable. There-
fore, both and the set of valid partitions need to be carefully
chosen. This choice is application-dependent.

Given a domain , the set of valid regions, and a posi-
tive integer , we now specify a grammar and the
corresponding multitree dictionary . As previously, we use the
root symbol . The remaining symbols are of the form

where and . We incorporate the
concept of tree termination in our dictionary by separating these
symbols into two sets: the set of terminals which can only
appear at the leaves of trees, and the set of nontermi-
nals which can only appear at the internal nodes of trees. For ex-
ample, in Construction 1, consists of all symbols

where is a 1 1 rectangle; in Construction 2, consists
of all symbols where is an arbitrary rectangle and
is an element of a designated set of terminal states. By
definition, there are no productions which start with a terminal
symbol, i.e., for any . For the root symbol
and nonterminal symbols, the productions are specified in the
table at the bottom of the page.

While there are various ways of defining the probability
distribution over the dictionary which lead
to tractable computations, we focus here on the method used
in Constructions 1 and 2 and borrowed from the literature
on branching processes [31], [32] and stochastic context-free
languages [22], [24], [35], [38], [47]: Namely, for every root or
nonterminal symbol , we define a probability distribution
on , and let the probability of a tree be the product of all
its production probabilities

Our strategy for specifying a probability distribution on images
then consists of the following steps.

1. For every terminal , specify a probability
distribution over the set of all images supported
on .

2. For any tree , specify the conditional distribution of
an image given the tree as follows:

(4)

where is the restriction of the image to the region .

3. Specify a probability distribution over ,
by specifying .

4. Set, for any and image

(5)

(6)
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5. Define

(7)

The posterior probability is then

Maximizing this for a fixed image is equivalent to maximizing
. In general, this involves an exhaustive search

over all trees , which is typically not computationally fea-
sible. However, when can be factored out to re-
duce to the form (1), then maximizing
the posterior probability can be efficiently done using the re-
cursive algorithm of Fig. 2. This is the case for Constructions 1
and 2, and also for our general construction, as evident from (6).
Specifically, substituting the definitions given at the bottom of
the page into (1) results in .
In this case, the computational complexity is not but
is instead only which is dras-
tically smaller in typical applications, and can be controlled by
judiciously designing the set of valid regions and the set
of valid splits for every symbol , as demonstrated in
our Constructions 1 and 2. In addition, the number of possible
states influences the computational complexity, as shown in
Table I. The choice of is often dictated by the problem speci-
fication, as in our segmentation examples in Section VI below;
or, alternatively, can be estimated using model selection tech-
niques similar to [5], [9], [20], [51].

V. PARAMETER ESTIMATION AND OTHER

INFERENCE PROBLEMS

A. Supervised Learning

Given independent observations of images
and corresponding trees , we can estimate
the parameters of the observation distributions and the
probabilities of all productions by maximizing
the following log-likelihood function, obtained by multiplying
together the joint distributions of (6) for all and taking the log

Suppose first that . In this case, if no constraints are
imposed on the production probabilities, the maximum likeli-
hood estimate will be 1 if the production appears
in the tree , 0 if the nonterminal appears in the tree but
the production does not, and arbitrary5 if the nonter-
minal does not appear in the tree. This happens because, in
our model, each production can occur at most once in a single
tree. This means that either a large amount of data (i.e., a large

) is needed to obtain meaningful estimates of the production
probabilities, or some additional constraints need to be imposed
to reduce the number of independent parameters. We typically
do the latter by grouping productions into several equivalence
classes, and imposing that the probabilities of all productions
within the same equivalence class depend on a single parameter.
We induce these equivalence classes by first defining equiva-
lences between symbols (denoted ), and then declaring
two productions and
equivalent if . We let , ,
and denote the equivalence classes of a symbol , a
set of symbols , and a production , respectively. We let

be the conditional probability of a transition from the
symbol into the equivalence class —in other words

(8)

We, moreover, impose that, if , then ,
and we denote this common probability by . We require
each individual production probability to be linearly re-
lated to the probability

(9)

The coefficients are application-dependent but fixed.
They must be nonnegative and satisfy the following constraint:

5As long as ^�p is a legitimate probability distribution.

for every production
if is the root symbol or a nonterminal symbol
if is a terminal symbol
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in order to enforce (8). By differentiating and using
Lagrange multipliers to insure that probabilities sum to one, we
find that the maximum likelihood estimate of is

(10)

where is the number of occurrences of in
the tree , and is the number of occurrences of in
the tree . Once has been estimated, the estimates of
the individual production probabilities are determined through
(9).

For example, in Construction 1 we let if
and and are congruent, and let . In Con-

struction 2, we let if . Then, one possible
assignment of the coefficients is
for any where is an rectangle, and
any . In this case, is
the conditional probability of transitioning from any rectangle
labeled to any two rectangles labeled and . The factor of

puts a uniform distribution on the position of
the split, since there are ways of splitting an
rectangle into two subrectangles.

We now address parameter estimation for the observation
model. We first assume the following conditionally independent
Gaussian model for the observations:

(11)

where is a multivariate Gaussian density with mean
vector and covariance matrix . Thus, we can model
vector-valued observations which could correspond, for ex-
ample, to color intensities or feature vectors. We also assume
that the terminals are partitioned into equivalence classes, with

for any . Maximizing the log-likelihood
function with respect to and results in the following
formulas, where is the set of all leaves of the
tree which belong to the equivalence class

(12)

(13)

Similar formulas can be derived for other commonly used para-
metric families of observation models. For example, if in

(11) is a probability mass function over , as in
our experiment in Section VI-C below, then its maximum like-
lihood estimate is the normalized histogram

(14)

where is the number of pixels with value
in all the leaf regions in the training data which

are in the equivalence class .
This parameter estimation scenario, where both images and

corresponding trees are given, is called supervised learning [22].
Unsupervised learning—addressed in the next subsection—is
the situation where the parameters are estimated from an image
or a set of images alone, without the corresponding trees.

B. Unsupervised Learning

We are now given images which are the ob-
servations of independent random fields which we denote

. We denote the corresponding random trees by
. These trees are not observed. Our goal is again

to estimate the parameters of the observation distributions and
the probabilities of all productions by maximizing the new log-
likelihood function , obtained by multiplying to-
gether the image probability densities of (7) for all and taking
the log

The maximization must be performed subject to the normal-
ization constraints on the production probability distributions
and the observation probability distributions. Differentiating

and using Lagrange multipliers yields equations
similar to (10), (12), and (13) [see (15)–(17), shown at the
bottom of the next page], where we are again assuming a
Gaussian observation model. The expectations in these for-
mulas, of course, themselves depend on the parameters which
we are trying to estimate. The EM algorithm [3] is an iterative
strategy which starts with some initial assignment of the pa-
rameters, and during each step calculates the updated values of
the parameters by evaluating the righthand sides of (15)–(17)
using the current values of the parameters. As shown in [3], this
procedure converges to a local maximum of . We
prove in the Appendix that the parameter updates can be com-
puted using (18)–(21), shown at the bottom of the next page,
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and corresponding to (15), (9), (16), and (17), respectively. As
shown in the Appendix, the center variables for each image are
given by the recursive formula (22), shown at the bottom of
the next page. A recursive formula for calculating the surround
variables is also derived in the Appendix. To introduce this
formula, we need the following additional piece of notation.
We let be the set of all productions whose righthand side
contains

The surround variables for each image are then given by recur-
sive formula (23), shown at the bottom of the next page. The
center and surround formulas can be efficiently implemented
as recursive subroutines. Note that the center variables must be
computed and stored first, since they are used in the computa-

tion of the surround variables. Note also that, as we show in the
Appendix

(24)

We call the parameter update algorithm of (18)–(23) the center-
surround algorithm. It is a generalization of the forward-back-
ward [44] and inside-outside algorithms [1], [34], [38] which
implement the EM updates for hidden Markov models and stan-
dard 1-D probabilistic context-free grammars, respectively. The
complexity of computing all the center and surround variables
can be shown to be the same as that of computing the MAP tree.
Formulas similar to (20) and (21) can be derived for other com-
monly used parametric families of observations models.

C. Other Inference Problems

Once the model parameters are estimated from the training
data or otherwise specified, we use SRTs for several classifica-

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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tion and segmentation tasks in Section VI. In these tasks, it is
necessary to solve three types of inference problems: MAP tree
estimation, ML hypothesis testing, and MPM estimation of the
leaf states. We have already described the algorithm for MAP
tree estimation; we now briefly describe the other two inference
problems and their solutions.

Given SRT models, one for each of classes of images,
we can classify an image by choosing the most probable
class given , i.e., by solving the following hypothesis testing
problem:

image belongs to class

This is achieved through evaluating the likelihood of the th
SRT model using (24), multiplying it by the prior probability of
the th hypothesis, and maximizing over . In all our examples
in Section VI, the prior is uniform (i.e., the probability of every
hypothesis is ). This corresponds to choosing the maximum
likelihood hypothesis

image belongs to class

In another example in Section VI, we use our SRT model
described in Construction 1 to label every pixel of an image
with one of several class labels. We do this by extracting the
maximum posterior marginal state [39] for every pixel

It can be shown that

where the center and surround variables are computed using the
recursions in (22) and (23).

VI. EXPERIMENTAL RESULTS

In this section, we illustrate our models and algorithms
through several classification and segmentation examples.

A. Classification of Images With Construction 1

1) Experiment 1, Natural Images: Our first data set consists
of 150 64 64 eight-bit grayscale images of houses, buildings,
and store fronts, 50 images in each category, shown in Fig. 5.
All images are preprocessed by equalizing their histograms, to
insure that correct classification cannot be done based solely on
some simple global histogram characteristics. In a single exper-
iment, each set of 50 images of a single class is partitioned into
a training set of 40 images and a test set of ten images. The
training set is used to train an SRT model described in Con-
struction 1, using the center-surround algorithm of (18)–(23).
We use . The initial values of the production probabili-
ties are chosen using an idea from [10]: A transition from any
state to itself is more likely than a transition to another state.
Thus, for example, the initial value of the production proba-
bility for is smaller than that for

. To initialize the five means for the
Gaussian observation distributions, the grayscale range [0, 255]
is partitioned into five intervals of size 51; the initial values for
the means are chosen to be the midpoints for these intervals (i.e.,
25.5, 76.5, 127.5, 178.5, and 229.5), and the standard devia-
tions are all initialized to . Parameter estimation is then
done for each class, resulting in three SRT models. In the testing
stage of the experiment, the likelihood of each of the three SRT
models is calculated for every test image, and the maximum
likelihood classification is obtained for the image. The five dif-
ferent experiments in Table II correspond to selecting five dif-
ferent sets of ten images from each class as the test set. Rows
1, 6, and 11 of Fig. 5 contain the test images for Experiment
1-1, rows 2, 7, and 12 contain the test images for Experiment
1-2, etc. Thus, a total of test images and

training images are used in the five experi-
ments. Note from the first two columns of numbers in Table II
that the correct classification rate for the test images is consis-
tently above 95%, with a total of only four misclassified test
images out of 150 and no misclassified training images. This is
despite the fact that each class consists of many heterogeneous
images which are quite complex.

We use three other classification strategies for comparison.
We first use the models learned in Experiments 1-1 through 1-5
to classify negative versions of all images in the database, i.e.,

if is a nonterminal or

if is a terminal
(22)

if

if (23)
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Fig. 5. Experiment 1. Database of images of (top five rows) houses, (middle five rows) buildings, and (bottom five rows) store fronts.

we replace every pixel value with in every image.
Our algorithm still produces quite accurate classification re-
sults—about 80% correct classifications, as shown in columns 3
and 4 in Table II. This ability to classify most of the images after
switching around their intensity values demonstrates the signif-
icance of the hierarchical structure learned by our parameter es-
timation algorithm and the overall robustness of the method.

In the second baseline experiment, we use an i.i.d. Gaussian
mixture model where each pixel is modeled as a mixture of
five Gaussians. The means and the variances for the Gaussian
components as well as the mixture probabilities are estimated
from the training data using an EM algorithm [9], resulting in
a Gaussian mixture model for each image class. We then ex-
tract the maximum likelihood classifications of images based
on these models. Note that an i.i.d. Gaussian mixture model is a
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TABLE II
CORRECT CLASSIFICATION PERCENTAGES FOR THE EXPERIMENTS WITH THE HOUSE-BUILDING-STORE DATA SET

Fig. 6. Fifteen Brodatz texture images used in Experiment 2.

particular case of our SRT model which is obtained by entirely
removing the hidden random tree part of our model—i.e., the
part responsible for capturing the spatial organization. The i.i.d.
model, thus, attempts to classify images based essentially on
their histograms, which in this example is futile since all images
have approximately the same histogram. We, therefore, would
expect this classifier to perform similarly to a random assign-
ment of the class labels, which is precisely what happens: In
this example, it classifies every image as a store front, resulting
in 1/3 correct classification rate for all experiments, as shown in
the columns 6 and 7 of Table II.

Our final baseline experiment uses an i.i.d. Gaussian mix-
ture model with five components to model the wavelet coeffi-
cients of the images, obtained with the Daubechies-8 wavelet. In
essence, this strategy classifies images based on the histograms
of their wavelet coefficients. The results are somewhat better
than a random assignment of class labels since multiscale na-
ture of the data is captured in the wavelet coefficients; however,
the overall correct classification rate of the test data is below
50% and is less than half of the correct classification rate of the

SRTs. This further demonstrates the utility of our framework in
hierarchical modeling of images.

2) Experiment 2, Brodatz Textures: In this experiment, we
use 15 Brodatz textures which were used in [12]: D9, D10, D15,
D17, D20, D22, D29, D37, D49, D51, D68, D77, D84, D93,
and D103, shown in Fig. 6. As in [12], we select 30 64 64
patches from each texture image as the training data and use
the remaining 70 64 64 patches6 as the test set. The training
set is used to train an SRT model described in Construction 1,
using the center-surround algorithm. The initialization of the
parameter values is done as in Experiment 1. Parameter esti-
mation is done for each class, resulting in fifteen SRT models.
In the testing stage of the experiment, the maximum likelihood
classifications are produced. The three different experiments in
Table III correspond to selecting three nonoverlapping sets of
thirty patches from each class as the training set. The masks
for these training patches are selected using a random number

6Our full images are 640� 640 and taken from www.ux.his.no/~tranden/bro-
datz.html.
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Fig. 7. Locations of the training patches for the texture experiments are shown in dark gray. (a) Experiment 2-1. (b) Experiment 2-2. (c) Experiment 2-3.

TABLE III
CORRECT CLASSIFICATION PERCENTAGES FOR THE EXPERIMENTS

WITH BRODATZ TEXTURE DATA SET

generator, and are shown in Fig. 7(a)–(c), for Experiments 2-1,
2-2, and 2-3, respectively. Thus, a total of
training images and test images are used
in the three experiments. As Table III shows, the correct clas-
sification rate for the test images is 97.5%. The best result re-
ported on these textures in [12] is 88.3% (second column of
[12, Table III]). In addition, a multiscale texture classification
method based on wavelets which is also used in [12], produces
83.2% correct classifications (third column of [12, Table III]).

B. Classification of Image Pixels With Construction 1

We now use our model to classify each image pixel into one
of several classes and compare our results with the SMAP algo-
rithm [10] which is based on a hidden tree model with a fixed
quadtree structure. We use three 512 512 synthetic images
from [10]7 shown in Fig. 8(b)–(d). Each image has six different
Gaussian textures: one for the background and one for each row
of circles. The class pattern image is shown in Fig. 8(a). In each
of the three images, every pixel is uncorrelated with any other
pixel; the differences between the textures are due to the dif-
ferent means and variances, shown in Table IV (class 1 is the
background, and classes 2–6 are the five rows of circles, top
to bottom). Just as in [10], we assume that the correct number
of classes is known, and that the correct means and
variances for the Gaussian observation distributions are also
known and are the same as those in Table IV. For each 512 512
image, we first estimate the maximum likelihood production
probabilities using our center-surround algorithm described in
the previous section. We then use the estimated grammar to ob-
tain the maximum posterior marginal estimate [39] of the class
for each pixel, by maximizing the posterior marginal of for
each leaf , as described in the previous section. Since
our model is based on rectangular regions whereas we are at-
tempting to extract circular boundaries, our model suffers from

7www.ece.purdue.edu/~bouman/software/segmentation/data/re-
sults_94_paper.tar.gz

block artifacts similar to the ones observed in [10]. To alle-
viate this problem, we use the following simple strategy: We
apply our classification algorithm to 16 different shifts of the
input image, and select the classification for each pixel using
a majority vote. In [10], blocking artifacts were suppressed by
using a graph model which is more complicated than a tree.
Our segmented images are shown in Fig. 8(e)–(g). As Table V
shows, our algorithm outperforms the SMAP algorithm of [10],
misclassifying about 10% fewer pixels than SMAP (the overall
number of misclassified pixels in the three images for our al-
gorithm and for SMAP is about 100 000 and 110 000, respec-
tively).8

Many segmentation problems, however, are better addressed
by models which do not restrict the leaves to be single pixels
and do not restrict the regions to be dyadic rectangles. In the
next subsection, we consider the scenario where both the leaves
and the internal tree nodes can be arbitrary rectangles. The sce-
nario where the leaves are arbitrarily shaped regions is consid-
ered elsewhere [50].

C. Classification of Image Regions With Construction 2

Accurately segmenting a document image and classifying the
segments is an important first step in many applications. For ex-
ample, in document image coding, different compression strate-
gies are used for the text regions and image regions. We apply
our Construction 2 to a document segmentation task.

Given a typical document image with several million pixels
(several thousand by several thousand), we first preprocess to re-
duce dimensionality: We compute the column and row averages
and segment these two 1-D signals using a simple edge detector,
to produce a rectangular (not necessarily uniform) grid which
is 81 61, as shown in Fig. 9.

We develop a simple grammar for , based on Construc-
tion 2. The grammar has four states: 1 is the unique non-
terminal state, and 2, 3, 4 are terminals for images, text,
and background, respectively. We let ,

, and construct the production probabilities
by letting for any nonterminal
symbol where is an rectangle, and for any

. The small number which, in this
experiment, is set to , essentially controls the number of
leaves in the MAP tree. We model the observation probability
distributions as arbitrary discrete probability mass functions
over the set of all grayscale values. We estimate

8As in [10], the last column of Table V gives the averages of the preceding
six columns. The numbers may not exactly match since all of them are rounded.
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Fig. 8. Pixelwise classification experiments: (a) Ground truth, (b–d) input images, and (e–g) the respective results.

TABLE IV
MEAN AND STANDARD DEVIATION OF EACH TEXTURE

FOR THREE DIFFERENT IMAGES

these distributions in a supervised mode, from ten hand-seg-
mented training images. Each distribution is estimated as the
histogram of the pixel values within the corresponding regions
in the training images, see (14).

Given a test image, we then extract the MAP tree which finds
the optimal rectangular tiling of the grid and labels each tile
with one of the three terminal states. Fig. 10 shows the results
for one test image which is not a member of the training set.
Fig. 10(a) and (b) illustrates that, even with this simple model,
we are able to quite accurately segment a document image and
classify its regions. For comparison, we provide in Fig. 10(c)
and (d) the optimal tiling and labels for a model where the only
allowed split locations for each rectangle are in the middle ver-
tically or horizontally, as in Construction 1. The resulting tiling
of Fig. 10(c) is clearly inferior to the one shown in Fig. 10(a),
and the resulting classification of the tiles of Fig. 10(d) is clearly
inferior to the one shown in Fig. 10(b). The computational price
paid for better performance in this case is quite modest: The re-
sults of Fig. 10(a) and (b) took about 10 min to compute whereas
the results of Fig. 10(c) and (d) took about 5 min on the same
machine.

VII. CONCLUSION

We have constructed a novel class of grammar-based spa-
tial random tree image models. Motivated by the standard 1-D
PCFGs, we have developed 2-D grammars that explicitly incor-
porate spatial information as part of the grammar. We have de-
veloped exact inference algorithms for ML parameter estima-

tion, model selection via hypothesis testing, MAP estimation of
the tree structure and states, and MPM estimation. These infer-
ence algorithms have the same form as their 1-D counterparts
[38]; however, they can be applied not only to 1-D strings, but
also to 2-D images and, in fact, to multidimensional data with
any number of dimensions. We have illustrated our models by
using them to classify natural images and images of Brodatz tex-
tures, and to segment a document image and synthetic images.

In the illustrations, we used two specific instances of our
model, both of which are based on rectangular regions. Given
a specific application, an important design issue arises of either
choosing one of these two constructions or designing a different
one. There are several factors that go into the design process:
More general models result in higher computational complexity
and require more training data since they have more parameters.
However, they may provide significant improvements as com-
pared to the simpler models, as in the example of Section VI-C.

Our illustrative classification and segmentation algorithms
are handicapped by the fact that they use very rudimentary fea-
tures (namely, the grayscale values of individual pixels). An
open research avenue is combining our statistical models with
more sophisticated features [50] such as, for example, wavelet
coefficients [37], [45].

We note that there is a close relationship between the MAP
tree extraction algorithm for SRTs (and the corresponding algo-
rithm for PCFGs) and best-basis search algorithms. As pointed
out in [29], standard wavelet packet and dyadic local cosine dic-
tionaries [16], [17], as well as anisotropic 2-D wavelet packet
dictionaries [4], [19], are all particular cases of multitree dictio-
naries, and the corresponding best-basis search algorithms are
particular cases of the algorithm in Fig. 2. The specialization
of our algorithm to dyadic rectangular tilings yields the “dyadic
CART” algorithm of [19] which has been used to construct op-
timal classification trees in [8], [48]. We are currently investi-
gating the application of more general versions of our algorithm
to other related problems which involve the construction of op-
timal trees, such as tree-structured vector quantization [11].

Hierarchical models are important both because they natu-
rally describe many aspects of the world and also because of
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TABLE V
CORRECT CLASSIFICATION PERCENTAGES FOR OUR SRT MODEL AND FOR SMAP OF [10]

Fig. 9. The 81� 61 nonuniform grid Q produced by our preprocessing algo-
rithm in Section VI-C.

computational advantages stemming from the fact that many
problems can be solved more efficiently by organizing compu-
tations in a multiscale or hierarchical manner. This has moti-
vated a large body of research on multiresolution representa-
tions, linear and nonlinear scale spaces, and multiscale statis-
tical models [56]. Our hierarchical models are unique in that
they are both statistical and adaptive (i.e., able to adjust the tree
structure to the data), yet computationally tractable. We, there-
fore, anticipate that they will be useful in a wide variety of appli-
cations where it is important to extract an optimal hierarchical
structure of the data. We have already successfully applied a
deterministic version of our model to image compression [29],
and are currently applying such models to document image pro-
cessing [7] and video [53].

APPENDIX

DERIVATION OF THE CENTER-SURROUND

ALGORITHM FOR THE EM UPDATES

We prove the fact that the righthand side of (15) can be exactly
computed using the righthand side of the update equation for

, (18), together with the center and surround recursions
(22), (23). We also prove the likelihood calculation formula of
(24).

We start with the following definitions.
• denotes any marginal or conditional distribution induced

by .
• is the joint distribution of the image and the

set of all trees containing the symbol .
• The center variable is defined as ,

for any symbol , where is the restriction of
the image to the region .

• The surround variable is defined as
, for any symbol , where

is the complement of in [see Fig. 11(a)].
To prove the likelihood calculation formula given in (24), note
that, for the root symbol , we have

.
Note also that, for any nonroot symbol , the defi-

nitions of the center and surround variables have the following
interpretations: is the conditional probability distri-
bution of the subimage given the set of all trees containing
the symbol ; and is the joint probability distri-
bution of the subimage and the set of all trees containing
the symbol . We now prove the recursive center and surround
formulas of (22) and (23).

If is a terminal, then

(25)

otherwise

(26)
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Fig. 10. (a) Document image with the optimal arbitrary rectangular tiling extracted using our MAP estimation algorithm, running time approximately ten minutes
on an Athlon. (b) Class labels for the optimal arbitrary tiling: (dark) image, (light) text, and (white) background. (c) Document image with the optimal dyadic
rectangular tiling extracted using our MAP estimation algorithm, running time approximately five minutes on an Athlon. (d) Class labels for the optimal dyadic
tiling: (dark) image, (light) text, and (white) background.
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Fig. 11. Illustrations for the derivation of the EM update formulas. (a) Region R and its complement R = QnR. (b) Illustration of the surround recursion.

Using the notation and , as
well as the Markov property of the SRTs, we have

Substituting this back into (26), we obtain

(27)

Equations (27) and (25) form the center recursion formula of
(22).

To develop the surround recursion, note that when
is the root symbol, then . Otherwise, if

and , then

Let , , ,
and —see Fig. 11(b). Notice that, given these
definitions, we have

(28)
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Therefore, we have (28), derived and shown at the bottom of the
previous page. Because of the Markov property of the SRTs

Substituting this back into (28), results in the surround recursion
of (23).

To derive the parameter update formulas, we rewrite the right-
hand side of (15) as follows:

(29)

The term is easily computed from the center
variables using (24). We now show how to use the center and
surround variables to calculate the remaining two quantities in
the righthand side of (29). We start with the denominator

(30)

We now proceed to the numerator of (29)

(31)

Let , , and .
Then

Substituting this back into (31) results in

(32)

Finally, substituting (30) and (32) into (29), we obtain the pa-
rameter update formula of (18). Similarly, we can derive the up-
date equations for the parameters and .
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