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Abstract—In this paper, we propose a classification algorithm
based on the maximum entropy principle. This algorithm
finds the most appropriate class-conditional maximum entropy
distributions for classification. No prior knowledge about the
form of density function for estimating the class conditional
density is assumed except that the information is given in
the form of expected valued of features. This algorithm also
incorporates a method to select relevant features for classifi-
cation. The proposed algorithm is suitable for large data-sets
and is demonstrated by simulation results on some real world
benchmark data-sets.
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I. INTRODUCTION

Classification problem can be stated as follows: given a set
of N training data points (xi, yi), i = 1, . . . , N , xi ∈ X ,
yi ∈ Y , the goal is to find the underlying unknown mapping
or decision function h : X → Y . Most Commonly used
classifiers are support vector machines (SVM) [1], K-nearest
neighbors [2], Bayes classifier [3], Adaboost [4], decision
trees, neural networks (multi-layer perceptron) and so on.

The classification algorithms can be broadly classified as
linear classifiers and nonlinear classifiers. The decision func-
tion or decision boundary of a linear classifier is the linear
combination of the features. The most common examples
of linear classifier are support vector machines (SVM) [1],
Fisher’s linear discriminant [5] and a single layer perceptron
[6].

A classifier is said to be a nonlinear classifier, if its
decision surface is a nonlinear combination of the features,
for example, quadratic classifier. A quadratic classifier can
be a decision function,

f(x) = xTAx + bTx + c

where, A ∈ Rd × Rd, b ∈ Rd and c ∈ R, such that if
f(x) > 0, the class label assigned is c1, otherwise c2. Bayes
classifier[3] is a quadratic classifier when the multivariate
normal distribution is used as the probabilistic model for
both the classes.

Bayes classifier is specified in terms of the class con-
ditional densities. Once the class conditional densities are
estimated (parametric or non-parametric), Bayes classifier
assigns a class label to a test pattern/observation as follows:
Let P (c1) and P (c2) be the prior probabilities of the two

classes and P (x|c1) and P (x|c2) be the class conditional
densities for class c1 and c2 respectively. Then Bayes
classifier assigns test pattern to the class c1 if,

P (x|c1)P (c1) > P (x|c2)P (c2) (1)

otherwise assign test pattern to the class c2. Also in this case
two class classification problem can easily be extended to
multiclass classification problem.

Estimation of class conditional density mainly includes
parametric and non-parametric approaches. In a parametric
approach, some form of class conditional densities are
assumed a priori.

The most commonly used model is Gaussian model. But
sometimes data may not fit well to the Gaussian model. In
this respect, maximum entropy principle offers more general
and flexible models.

Maximum entropy (ME) principle has been used to learn
statistical models in many applications such as natural
language processing [7], texture modeling [8]. In this paper,
we propose a method based on ME principle to estimate the
class conditional densities.

The paper is organized as follows. Section II gives the
information theory background. We present our proposed
method in Section III. In Section IV, we present simulation
results on some real and artificially generated datasets.

II. MAXIMUM ENTROPY FUNDAMENTALS

The maximum entropy principle (Jaynes, 1957) states that
we should make use of all the information that is given
and scrupulously avoid making assumptions about informa-
tion that is not available. Let X be a random vector i.e.,
X = (x1, . . . , xd), xi ∈ χi, i = 1, . . . , d. Aim is to
estimate the distribution using the information given in the
form of expected values of some moment functions C =
{φ1(x), . . . , φm(x)}. According to ME principle, out of
all those distributions consistent with the given constraints,
we should choose the distribution that maximizes Shannon
entropy,
That is, we maximize

H = −
∫
P (x) lnP (x) dx (2)

2010 International Conference on Pattern Recognition

1051-4651/10 $26.00 © 2010 IEEE

DOI 10.1109/ICPR.2010.143

569

2010 International Conference on Pattern Recognition

1051-4651/10 $26.00 © 2010 IEEE

DOI 10.1109/ICPR.2010.143

569

2010 International Conference on Pattern Recognition

1051-4651/10 $26.00 © 2010 IEEE

DOI 10.1109/ICPR.2010.143

565

2010 International Conference on Pattern Recognition

1051-4651/10 $26.00 © 2010 IEEE

DOI 10.1109/ICPR.2010.143

565

2010 International Conference on Pattern Recognition

1051-4651/10 $26.00 © 2010 IEEE

DOI 10.1109/ICPR.2010.143

565



subject to∫
φr(x)P (x) dx = EP [φr(x)] , r = 1, 2, . . . ,m , (3)

and
∫
P (x)dx = 1, P (x) ≥ 0 . The classical solution for

this problem is given by1

P (x) = exp

−λ0 −
m∑

j=1

λjφj(x)

 , (4)

where λ0, λ1, ..., λm are obtained by solving the following
set of (m+ 1) nonlinear equations

∫
exp

−λ0 −
m∑

j=1

λjφj(x)

 dx = 1 , (5)

and∫
φr(x) exp

−λ0 −
m∑

j=1

λjφj(x)

 dx = EP [φr(x)] ,

r = 1, 2, . . . ,m .
(6)

The expected values of the moment constraint functions
i.e., Efφr(x) can be approximated by observed statistics
or sample means of φr(x). i.e.,

EP [φr(x)] =
1
N

N∑
i=1

φr(xi) = µemp
r , r = 1, 2, . . . ,m .

(7)
The maximum value of entropy is given by

Hmax = λ0 +
m∑

j=1

λjµ
emp
j . (8)

Since entropy is the measure of uncertainty, a maximum
entropy model can be thought of as a simplest model that
is consistent with the given feature constraints. To compute
the ME distribution one has to solve (5) and (6), which
does not have the closed analytical solution. However, the
max entropy distribution parameters Λ = (λ0, . . . , λm) can
be found by maximizing the likelihood function of the
parametric exponential model

P (x; Λ, C) = exp

−λ0 −
m∑

j=1

λjφj(x)

 .

1The moment constraint function may be vector valued functions, in that
case λj are vector of the same length as φr(x) and P (x) = exp[−λ0 −Pm

j=1 λT
j φj(x)]

III. PROPOSED METHOD

Kullback-Leibler divergence (KL-divergence) is a non-
symmetric directed divergence which measures the distance
of a probability distribution from the other probability dis-
tribution. The-KL divergence from f1(x) to f2(x) is defined
as,

I(f1(x), f2(x)) =
∫
f1(x) ln

f1(x)
f2(x)

dx

= −H(f1(x))− Ef1 [ln f2(x)] .

(9)

The closeness of a probability model g(x) from the
true underlying distribution can be measured using the KL
divergence. Let the true distribution be f(x), then KL
divergence from f(x) to g(x) can be written as,

I(f(x), g(x)) =
∫
f(x) ln

f(x)
g(x)

dx

= −H(f)− Ef [ln g]
(10)

The KL-divergence from f(x) to a maximum entropy
model P (x; Λ∗, C) is given by,

I(f(x), P (x; Λ∗, C)) = H(P )−H(f) (11)

More number of constraints means that we are using more
information and thus entropy will decrease with every addi-
tional constraint or information. Thus to minimize the KL
divergence one should use as many constraints as possible to
minimize the model entropy. In this sense, minimum entropy
principle supports the generality of the model.

Symmetrized version of KL-divergence is known as Jef-
ferys divergence or J-divergence which can be used to mea-
sure distance between probability distributions. J-divergence
between two probability distributions f1(x) and f2(x) is
defined as [9] (also see [10, Chapter 3]),

J (f1, f2) =
1
2
{I(f1, f2) + I(f2, f1)} (12)

Let P1 and P2 be two maximum entropy models
consistent with some finite moment constraints sets, then
J-divergence between the two models is given by,

J(P1, P2)

=
1
2

(
−H(P1)− EP1 lnP2 −H(P2)− EP2 lnP1

)
(13)

When we add new information in the form of a constraint,
entropy of ME model decreases. From this we can deduce
that the addition of a new constraint to the existing con-
straints set leads to increase in J(P1, P2) and decrease in
KL-divergence. Decrease in KL-divergence indicates that
the ME models are closer to their respective true unknown
probability distributions.

From the above discussion, one can conclude that for dis-
crimination between two ME models one should include as
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many constraints as possible, in this sense it favors the model
complexity, on the other hand maximum entropy principle
favors the model simplicity. Thus it can be observed that
there is a trade off between the model simplicity and the
model complexity.

Consider a two class problem. Let the two classes be c1
and c2. X be a random vector i.e., X = (x1, . . . , xd), xi ∈
χi, i = 1, . . . , d. Let the samples of class c1 and c2 be
represented by S1 and S2, respectively. Suppose | S1 |=
N1, | S2 |= N2. Let the true unknown underlying class
conditional densities be f∗c1

(x), f∗c2
(x) and the given set of

l feature constraint functions be Ω = {ϕi(x) : i = 1, . . . , l},
where ϕi(.) can be vector valued function.

Consider two arbitrary sets of constraints having sizes M1

and M2 constraints, let these sets be ∆c1 and ∆c2 for class
c1 and c2 respectively. The statistics of these constraints
are estimated by sample means. We compute the class
conditional maximum entropy distributions for class c1 and
c2 subjected to the constraints ∆c1 and ∆c2 and the normal
probability constraints

∫
Pc1(x) dx = 1, Pc1(x) > 0 and∫

Pc2(x) dx = 1, Pc2(x) > 0 . Let these class condi-
tional ME distributions be Pc1(x;∆c1) and Pc2(x;∆c2). For
different sets of M1 and M2 moment constraint functions
we will get different class conditional ME distributions.
Thus out of all different class conditional ME distributions
we should choose those class conditional ME distributions
P ∗

c1
(x) and P ∗

c2
(x) which have the maximum discrimination

power or maximum J-divergence between them. Thus we get
the following optimization problem,

(P ∗
c1
, P ∗

c2
) = arg max

(∆c1 ,∆c2 )∈B×B

J{Pc1(x;∆c1), Pc2(x;∆c2)} ,

where B is the power set of Ω. The other interpretation
is that we want those class conditional models which are
simpler (maximum entropy) and also have the discriminative
power (Symmetric KL-divergence). Note that it is practi-
cally infeasible to enumerate all possible subsets of feature
constraints. Hence, we propose a greedy method for the
problem.

Since the maximum entropy distribution depends on
the constraint functions lets say we have a set C of
optimal constraints. Initially, we start without considering
any moment constraint function i.e., C = {}. Under the
assumption that sample size is large enough for both
the classes the expected value for the moment constraint
functions φr(x) for class c1 and c2 can be approximated
by their respective sample means. i.e.,

EP [φr(x; c1)] =
1
N1

∑
x∈S1

φr(xi), r = 1, 2, . . . , |C|

(14)

EP [φr(x; c2)] =
1
N2

∑
x∈S2

φr(xi), r = 1, 2, . . . , |C|

(15)

The form of P ∗
c1

(x;C) and P ∗
c2

(x;C) will be

P ∗
c1

(x;C) = exp

−λ0 −
|C|∑
j=1

λjφj(x)


P ∗

c2
(x;C) = exp

−ν0 − |C|∑
j=1

νjφj(x)


where λj and νj are the vectors of the same length as
φj(x) and |C| denotes cardinality of the set C

The initial class conditional distribution P ∗
c1

(x;C) and
P ∗

c2
(x;C) set to be uniform distributions. And for next

step we add one more constraint φτ (x) from the set Ω
and compute the maximum entropy distribution. Let C+ =
C ∪ φτ (x). We again compute the class conditional max
entropy distribution P ∗

c1
(x;C) and P ∗

c2
(x;C) with respect

to the new constraints set C+, which have following forms,

P ∗
c1

(x;C+) =

exp

−λ∗0 −
 |C|∑

j=1

λ∗jφj(x)

− λ∗τφτ (x)


P ∗

c2
(x;C+) =

exp

−ν∗0 −
 |C|∑

j=1

ν∗j φj(x)

− ν∗τφτ (x)


In general we have λ∗j 6= λj and ν∗j 6= νj . Now, we compute
the following function for constraint φτ (x),

ψ(φτ (x)) = J
{
P ∗

c2
(x;C+), P ∗

c1
(x;C+)

}
, (16)

and
φτ∗(x) = arg max

τ∈Ω\C

ψ(φτ (x)). (17)

We add the constraint φτ∗(x) to the set of optimal constraint
set and update C = C ∪ {φτ∗(x)} and Ω = Ω− {φτ∗(x)}.
We keep adding the constraints in C as long as the
J-divergence is greater than some threshold value. The
proposed method can be summarized as follows;
Input : Two datasets S1, S2 with their respective class
labels and set of finite constraint functions.
Initialization : We start with uniform distribution as
class conditional density P ∗

c1
(x;C) and P ∗

c2
(x;C) for

both the classes and optimal constraint subset C is empty
and remaining constraint set be Ω = set of all moment l
constraints

Algorithm:
1 If Ω is empty stop else to step 2.
2 ∀ τ ∈ Ω, make a new constraint set C+ = C ∪ τ and

let the class conditional max entropy distributions be
P ∗

c1
(x;C+) and P ∗

c2
(x;C+). We add a new constraint
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Problem #train #test #attri-
data data butes

Breast- 200 77 9
Cancer

Diabetis 468 300 8

Heart 170 100 13

Splice 1000 2175 60

Titanic 150 2051 3

German 700 300 20

Table I
PROBLEM STATISTICS

τ∗ to optimal subset of constraints C and set Ω =
Ω− τ∗. Where τ∗ is given by,

τ∗ = arg max
τ∈Ω\C

J
{
P ∗

c2
(x;C+), P ∗

c1
(x;C+)

}
3 If relative increase in the J-divergence is less then

some threshold value, stop the algorithm. Otherwise
go to step 1.

IV. SIMULATION RESULTS

We performed several experiments on real world data sets
chosen from UCI machine learning repository and all prob-
lem are binary class classification problems. The problem
statistics is given in Table I. All the problems are binary class
classification problems. We used 5 fold cross validation to
find the optimal constraint functions set. Several experiments
were performed on the datasets and average test error is
reported in Table II. These values show the average and
standard deviation of error on the 100 different sets of
the same data used in experiments (in some cases only 20
were available). The results are compared with benchmark
results explained in [11] and shown in Table II. For most of
the datasets, the performance is very competitive with the
benchmark results.

V. CONCLUSION

The novelty of proposed method is that the classifier auto-
matically chooses the relevant feature which appropriate for
the classification task. The proposed classification algorithm
is suitable for large datasets as it requires the information
only in the form of expected values of the constraint func-
tions, which can be computed incrementally. We have also
shown that it is better to use fewer constraint functions than
all the constraint functions which is also consistent with the
MDL (minimum description length) or bias-variance trade
off. To extend this method for multiclass classification one
approach that could to be explored is to use a mixture
model which has maximum entropy components as number
of classes.

Problem Proposed RBF AdaBoost SVM
Method -Network C, S opt

Breast 27.2 27.6 30.4 26.0
-Cancer [+/-4.7] [+/-4.7] [+/-4.5] [+/-4.7]

Diabetis 26.16 24.3 26.5 23.5
[+/-1.94] [+/-1.9] [+/-2.3] [+/-1.7]

Heart 19.3 17.6 20.3 16.0
[+/-3.11] [+/-3.3] [+/-3.4] [+/-3.3]

Splice 10.58 10.0 10.1 10.9
[+/-0.5] [+/-1.0] [+/-.5] [+/-0.7]

Titanic 23.5 23.3 22.6 22.4
[+/-4.7] [+/-1.3] [+/-1.2] [+/-1.0]

German 27.2 24.7 27.5 23.6
[+/-2.7] [2.4] [2.5] [2.1]

Table II
COMPARISON OF RESULTS
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