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Abstract: This paper presents multiresolution models for Gauss Markov random fields (GMRF')
with applications to texture segmentation. Coarser resolution sample fields are obtained by subsampling
the sample field at the fine resolution. Although the Markov property is lost under such resolution
transformation, coarse resolution non-Markov random fields can be effectively approximated by Markov
fields. We present two techniques to estimate the GMRF parameters at coarser resolutions from the
fine resolution parameters, one by minimizing the Kullback-Leibler distance and another based on local
conditional distribution invariance. We also allude to the fact that different GMRF parameters at the fine
resolution can result in the same probability measure after subsampling and present the results for first
and second order cases.

We apply this multiresolution model to texture segmentation. Different texture regionsin an image are
modeled by GMRFs and the associated parameters are assumed to be known. Parameters at lower resolu-
tions are estimated from the fine resolution parameters. The coarsest resolution data is first segmented and
the segmentation results are propagated upwards to the finer resolution. We use the iterated conditional
mode (ICM) minimization at all resolutions. A confidence measure is attached to the segmentation result

at each pixel and passed on to the higher resolution. At each resolution, ICM is restricted only to pixels
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with low confidence measure. Qur experiments with synthetic, Brodatz texture and real satellite images
show that the multiresolution technique results in a better segmentation and requires lesser computation

than the single resolution algorithm.



1 Introduction

There has been an increasing emphasis in using statistical techniques for modeling and processing
images in the image analysis community. Most of the research has been restricted to Markov
random field (MRF) models, rightly so, because of the local statistical dependence of images.
Introduction of the Markov models in a Bayesian framework has resulted in a unified, coher-
ent framework for processing images which enables posing many image processing problems as
statistical inference problems. MRFs have been used to model various image features such as
textures, edges, region labels. Since MRF models express global statistics in terms of the local
neighborhood potentials, all computations are restricted to a local window. This spawned a lot of
interest in developing algorithms that utilize local computations to achieve global optimization.
But the main drawback of MRF algorithms is that the optimization schemes associated with the
energy functions are iterative. Typical MRF algorithms visit all lattice sites in a specific order
and perform a local computation at each site; this is repeated until some form of convergence
is reached. In essence, even though MRF models ensure that the conditional statistics are lo-
cal, still there are long range interactions that necessitate the use of iterative algorithms. Even
though the individual iterations involve only simple local computations, the iterative nature of
these algorithms contributes to the computational burden.

Fnergy functions associated with most non-trivial MRIF problems are extremely non-convex,
so conventional gradient based methods are to no avail. Best results are obtained by using
simulated annealing [12], which is a stochastic relaxation technique, but it is computationally
very taxing. There are two different approaches that have been used to reduce the computational
burden. The first is to use non-optimal, deterministic methods that converge to a local optimal
point, but still provide reasonably good results. Geiger and Girosi [11] and Zhang [35] use mean
field approximations that lead to deterministic relaxation algorithms. Wu and Doerschuk [34]
use a tree approximation that replaces the lattice on which an MRF is defined by an acyclic tree
which allows replacing the iterative MRFE computations by recursive computations.

The second approach is to use multiresolution techniques. Two important aspects of mul-
tiresolution approaches are: (1) divide and conquer and (2) action at a distance [29]. Multigrid
methods proposed by Terzopoulos [31], substantially reduce the computation when applied to
some computer vision problems. Chen and Pavlidis [5] use a hierarchical approach to texture

segmentation, but do not directly use MRFs. Bouman and Liu [2] use a causal autoregressive



Gaussian model and a quad-tree structure to perform multiresolution segmentation. Gidas [14]
shows some connection between the renormalization group studies in statistical mechanics [10]
and the multiresolution MRF framework to process images. A hierarchical image analysis scheme
based on renormalization group ideas is presented also by Matsuba in [24]. Perez and Heitz [27]
present a multiscale MRF model, where optimization is performed sequentially over specific sub-
sets of original configuration space. The result of optimization at each scale is used to initialize the
optimization at the subsequent finer scale. Cohen and Cooper [6] present a hierarchical scheme,
where the data at lower resolution is divided into blocks and the conditional probabilities of these
blocks given the neighboring blocks, are obtained. They use a recursive scheme to calculate the
within-block and between-block interaction values.

Jeng, in [16], discusses the effect of subsampling resolution transformation on MRFs and
presents two results: first, the Markov property is not preserved for a general subsampling scheme
and, second, it is preserved under some specific subsampling schemes depending on the size
and shape of the neighborhood. However, these subsampling schemes under which the Markov
property is preserved are not very interesting.

In [20] Lakshmanan and Derin present an excellent discussion on multiresolution GMRF mod-
els. It is shown that the GMRF's lose their Markov property under subsampling and expressions
for the power spectral density functions at coarser resolution are obtained. It is also shown that
for the special case of second order GMRF's with separable autocovariances, the Markov property
is retained under subsampling. In addition, a covariance invariance approximation is presented
to approximate the coarser resolution data by GMRFs. This GMRF approximation is such that
the covariances associated with pairs of sites that are neighbors are equal to the corresponding
entries in the covariance matrix associated with the exact non-Markov density. Many interesting
properties of this estimator such as maximizing the entropy and minimizing the Kullback-Leibler
(KL) distance can be found in [20].

Luettgen, et al. [22] propose a multiscale model using a tree construction for bilateral (called
reciprocal processes by the authors) Markov processes in 1-D by using a midpoint deflection
construction. The tree is constructed in such a way that any node in the tree is conditionally
independent of every other node given the parent node. Such a construction allows individual
subtrees to be processed independent of other subtrees, thereby reducing the computational load.

This representation is extended to 2-D by using a midline deflection construction and a quadtree



graph. However, the construction of this multiscale model is such that the set of lattice points
that is retained at a particular scale is not distributed uniformly (spatially) on the set of lattice
points at the finest scale. This might be an undesirable feature of this multiscale model for image
analysis.

In this paper, we present two multiresolution GMRF models. Given that the data at the
fine resolution is a GMRVF, the goal is to obtain suitable models at coarser resolutions. Data at
coarser resolutions are obtained by subsampling the fine resolution data. Under these resolution
transformations, coarser resolution data are non-Markov. We present two schemes to estimate
the parameters corresponding to the “best” GMREF approximation at lower resolutions from the
parameters at the fine resolution, one by directly minimizing the KL distance (relative entropy)
and the second by minimizing the KL distance between the conditional densities (conditional
relative entropy). We also show that the computations for these two estimators turn out to be
similar to the traditional maximum likelihood [25], [19], [30] and the pseudo likelihood estimators
[1], except that the sample covariances are replaced by covariances calculated with respect to the
exact non-Markov measure that is being approximated. We present results on the existence of
different sets of GMRF parameters at fine resolution that result in statistically identical coarser
resolution random fields. As an application, we consider the texture segmentation problem and
performed segmentation over multiple resolutions using our multiresolution GMRF model. The
coarsest resolution image is initially segmented and the results of segmentation along with a
confidence measure are passed on to the immediate higher resolution. This is repeated until the
fine resolution image is segmented. We show that the multiresolution technique performs better
than the single resolution approach.

The rest of the paper is organized as follows. Section 2 introduces the GMRF and the
basics of the resolution transformation. Section 3 presents the Markov approximation for non-
Markov fields based on KI. distance minimization and local conditional distribution invariance
approximation. Section 4 carries the details of many-to-one nature of transformation of the
GMRF parameters from the fine to coarse resolution. Section 5 presents various aspects of the
multiresolution segmentation and Section 6 carries synthetic and real experiments. Section 7

concludes the paper.



2 GMRFs and Resolution Transformation

In this section we introduce basic notations used for GMRF's in the rest of the paper and also

present results on loss of the Markov property under resolution transformation.

2.1 The GMRF Model

We use the following notation :
t = (t1,12),s = (s1,82) : coordinates of grid points on a 2-D lattice
Q={s:0<35<M-1,0<3; <N —1}: atwo dimensional lattice
X : arandom field on {2, represented as a vector by a row-wise scan ordering
X,: the random variable at site s
1,1, &: neighborhood sets

The set of lattice points that are contained in the neighborhood of a site s is denoted by 7.
The elements that are included in the neighborhood of the site marked s for different neighborhood
orders are shown in the Figure 2. Note that the set of sites in the neighborhood for a given order
also includes all the sites that are present in all the lower orders.

For the first order case, n = {(1,0),(0,1),(—=1,0),(0,-1)},and ns = {s+ r: 7 € n}.

If X is modeled by a GMRF with a symmetric neighborhood 7, then X can be written as [17]:

Xs = D 0 X tes
ren
ByX = e.

For a finite lattice, the neighborhood for the lattice sites at the boundaries of the lattice is not
complete. This problem is circumvented by assuming that the lattice is folded into a toroid. The

matrix Bg is a M N x M N matrix, e is a zero mean, Gaussian noise, with autocorrelation given

by :

o? if r=(0,0)
Elesesyr] = —0,.0% ifren (1)

0 otherwise.

Hence the GMRF can be completely characterized by the set of parameters {6,0%}. The

parameter set 8 should satisfy the following conditions :

1. 8,=0_, Vren



2. 1-0"¢ >0 VseQ (2)

where ¢ is a vector whose length is equal to the number of elements in the neighbor set 7. The

individual elements of ¢_are given by:

(27r51 2#52) 71 c
cos r .
M N, {

The first condition is necessary to ensure stationarity and the second to ensure that the covariance

matrix of X is positive definite.
The covariance matrix of e is 2By and it can be shown that the covariance matrix of X is

Y= UZBé,_l [17]. The joint probability density function of X can be written as follows:

Vdet By 1
p(X = x) = 0 exp{~5xT Byx). (3)
(2m02)"7 202

Also X exhibits the Markov property [17],
plasle,Vt £ s, € Q) = p(rg]sy,,m €n)

[zs — 27’677 07xs+7’]2

1
= Vo P 207

}.

The power spectrum S, (w) of X can be shown to be [17]:

02

1=3e,br cos[%rlwl + %rgwg]

Se(w) =

where w = {wy,wo},and 0 <wy <M —1,0<wy < N — 1.

2.2 GMRFs and Resolution Transformation

Let QO = Q= {(51,82):0< 81 <M —1,0< sy <N — 1} be a rectangular lattice and M and
N are assumed to be powers of 2. The superscript stands for the level in the image pyramid,
0 being the lattice at the fine resolution, Q) represents the lattice which is obtained by
subsampling QO times (Figure 1). Let X () represent a random field, obtained by ordering
the random variables on Q). The parameters of a GMRF defined on a lattice Q%) are denoted
by {87, [62]()} and the associated neighborhood is denoted by 5*¥). The covariance matrix
and the power spectrum associated with X*) are denoted by ©*) and Sg(gk)(w) respectively. The
probability distributions defined on a lattice Q%) are indexed by p(k)(.).



We restrict our discussion to resolution transformation obtained by subsampling (see Figure
1). But the results can be easily extended to block-to-point type transformation, where the coarse
resolution data is obtained by averaging the fine resolution data over a local window.

Let X(© be a GMRF defined on Q) with parameters {6(?), [¢2](®} and a neighborhood 7(®).

The power spectrum of X© can be written as in Eq. (5) :

a21(0)
S9(w) = L (6)
L= ey b0r cos[Mﬁwl + 2 N Tawa]

where w = {(w1,w2) : 0 <w; <M —1,0 < wy < N — 1}. The subsampling resolution transfor-

mation is defined as:

¥ =yl

S

defined for all s € Q).
Equivalently,

X®) = pkx(©) (7)

where the matrix Df, has to be properly defined [20].
The resulting subsampled field X(*) is Gaussian, with covariance ©(*) = [DE]S(O[DAT. The

power spectrum of X*) can be shown to be [20]:

S (W) = 2kZS (w+7r) (8)
TEOk

where r' = (QMN“l, 2%7“2) and Cp={r:0<r <2F—1,0<ry <28 -1},
It can be observed that Sék)(w) cannot be written in the form of Eq. (5) with a finite
neighborhood. Therefore, the subsampled fields X*) are non-Markov, except for the special case

of second order separable correlation GMRF's [20].

3 Markov Approximations

As mentioned in the last section, GMRFs become non-Markov under subsampling and the prob-
ability density functions (pdf) of the subsampled random fields can be obtained. However, if the
coarser resolution data are modeled by the exact non-Markov Gaussian measures, conventional

optimization techniques based on Markov properties cannot be applied. In this section we show



that it is possible to obtain good Markov approximations for coarser resolution fields. Two dif-
ferent estimators to obtain the parameters of GMRF's at lower resolutions from the parameters
at the fine resolution are presented. We also exemplify the connection between these two estima-
tors and the estimators that are commonly used to estimate the GMRF parameters from a data

sample, the maximum likelihood [25], [19], [30] and the pseudo likelihood estimators [1].

3.1 Kullback-Leibler (KL) Distance Minimization

In this section, we show that given any pdf p, it is possible to obtain a GMRF approximation
of p by minimizing the KL distance D(p || ¢q) [18], where ¢ belongs to the family of GMRF
pdfs. The KL distance measure is widely used to obtain approximate probability measures
with desired properties. The estimator presented in this subsection is same as the estimator
originally proposed by Lakshmanan and Derin [20]. The estimator presented in [20] is motivated
by “covariance matching” and is also shown to minimize the KL distance. Qur presentation is
based on directly minimizing the KL distance, but the two estimators are the same, because of
the uniqueness of this estimator.
The problem at hand can be stated as follows:

Given a stationary probability measure p(x), find another probability measure ¢*(x) such

that:
¢ = argminD(p | q)
. p(X)]
= argmin F [lo —z 9
R N7y )

where E,(.) represents the expectation with respect to the p-measure and ¢(x) belongs to the
family of GMRF densities with a specific neighborhood 7, indexed by (6,0%). As seen before,
GMRFs can be completely characterized by (6,0?). From Eq. (3), ¢(x) can be written as:

v/det By 1
q(x) = WGXP{—FXTBHX}-
TO%) 2

The quadratic form x? Bgx in ¢(x) can be simplified as [30]:
xT Bgx = C(0) — §7C

where C is a vector whose length is equal to the number of elements in the neighborhood 7 and



is as follows:
C0)=D a2 C(r)=)_ weteyr Vrem,
SEQN seN

and the determinant of the By matrix can be written as [17]:
det Bg = TJ(1-6"9)).
SEQ

Using the above equations, ¢(x) can be written as:

[l,/(1-6"¢
q(x) = ( _N’s) eXP{—Ql—z[C(O) - 67 CI}.
(210?) 72 o

Let {8*,[0?]*} be the parameters corresponding to ¢*(x). Now, rewriting Eq. (9) and performing

the minimization in terms of the parameters:

1
[u—

: X)
6*,[0%*) = arg min E, |log ol ]
( ) (6702) P | q(X)
= arg %1&)( E, [log ¢(X)]
(€,02)
) 1 T MN . (C(0)-8"0)
— arg(réljgg)Ep _QZS:log(l 0" 9.) 5 log o 252
1 MN
= argmax = > log(l1—67¢ )— log o
g(e702) 2 ZS: g( = ?5) 2 &
1
= Limlcon-o"gic) "o

where,

EC(r)] = B[ XX
seN

(MN)E[X: X o1r]. (11)

Remark: Observe that Eq. (10) is similar to the maximum likelihood expression [25], [19],
[30], except that the C'(r) values obtained from the data are replaced by expectation values with
respect to the p - measure. Hence, in terms of computation, the maximization is exactly similar
to the maximum likelihood computation. Given the p - measure, we only need a few moment
values E,[C(r)], followed by the maximization of Eq. (10) to obtain the Markov approximation.

Lakshmanan and Derin [20] also remark that their covariance invariance estimator, which
minimizes the KL distance, also maximizes the likelihood of a sample observation with sample

covariance equal to the covariance of the p - measure.



3.2 Local Conditional Distribution Invariance Approximation

We propose another method to estimate the best GMRF parameters of a non-Markov random
field, based on a KL distance measure between local conditional distributions (conditional relative
entropy). In MRF applications all optimizations are performed based on the local conditional
distribution, so, we believe an estimator based on that should be well suited for image analysis
applications.

The Markov approximation presented in this section is based on linear estimation. Before
presenting the details, we will provide a known result regarding the linear estimation of a GMRF.
Let Z be a GMRF defined by (8, 0?) with a neighborhood ). Then the best estimate of Z; based
on the elements of % is given by [4]:

és = Z 07‘25+7‘

T

and the mean square error
E(Zy— Z,)* = o2

The conditional density p(z|z,,m € ¥) is Gaussian with conditional mean }, ., 6,254, and
conditional variance o2.
Let X be a random field with a stationary non-Markov probability measure p(x) and let ¢*(x)

be a GMRF approzimation such that:

7 (zs|Tsqr, T €M) = argmqi11D[p(;r5|xs+T,r €n) || q(zszser,m€n, (12)

where the minimization is performed over the entire family of GMRF pdfs with a chosen neighbor-
hood 1. In addition, under certain conditions (given at the end of the section), ¢*(zs|Tsqr,™ € 1)
is exactly equal to p(zs|zsyr, T € M).

Since ¢(x) belongs to the family of GMRF densities, ¢(zs|zs4,,7 € 1) will be of the form
given in Eq. (4).

[zs — 27‘677 07’£S+7’]2

1
q(‘rsl*rs-l-rar € 77) = \/W eXp{_ 9202 }

Let (6*,[0%]*) be the parameters corresponding to ¢*(x). To simplify the notation, let Y be
the vector containing the neighborhood random variables in a proper order. For a first order

neighborhood,
T
Y = ( Xs+(1,0) Xs+(0,1) Xs+(—1,0) Xs+(0,—1) )

10



Now,

. X,Y)
9", [02]* = arg min £, log (7]
( ) (0.7 (X1Y)
= arg max F,[log ¢(X,|Y)]
(8,02)
= argmaXE —lloga ~ 592 ZHY
(0 a?) P i 2 TEMN

= arg min —loga —|— S (Ep[Xs — Zt‘) Y,]?
(6702) TEN
(13)

It can be seen that the 8* parameters corresponding to ¢*(x) are obtained by minimizing the

second term in the Eq. (13)

6 = arg mgin E,[X, - ZHTYT]Q (14)

TEN

and using the 8* obtained, we can estimate the [0?]* that minimizes Eq. (13),

(0] = E[X, =) 67Y,] (15)

=
then,

0" = a»rgma;nEp[Xs—QTY]2

0 = BT E(X,Y) (16)
and,

[0 = Ep(XD) = Ey( X, YE(YYT)] T Ey(X,Y)
= Ey(X7) ~ 1077 Ey(X,Y). (17)

In addition, the estimated 8™ parameters should satisfy the positivity conditions in Eq. (2):
1-161"¢, >0 Vs e Q.

Now, returning back to multiresolution discussion, let X (©) be a GMRF defined by (¢ 9(©) ,[o ](0))
and X(®) be the field obtained by subsampling X© & times. The non-Markov X *) can be ap-

proximated by a GMRF by minimizing Eq. (12). The minimization requires the autocorrelation

11



values Ep(k)[Xs(-k)Xs(i)T] which can be computed, given the GMRF parameters for X (%) as shown

below.
XM = x)
Ep(m[Xﬁk)Xgi)r] = Ep(o.)[Xz(giX;SgsM)]-

For any two lattice sites u and » in Q(®) the correlation is given by [17]:

2 (0) Aslul ASQHQ)(A_Slvl A—52U2)

Oy _ 7] (A AN M N

BolX2X7 = S 2 1-[0]T¢
5€0(0) = s

(18)

where !, = exp(y/—12%).

Under the assumption that the covariance matrix with respect to p - measure is positive
definite, the function in Eq. (14) to be minimized is convex and is minimized over a convex set
defined by 1 — [Q(k)]T@S > 0, for Vs € (2. If the solution lies inside the convex set, it can obtained
from Eq. (16). Otherwise, a gradient descent procedure can be used.

Remarks:

1. If the 8 obtained from Eq. (16) satisfies the positivity conditions and if p is Gaussian,
then p(zs|Tstr, ™ € ) = ¢*(@s]|Ts4r, 7 € ). Since p(x) is Gaussian, p(zs|Tst,, 7 € 1) is also
Gaussian with conditional mean 3~ ., 07%,,, (Which is the best linear estimate of X in terms of
Xsir,7 € 1) and conditional variance [¢%]* (which is the corresponding minimum mean square
error of the estimator) [26]. ¢*(x) being a GMRF with parameters (8*, [¢%]*), from the discussion
at the beginning of this section, has the conditional distribution ¢*(zs|zs4,,7 € ) with the
conditional mean 3, ., 07z,4, and conditional variance [¢°]* . However, the joint densities p(x)
and ¢(x) on the whole lattice are not the same, p(x) is a non-Markov density and ¢(x) is a Markov
density.

2. It is worth observing that Eq. (13) is similar to the pseudo likelihood estimate [4], [1] where
the GMRF parameters are obtained by minimizing the products of local conditional densities
over the entire lattice. The pseudo likelihood estimator uses the sample covariances obtained
from the observed sample field, whereas our local conditional distribution invariance estimator

uses the covariances calculated with respect to the p - measure.

3.3 PSD Comparisons

We show the validity of local conditional distribution invariance approximation to estimate the

GMRF parameters at lower resolutions by comparing the exact power spectrum function of the

12



Level (k) | Order (m) | D(k, m)
0.72
0.32
0.26
0.21
0.023
0.022

[\
L N W N~ W

Table 1: Comparison of the power spectral functions of the exact non-Markov fields and the

GMRF approximations.

subsampled fields and the power spectrum associated with the GMRF approximation.

Let X© be a second order GMRF with Q(O):{ 01,00 = 0.2,00,1) = -0.1, 01 1y = -0.25, 6(_1 1)
= 0.15} and [6%]()) = 6.0. Let Sg(gk)(w) be the exact power spectral density function at Q*) and
let zV[Sék)(w, m) be the power spectrum for the m-th order Markov approximation. We calculate
Y wentoy |58 (@) =M S w,m))

a normalized absolute difference D(k,m) = S @)

number of lattice sites in Q). Table 1 shows the values of D(k,m), for values of £ = 1,2,3.

, where size(Q*)) is the

Figure 3(a) shows the power spectrum at the fine resolution calculated by Eq. (5) and Figure
3(b) shows the exact power spectrum (non-Markov) at Q) calculated by Eq. (8). Figure 3(c)
shows the power spectrum of the third order Markov approximation with the GMRF parameters
obtained from the local conditional distribution invariance approximation and Figure 3(d) shows
the same for the fourth order Markov approximation. Figure 4(a) shows the exact power spectrum
(non-Markov) at Q). Figure 4(b) shows the second order Markov approximation and Figure
4(c) shows the third order Markov approximation. From these figures and Table 1, it is easy
to see that the power spectrums of these Markov approximations are very similar to the power
spectrums of the exact non-Markov fields.

Comments:

1. Y¥or any k, D(k,m+1) < D(k,m). This is true because the GMRF approximation of order

m + 1 includes order m.

2. We have observed that D(k + 1,m) < D(k,m), i.e., as the level of subsampling increases

13



the order of the GMRI approximation need not be increased.

3. If the order of the GMRF model at the fine resolution is m, then an m or m+1 order GMRF
approximation at Q1) and an m order approximation at the subsequent coarser resolutions
results in very small values of the normalized absolute difference D(k,m). This can be used

as a thumb rule to select the order of GMRI approximations at coarser resolutions.

4 Parameters Resulting in Identical PDFs at Coarser Resolu-

tions

In the previous section, we presented methods to approximate subsampled random fields by
GMRF's assuming that data at the fine resolution is modeled by a GMRF. It is also necessary to
analyze if different GMRI parameters at the fine resolution can result in probabilistically identical
coarser resolution random fields. Since we are dealing with Gaussian fields, it suffices to check
the covariance matrices of the subsampled fields instead of the pdfs. However, the covariance
elements are complicated functions of the parameters (see Eq. (18)). Therefore, we look at the
power spectrum of the subsampled random fields which are simpler functions of the parameters.
We show that there exists different sets of GMRF parameters, which on subsampling result in
the same pdf at the lower resolution. Since the parameter [02](0) is a multiplicative factor in the
power spectral function, we assume it be equal to one and investigate the existence of different
sets of @ parameters that result in the identical coarser resolution random fields.

Case 1: First order GMRF on Q)

The first order GMRF model is defined by the parameters (0(170), b(0,1), 1) and the power spectral
density function is given by:

1
11— 2(6(1,0) cos 27;\;*[’1 + 6(0,1) cos 2“%)

(19)

From Eq.(8) the power spectral function on subsampling can be written as:

1 M N M N
S (w) = Z[Sg(_f))(w) + 5O (w + (77 0)) + 5w + (0, 7)) + 50w + (77 7))]-
(20)

Using Eq. (19) in Eq. (20) and after some manipulations, we obtain:

14



1

2mwq

1 = 4(6 g) cos =37+ + 0(q,1) cos 2T )2

1
Tw T W ]
1-— 4(0(170) cos 271 — 0(071) cos ZTQ)Q

[

[

(21)

Claim:
For a first order GMRF at the fine resolution, the only set of parameters that results in the same
power spectrum at QW s (‘9(1,0)79(0,1))7 (—‘9(1,0)7 9(0,1))7 (0(1,0)7 —9(0,1))7 (—9(1,0)7 —9(0,1))-
Proof: From Eq. (21)it can be inferred that, the sets of parameters (61 o), 6(0,1)), (—0(1,0)5 (0,1))5
(01,00, —90,1))> (=0(1,0, —0(0,1)) Will Tesult in the same Sg(gl)(w). For these sets of parameters, the
subsampled fields are statistically indistinguishable. We need to show that these are the only set
of parameters that result in the same power spectrum at the lower resolution.

Since the power spectrum has to be the same for every 0 < wy < % —land 0 <w; < % -1,
we can substitute specific values of (w1,ws), to get the necessary conditions.
Let,wy =0 and wy = N/4
N 1

=T

s, :
(1,0)

Hence, the only possible values of 6, ) that will result in the same Sg(gl)((),%) are 6(; ) and
—0(1,0)- The same can be proved for 6o 1) by taking wy = N/4 and wy = 0. This proves our

claim.

Case 2: Second order GMRF on Q)
The second order GMRF model is defined by the parameters (0(170), b(0,1), 01,1)s O(-1,1) 1) and

the power spectral density function is given by:

Séo)(w) = 2 2 L 2 2 2 2
1—2[6’(170) cos 7;\;1 +60,1 cos 7;:;2 +6(1,1) cos( 7;;1 + 7;\?2 )+€(_171) cos( 7;2)1 - 7;:;2 ]

The power spectral function on subsampling is given by:

1 _
s (w) =
l[ 1
2 2 2 2 2 2
4 1_2(9(170) cos %4—6(071) cos %4—6(171) cos( 7]"\2’1 + 7;\“]”2 )+€(_171) cos( 7]"\‘4"1 _ 7;\;02 )
1
+ 2 2 2 2 2 2
1—2(9(170) cos 7]‘—\2}1 —0(0,1) cos %2 —0(1,1) cos( 7;\2}1 + 7;\;‘)2 )—6’(_171) cos( 7;2)1 - 7}:})2 ))
1
—I_ 2 2 2 2 2 2
1—2(—6’(170) cos —7;\2)1 +6(0,1) cos —7;\?2 —0(1,1) cos( 7;\2)1 + 7;\“;2 )—6’(_171) cos( 7;;1 - 7;}}2 ))
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1
1—2(—6’(170) cos —27;2)1 —0(0,1) cos —27;:;2 +0(1,1) Cos(2§2)1 +27;:;2 )—}—9(_171) cos(27;\;1 - 27;\?2 ))]

(22)

Claim:

For a second order GMRF at the fine resolution, the only set of parameters that result in the
same power spectrum at o is,

(01,005 0(0,1): 0(1,1): 0(=1,1))s (=0(1.0),00,1)> —0(1,1), —0(—1,1))5

(01,0: =0(0,1) —01,1)> —0(=1.1))s (=010 —0(0,1),0(1,1): O (~1,1))-

Proof:
The proof is presented in the Appendix.

Similar results can be obtained for higher order cases. As we have shown for the first and
second order cases, it is easy to show for all higher order cases that there exists atleast four sets
of parameters that will result in the same power spectrum at the coarser resolution. The proof
to show that these are the only sets of parameters gets more complicated for higher order cases,

however, it is our conjecture that this is true.

5 Texture Segmentation

Computer vision and image analysis algorithms use various visual cues to analyze and interpret
an image of a complex scene. These visual cues include, among others, photometric and geomet-
ric cues. Photometric cues include shading, texture, etc., from which features such as edges and
regions are obtained. Texture is one of the basic characteristics of a visible surface and provides
useful information for scene segmentation and understanding. Texture is a very important prop-
erty for the analysis of remote sensed satellite images, their segmentation into various vegetation
classes.

Texture classification and segmentation problems have been addressed by several authors with
different approaches that can be broadly classified into two, namely, structural and statistical
approaches. Structural approaches are aimed at regular textures that exhibit a strong structural
behavior. These approaches define a basic primitive and placement rules. Such techniques were
used by Rosenfeld [28], Lu and Fu [21] and Tomita [32]. Structural approaches are well suited for

macro textures, but are not useful for micro textures where it is hard to define a basic primitive
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and placement rules. Statistical methods are better suited for such micro textures. Most of the
early statistical methods use first and second order properties to discriminate between textures.
Haralick [15] suggested various local statistical measures based on the gray level dependence,
later generalized by Davis, et.al. [8].

More complex statistical models using MRF's [33] emerged later and have been used in various
image processing problems. Cross and Jain [7] and Chellappa [4] have shown the applicability of
GMRF models to synthesize textures. Chellappa and Chatterjee [3] have used GMRF models for
maximum likelihood segmentation of textures. Geman and Graffigne [13] used a general MRF
model for segmentation. They showed that this non-Gaussian MRF model was not very well
suited for synthesis, but still performed well for segmentation. Derin and Elliot [9] used Gibbs
distributions and presented a non-optimal method using dynamic programming. Manjunath et.al.
[23] proposed a stochastic learning technique to improve the ICM results and presented a neural
network implementation for texture segmentation.

Texture segmentation problem is the labeling of pixels in a lattice to one of V' texture classes,
based on a texture model and the observed intensity field. Fach site in the lattice carries a class
label (say, Ly = v, v € {1,2,---,V}) and this label field is modeled by an MRF. We do not
directly observe the label field, but a function of the labels, the intensity field. The intensity
field is modeled by a GMRF, whose parameters depend on the value of label field at that site.
The goal is to estimate the unobserved label field from the observed intensities by optimizing a
suitable error criterion.

We model the label field by an MRF with a neighborhood :

p(L=1)= L exp [ﬂ ) U(ls)] (23)

SEQ
where U(l) is the number of neighbors in 7 that have the same label as [;. This model is also
called a pairwise interaction model.

The local conditional probability of the label field is given by:

exp [BU(Ls)]

R S )

(24)

The GMRF parameters corresponding to a label v, are denoted by (8(v),o*(v)). The condi-

tional density of the intensity field can be written as follows, from Eq. (4):
p(Xs = as|Ls = v, Xsyp, 7 € 1)
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1
210%(v)

exp{= gargyles = 200} (25)

TEN

Now given the intensities, the label field can be estimated by optimizing a suitable criterion.

The maximum a posterior (MAP) error criterion solution can be obtained by:
max P(X, 1) = max P(X|L)P(L). (26)

This optimization requires stochastic relaxation methods and is computationally very expensive.
So, we restrict ourselves to the iterated conditional mode method. The ICM solution is obtained

by performing the following optimization at each lattice site [1]:
max P(X |Ls, Xsyr,m € n)P(Ls|Lsyr,m € ).

This is equivalent to,

1
202(v)

[zs — ZOT('U)%H‘]Q - BU(Ls = v)

1
min = log(a*(v)) +
L. 2 e

(27)

the minimization is performed by visiting the pixels in raster scan order for all s € {2 and stopped

when no further changes in the labels occur.

5.1 Multiresolution Segmentation

The segmentation algorithm presented above is a single resolution algorithm. As we have dis-
cussed before, data at lower resolutions can be approximated by a GMRF. Thus the same al-
gorithm can be applied at lower resolutions too. Qur multiresolution algorithm includes the
following steps. First, given the number of classes and the associated parameters at the fine
resolution, the GMRF parameters at lower resolutions are obtained by the local conditional dis-
tribution invariance approximation. Then, segmentation is performed at the coarsest resolution
using Eq. (27) with the corresponding parameters and the results of segmentation are passed
on to the immediate higher resolution. This is repeated until the fine resolution is reached.
At each resolution a confidence measure is attached to the segmentation result at each pixel
and propagated to the finer resolution. We address issues regarding confidence measures in this

section.
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5.1.1 Confidence Measures

After obtaining the segmentation result by ICM convergence at one resolution, the results have
to be propagated to the immediate higher resolution. Since we obtain resolution transformation
by subsampling, we have a quad tree type of graph. If L) is the segmentation result at the kth

resolution, the labels in the (£ — 1)th level are initialized as:

— k
L1 = L(LS}ZJ. (28)

In addition, at level k, after the ICM converges, we attach a confidence measure Cgk) to the
segmentation result obtained at site s.
At level k, after the convergence of ICM iterations, let © and ©# be such that,

Uy = argue{{{l;}.)iv} P(X |Ls=v,Xs4r,r € )P(Ls =v|Lsyr,7 €7)

vs = ar max P(Xs|Ls=v,Xsqp,mr€n)P(Ls = v|Lsy,,7 €
gue{1,2,...,V},U¢gS (X + n)P( | Loy Y)

and the confidence measure is defined as,

C(k) — P(Xs|?j57X5+T)P(‘ljs|l/5+r)
’ P(X5|v57Xs—|—7’)P(US|LS+T)

(29)

These confidence measures at level k are propagated upwards to level £—1 in the same manner
as in Eq. (28). At level k£, ICM is restricted to only those pixels with the confidence measure
such that,

1
(k

R ()
o0 >c (30)

where ¢(*) is a confidence threshold at level k. Also from the definition,

1
0<— <10
ci
For the coarsest resolution ¢() = 0, i.e., ICM is performed over all sites in the lattice.
The confidence measure defined in Eq. (29) has a hypothesis testing interpretation. The C
expression is exactly the same as the hypothesis test ratio to compare the hypotheses that the

label at site s is © or ¥. This interpretation can be used in the following ways:

1. In an application, if misclassification between textures vy and vy results in a higher misclas-
sification cost, say a (a > 1), compared to other types of misclassification which have a cost
of 1, then, at the end of ICM iteration, if v = v; and v; = w9 or vice versa, the confidence

measure Cs at that site can be replaced by % to reflect the higher misclassification cost.
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2. Let the parameters corresponding to different textures at a particular resolution be such
that the discrimination between some textures is low, while the rest of the textures can be
easily discriminated. In such cases, if © and % belong to the set of textures that have low
discrimination, then the result of classification at that site is not reliable and hence the C

can be set to zero.

5.2 MRF on Resolution Transformation

We have already addressed the issue of modeling GMRF's at lower resolutions. The label field is
modeled by an MRF. This MRF also loses the Markov property under resolution transformation
and can be approximated by a Markov field at lower resolutions. For the pairwise interaction
model there is only one parameter 3 to be estimated in Eq. (23). However, it is hard to find
approximations as we did in the case of Gaussian fields. Fortunately, segmentation results are
not heavily dependent on this parameter. Therefore, we have chosen 3 = {0.5,0.3,0.15} for
different resolutions with the smaller values used at coarser resolutions. We have experimented
with different sets of values of 3 and found that parameter the of the label MRF does not have

a great bearing on the segmentation, hence a rigorous estimation may not be necessary.

6 Experiments

We present experimental results with simulated, Brodatz texture images and real satellite images
to show that the multiresolution algorithms perform better than the single resolution both in
terms of the classification accuracy and computational requirements. In all the experiments, the
confidence threshold ¢*) = {0.6,0.25,0.0}, is used for the different levels with smaller values
used at coarser resolutions. Multiresolution results presented in this section are obtained by
performing the algorithm over three resolutions. In all cases, percentages of correct classification

are reported.

6.1 Synthetic Image

We generated texture images using the technique given in [4]. Three third order GMRF textures
are generated with parameters { (6(; 0y = 0.0934154, 6y 1) = 0.520252, (1 1) = 0.0303413, 6(_; 1)
= 0.0180476, 6(3,0) = -0.0216434, 6 ) = -0.148331), 0% = 0.9342 }, {6= (0.308257, 0.468389, -
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0.0755398,-0.0755797,-0.0407557, -0.100678), 0% = 1.8472 }, {#= (0.406875, 0.423393,-0.178478,
-0.188702, -0.0649544, -0.121439), ¢ = 1.264811 }. Figure 5(a) shows the composite image with
these three textures. Figure 5(b) shows the single resolution segmentation result and Figure 5(c)

shows the result for multiresolution segmentation.

6.2 Brodatz Images

We have tested our algorithm on textures from the Brodatz texture album. Figure 6(a) contains
grass, calf leather, wool, and wood textures. The original GMRF parameters are estimated by
maximum likelihood estimation. Figure 6(b) shows the single resolution segmentation and Figure
6(c) shows the multiresolution segmentation. We have another interesting plot of ﬁ for the level
k =1 in Figure 6(d). The brighter points in this image correspond to points of iow confidence
measure. As expected, all the boundary regions between different textures have low confidence
measures. In texture segmentation, classification near the texture boundaries is usually more
ambiguous.

We also experimented with another more complex set of textures from the Brodatz album.
Figure 7(a) shows a three class (pigskin, raffia, and water) texture image. Figure 7(b) shows the
single resolution segmentation and Figure 7(c) shows the multiresolution segmentation. Figure

7(d) shows the corresponding confidence measure plot.

6.3 Real Images

Figure 8(a) shows a section of a single channel of a multispectral sensor (MSS) image over Africa.
We chose three classes corresponding to river, forest, and deforestation. The GMRF parameters
obtained from small sections of a different part of the image are used to classify the image shown.
Unfortunately exact class maps are not available. Figure 8(b) shows the single resolution result
and Figure 8(c) shows the multiresolution result. Clearly, we can see that the multiresolution
algorithm has performed better, with lesser computation, than the single resolution algorithm.
Table 2 shows the comparison between single and multiresolution algorithms in terms of
the classification accuracy and the number of computation units required. To compare the
computational requirements between the single resolution and multiresolution approaches, we
define a unit of computation to be the computation required to perform ICM at a single pixel

site.
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Resolution

Image Single Multiple
Classification % | Computation | Classification % | Computation
Synthetic 89.84 2686976 96.75 431031
Brodatz1 86.04 1114112 92.75 679444
Brodatz?2 68.11 2490368 84.54 710980
Africa - 2160000 - 426105

Table 2: Comparison of the performances of single and multiresolution algorithms.

Finally, we present results of multiresolution segmentation on a thematic mapper (TM) image
consisting of four classes corresponding to river, forest, deforestation and regrowth. Figure 9(a)
shows a section of thematic mapper (TM) data and Figure 9(b) shows the 4-class multiresolution

segmentation result.

7 Summary

Multiresolution models and algorithms play an important role in image analysis. These al-
gorithms not only help to reduce the computational time, but also help to analyze the given
information at different spatial scales. We have presented techniques based on minimizing KL
distances, to estimate the parameters of GMRF's at coarser resolutions and have used it for tex-
ture segmentation application. GMRF's are widely used in many image processing applications
including restoration, segmentation, compression, etc., and the proposed models can be used for
these applications.

Also, this can be extended to perform unsupervised texture segmentation. However, as men-
tioned in Section 4, GMRF parameters at a lower resolution can correspond to more than one
set of parameters at fine resolution. Hence the problem of retrieving the GMRF parameters at
fine resolution given the parameters at coarse resolution has to be addressed for unsupervised

segmentation.
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Appendix

By observing Eq. (22) it can be inferred that the above four sets of parameters will result in
the same Sél)(w). The constraints we have obtained on (63 gy, 0(0,1)) for the first order case are
also valid here.

Case a: Let (6(1,0),0(0,1),0(1,1),0(-1,1)), and (0(170),0(071),0(1’71),0(_’171)) result in the same power
spectrum at Q). The goal is to find all possible values of 0(1’71) and 0(_’171) that satisfy the above

condition. Let (wq,ws) be such that,

2Tw 2Tw bis 3T
1\/[1 N2 =5 00 5, W #0,wp # 0. (31)

Let cos(27]v[’1 — 27““2) = v, 2(0(170) cos(27r“’1) + 0(071)cos(27]r\‘;’2)) = a and 2(0(170) cos(27]r\‘/*[’1) —

N
0(0,1) COS( 7)) = 8.
1 1 1
s, ) = = n
’ ( ) 4 [1 - — 2"/0(_171) 1- ﬁ + 2’)’0(_171)
+ ! + ! (32)
L+ B+ 290 1)  14+a—2y011))
— 1 1 — 270(_171) 1 + 270( ) (33)
2 [(1=290a ) - a2 (142900 0)% - B2

Observe that (1-276(_y 1)) > 0, (1+276_1 1)) > 0, (1—270(_171))2—&2 > 0 and (1—}—270(_171))2—
3% > 0, because all four terms in Eq. (32) are positive.

The first and second order derivative of Eq. (33) can be shown to be as follows:

dSp(-, ) _ o+ r(l=20ay)® =A%y — (14296 10)°
df(_1 1) [(1=278(_1,1))* — a?]? [(1 +296(_11))? - ﬁz] 2
dQSx(' y 2 . 12&272(1 - 2’70(—1,1)) + 4"/2(1 - 2’70(—1,1))3
d0(2_171) [(1 - 270(—1,1))2 - a2]3
N 12829%(1 4+ 290(_11)) + 47°(1 + 2701 1))° (34)
[(1+290(_1,1))* = B*°
It can be seen that the second derivative is always positive. We have shown that S;_al)(. , .)isa

convex function of 6_; 1y. For the set of (w1,wz) under consideration, the power spectrum is inde-
pendent of 6, ;). Because of the strict convexity of the power spectrum, if (0(170), b(0,1)s - ,0(_171)),

and (0(170), b(0,1), - ,0(_’171)) have the same power spectrum at a given wy and wsy, then there can
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be a maximum of only one value for 0(_’171). However, from Eq. (33) it can be seen that this
value will not be independent of wy and w,. Therefore, there does not exist any other value of
0(_’171) # 0(_1,1), such that the power spectrums are equal at all (wy,wz) in Eq.(31). The same

can be shown for 0(1’71) by taking all (wq,ws) such that 2?\2’1 — imwy — 1

N T2

Remark 1: If (68(1,0),0(0,1),0(1,1),0(-1,1)) and (0(170),0(071),0(1’71),0(_,171)) result in the same power
spectrum at Q) then, 0(1’71) =0(1,1) and 0(_’171) =0_1,1)- (Note: If 0(1,00 = 0 and 6(g 1) = 0, then
0(1’71) = —61,1) and 0(_’171) = —6(_1,1) can result in the same power spectrum at Q). However,
here there is no distinction between Case a and Case b.)

Case b: Let (6(1,0),0(0,1),0(1,1), (=1,1))> and (=01 0),0(0,1), 0(1’71), 0(_’171)) result in the same power
spectrum at Q). The goal is to find all possible values of 0(1’71) and 0(_’171). For a given (wy,ws)
that satisfy Eq. (31), the power spectrum with parameters (-6 0),6(0,1), 0(1’71),0(_’171)) is a
strict convex function of 0(_’171) ( Eq. (34) ). Therefore, there can be a maximum of two
different values of 0(_’171). One of them is —6(_; ;) from our claim. It follows from the Remark
1, that there does not exist another value of 0(_’171), such that (—0(170),0(071), . ,—0(_171)) and
(—0(170), b(0,1), - ,0(_’171)) have the same power spectrum at Q). So, the only possible value for
0(_’171) is —#(_1,1). The same argument holds good for 0(1’71), when we use the set of all (wy,w;) such
that 2791 — 2792 = I Therefore, if (6(1,0),0(0,1),0(1.1):0(—1,1)) and (—0(1,0) 00,1y 01,1y O(—1.1))
result in the same power spectrum at Q1) then 0(1’71) = —b0(1,1) and 0(_’171) = =011y

Similar argument can be presented for the other two sets of parameters.
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Figure 5: (a) Synthetic texture image, (b) Single resolution segmentation result, (¢) Multireso-

lution segmentation result.
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Figure 6: (a) Brodatz texture image, (b) Single resolution segmentation result, (c¢) Multiresolution

segmentation result, (d) Confidence measures.
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Figure 7: (a) Brodatz texture image, (b) Single resolution segmentation result, (c¢) Multiresolution

segmentation result, (d) Confidence measures.

33



(b) ()

Figure 8: (a) Remotely sensed MSS image, (b) Single resolution segmentation result, (¢) Mul-

tiresolution segmentation result.

34



Figure 9: (a) Remotely sensed TM image, (b) Multiresolution segmentation result.
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