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Abstract—In this paper, we analyze the computational chal-
lenges in implementing particle �ltering especially to video
sequences.Particle �ltering is a technique used for �ltering
non-linear dynamical systems dri ven by non-Gaussian noise
processes.It has found wide-spread applications in detection,
navigation and tracking problems.Although, in general,particle
�ltering methodsyield impr oved results, it is dif�cult to achieve
real time performance. In this paper, we analyze the compu-
tational drawbacks of traditional particle �ltering algorithms,
and presenta method for implementing the particle �lter using
the Independent Metr opolis Hastings sampler, that is highly
amenable to pipelined implementations and parallelization. We
analyze the implementations of the proposedalgorithm, and in
particular concentrate on implementations that have minimum
processingtimes. It is shown that the designparameters for the
fastest implementation can be chosenby solving a set of convex
programs.The proposedcomputational methodologywasveri�ed
over a cluster of PCs for the application of visual tracking.
We demonstrate a linear speedup of the algorithm using the
methodology proposedin the paper.

Index Terms—Particle Filter, Resampling, MCMC, Auxillary
variable, Design Methodologies,Visual Tracking

I . INTRODUCTION

Filtering is the problem of estimation of an unknown
quantity, usuallyreferredto asstate,from a setof observations
corruptedby noise,andhasapplicationsto a broadspectrum
of real-life problemsincluding GPSnavigation, tracking etc.
Thespeci�c natureof theestimation/�lteringproblemdepends
greatlyon the statewe needto estimate,the evolution of the
statewith time (if any) and the relation of this stateto the
observations and the sourcesof noise. Generally, analytical
solutionsfor estimationarepossiblein constrainedandspecial
scenarios.For example, Kalman �ltering [1] is an optimal
analytic �lter when the modelsare linear and the corrupting
noise processesare Gaussian.For non-linearsystemsdriven
by non-Gaussianprocesses,the extendedKalman�lter or the
iteratedextendedKalmanFilter areusedasapproximationsto
the optimal �ltering scheme.Anotherpopulartool for solving
the inference problems for non-linear systems is particle
�ltering [2], [3].

Particle �ltering has been applied to a wide variety of
problemssuchas tracking,navigation, detection[4], [5] and
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video basedobject recognition. This generality of particle
�lters comesfrom a sample(or particle)basedapproximation
of the posteriordensity of the statevector. This allows the
�lter to handleboth the non-linearity of the systemas well
as the non-Gaussiannature of noise processes.However,
the resultingalgorithm is computationallyintensive and as a
results,theneedfor ef�cient implementationsof thealgorithm,
tunedspeci�cally towardshardware or multi-processorbased
implementations.

Many methodsfor algorithmic and hardware implementa-
tions of particle �ltering have beenproposedin the literature.
The authors of [6] identify resampling algorithms as the
main computationalstep in the algorithm that is completely
independentof the underlyingapplication.They alsopropose
new resamplingalgorithmsthatreducethecomplexity of hard-
ware implementations.Architecturesfor ef�cient distributed
pipelinedimplementationsusing FPGAshave beenproposed
in [7]. A detailedanalysisof the basic problem,addressing
many hardwareandsoftware issuescanalsobe found in [8],
[9].

Theresamplingalgorithmspresentedin theabovereferences
aremodi�cationsof thebasicsystematicresamplingalgorithm
presentedin [10], which by itself createsbottle-necksin a
streamlinedimplementation.In [11], the authorsproposea
methodologyto overcomethis limitation by rederiving the
basictheory, with an alternateresamplingalgorithmwhich is
similar to the Monte Carlo Markov Chain (MCMC) Tracker
for interactingtargetsin video presentedin [12]. Therehave
beenanumberof resamplingschemesthathavebeenproposed
in the literature.Liu andChen[13] list andcomparea number
of suchschemes.Of suf�cient interestand relevanceare the
so called Local Monte Carlo Methodsthat are describedin
[13].

A. Motivation

Speci�cally, this paper analyzesthe computationalchal-
lengesin the implementationsof particle �lters, andprovides
a general design methodology for particle �ltering using
pipelining and parallelization; theseare constructsthat are
commonlyusedin both hardware and multi-processorbased
systems.

Particle �ltering involves threemain modules:proposition,
weight evaluation and resamplingmodules.Standardimple-
mentationsof particle�ltering typically usewhatis commonly
known assystematicresampling(SR). Systematicresampling
posesa signi�cant challengefor pipelined implementations
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as it can only begin when all the weights are computed
at the weight computationstage, and the cumulative sum
of the weights is available. This meansthat any pipelined
implementationwould start the resamplingonly after all the
weightsarecomputed.This increasesthe latency of thewhole
implementations.

In this paper, we presentalgorithmic and implementation
schemesfor particle �lters for speedingup the basic com-
putations, thereby making particle �ltering-based solutions
amenableto real time constraints.We demonstratea com-
putational methodologywhere the need for the knowledge
of cumulative sum of weights is removed. This implies that,
in contrast to traditional particle �ltering implementation,
the proposedapproachdoes not suffer any bottlenecksin
pipelining. Further, this allows us to speedupthe �lter and
reduceits latency throughpipelining and parallelization.We
furtherdemonstratetheperformanceof theseimplementations
usinga clusterof PCs.This allows usto achieve speedupsthat
are linear in the numberof clusternodes.

B. Speci�c Contributions

This paperaddressthe computationalchallengesin hard-
ware and multi-processorimplementationsof particle �lters.
In this regard, we make the following contributions.

1) Algorithmic Enhancements:In order to avoid the SR
step,we proposethe useof the independentMetropolis
Hastingsalgorithm [14] for resampling.We show that
this algorithmicmodi�cation is muchmoreamenableto
pipelining andparallelization.

2) Auxiliary Particle ®ltering: Further, we show that
many of the problems associatedwith the proposed
methodologycan be further reducedwith the use of
auxiliary particle �lters [15]. This allows for complete
freedomin the choiceof proposaldensity, which could
be an importantdesignissue.

3) Minimum Time Implementations: We present
pipeline-ableandparallelarchitecturesfor implementing
the proposedalgorithm. We formulatea set of convex
programsfor obtaining the designspeci�cation of the
fastestimplementationof the algorithm.We also prove
that given a constrainton the execution speedof the
algorithm, the minimum resourcesrequired for the
implementationcanbeformulatedasa convex program.

4) We analyzethe pipelining and parallelizability of the
proposedimplementationusing a cluster of PCs for
tracking a vehicle in a video stream. We achieve
speedupsin computationthat are linear in the number
of clusternodes.

The rest of the paper is organized as follows. We �rst
presentthe traditional particle �ltering algorithm in section
II. In sectionIII, we presentthe MCMC samplingtheoryand
useit to proposea computationalmethodologyin SectionIV.
SectionV analyzesthe implementationsusing the proposed
methodology. Finally, in sectionVI, we demonstratethe per-
formanceof the proposedimplementationsfor the problemof
tracking in videosusinga clusterof PCs.

I I . PARTICLE FILTERING

In particle �ltering, we addressthe problem of Bayesian
inferencefor dynamicalsystems.Let X � Rd and Y � Rp

denotethestatespaceandtheobservationspaceof thesystem
respectively. Let x t 2 X denotethestateat time t, andyt 2 Y
the noisy observation at time t. We model the statesequence
f x t g asa Markovian randomprocess.Furtherwe assumethat
the observations f yt g to be conditionally independentgiven
the state sequence.Under theseassumptions,the systemis
completelycharacterizedby the following:

� p(x t jx t � 1): TheStatetransitionprobability densityfunc-
tion, describingthe evolution of the systemfrom time
t � 1 to t. Alternatively, thesamecouldbedescribedwith
a state transition model of the form x t = h(x t � 1; nt ),
wherent is a noiseprocess.

� p(yt jx t ): Observation likelihood density, describingthe
conditional likelihood of observation given state. As
before, this relationship could be in the form of an
observationmodel yt = f (x t ; ! t ) where ! t is a noise
processindependentof nt .

� p(x0): The prior stateprobability at t = 0.
Given statisticaldescriptionsof the modelsand noisy ob-

servations,we are interestedin making inferencesabout the
state of the systemat current time. Speci�cally, given the
observationstill time t; y1:t = f y1; : : : ; yt g, we would like to
estimatethe posteriordensity function � t = p(x t jy1:t ). With
the posterior, we aim to make inferencesI (f t ) of the form,

I (f t ) = E � t [f t (x t )] =
Z

f t (x t )p(x t jy1:t )dxt (1)

wheref t is somefunction of interest.An exampleof suchan
inferencecould be the conditionalmean,wheref t (x t ) = x t .

Under Markovian assumptionon the statespacedynamics
and conditional independenceassumptionon the observation
model,the posteriorprobability is recursively estimatedusing
the BayesTheorem

p(x t jy1:t ) =
p(yt jx t )

R
p(x t jx t � 1)p(x t � 1jy1:t � 1)dxt � 1

p(yt jy1:t � 1)
(2)

Note that, thereareno unknowns in (2) sinceall termsare
eitherspeci�ed or computablefrom the posteriorat the previ-
oustime step.Theproblemis that this computation(including
the integrations)neednot have an analytical representation.
However, foregoing the requirementfor an analytic solution,
particle�ltering approximatesthe posterior� t with a discrete
set of particlesor samplesf x ( i )

t gN
i =1 with associatedweights

f w( i )
t gN

i =1 suitably normalizedso that
P N

i =1 w( i )
t = 1. The

approximationfor the posteriordensityis given by

�̂ t (x t ) =
NX

i =1

w( i )
t � x t

�
x ( i )

t

�
(3)

where � x t (�) is the Dirac Delta function centeredat x t . The
set St = f x ( i )

t ; w( i )
t gN

i =1 is the weighted particle set that
representsthe posterior density at time t, and is estimated
recursively from St � 1. The initial particle set S0 is obtained
from samplingthe prior density� 0 = p(x0).
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We �rst discuss the so called importance function
g(x t jx t � 1yt ), an easy to sample function whose support
encompassesthatof � t . Theestimationof I (f t ), asde�ned in
(1) canbe recastas follows,

I (f t ) =
R

f t (x t )
p(x t j y1: t )

g(x t j x t � 1 y t ) g(x t jx t � 1yt )dxt

=
R

f t (x t )w(x t )g(x t jx t � 1yt )dxt
(4)

wherew(x t ) is de�ned as the so called importanceweight,

wt =
p(x t jy1:t )

g(x t jx t � 1yt )
(5)

Particle �lters sequentiallygenerateSt from St � 1 usingthe
following steps,

1) Importance Sampling: Sample x ( i )
t �

g(x t jx
( i )
t � 1yt ); i = 1; : : : ; N . This stepis alsocalled the

proposalstepandg(�) is sometimescalledthe proposal
density.

2) Computing Importance Weights: Computethe unnor-
malizedimportanceweights ~w( i )

t ,

~w( i )
t = w( i )

t � 1
p(yt jx

( i )
t )

g(x ( i )
t jx ( i )

t � 1yt )
; i = 1; : : : ; N : (6)

3) Normalize Weights: Obtain the normalized weights
w( i )

t ,

w( i )
t =

~w( i )
t

P N
j =1 ~w( j )

t

; i = 1; : : : ; N : (7)

4) Infer ence Estimation: An estimateof the inference
I (f t ) is given by

Î N (f t ) =
NX

i =1

f t (x
( i )
t )w( i )

t (8)

This sequenceis performedfor eachtime iteration to get
theposteriorat eachtime step.A basicproblemthat theabove
algorithm suffers from is that, after a few time steps,all im-
portanceweightsexcepta few go to zero.Theseweightswill
remainat zero for all future time instants(asa resultof (6)),
anddo not contribute to the estimationof Î N (f t ). Practically,
this degeneracy is undesirableandis a wasteof computational
resource.This is avoidedwith theintroductionof a resampling
step. Resamplingessentiallyreplicatesparticleswith higher
weightsand eliminatesthosewith low weights.This can be
done in many ways. [2], [10], [16] list many resampling
algorithms.The mostpopularone,originally proposedin [2],
samplesN particlesfrom the set f x ( i )

t g (samplesgenerated
afterproposal)accordingto themulti-nomialdistribution with
parametersw( i )

t to get a new setof N particles ~St . The next
iteration usesthis new set ~St for sequentialestimation.We
discusssomeadditionalsamplingalgorithmsin II-B.

A. Choiceof ImportanceFunction

Crucial to the performanceof the �lter , is the choice of
the importancefunction g(x t jx t � 1yt ). Ideally, the importance
function should be close to the posterior. If we choose
g(x t jx t � 1yt ) / p(yt jx t )p(x t jx t � 1), thenwe would obtainthe
importanceweightswt identically equalto 1 andthe variance

of the weights would be zero. For most applications,this
density function is not easyto samplefrom. This is largely
dueto thenon-linearitiesin thestatetransitionandobservation
models. One popular choice is to use the state transition
density p(x t jx t � 1) as the importancefunction. In this case,
the importanceweightsaregiven by

wt / wt � 1p(yt jx t ) (9)

Other choicesinclude using cleverly constructedapproxi-
mationsto the posteriordensity[17].

B. ResamplingAlgorithms

In the particle �ltering algorithm, the resamplingstepwas
introducedto addressdegeneraciesresultingdueto the impor-
tanceweightsgettingskewed.Among resamplingalgorithms,
theSRtechniqueis popularlyused.Thebasicstepsof SR[16]
are recountedbelow.

� For j = 1; : : : ; N
1) SampleJ � f 1; : : : ; N g, such that Pr [J = i ] =

a( i ) , for somechoiceof f a( i ) g.
2) The new particle ~x ( j )

t = x (J )
t and the associated

weight is ~w( j )
t = w(J )

t =a(J )
t .

� The resampledparticleset is ~St = f ~x ( i )
t ; ~w( i )

t gN
i =1 .

If a( i ) = w( i )
t the resamplingschemeis theoneusedin [2].

Otherchoicesarediscussedin [16].
Particle �ltering algorithmsthat useSequentialImportance

Sampling (SIS) and SR are collectively called SISR algo-
rithms. Computationally, SR is a tricky step, as it requires
the knowledgeof the normalizedweights.Resamplingbased
on SR cannot start until all the particles are generated
and the value of the cumulativesum is known. This is the
basic limitation that we overcome by proposing alternative
techniques.

I I I . INDEPENDENT METROPOLIS HASTINGS ALGORITHM

In this section,we introduceMonte Carlo samplingtech-
niques,discussin detail the Metropolis HastingsAlgorithms
andits derivative, the IndependentMetropolisHastingsAlgo-
rithms [14]. Further, we “redesign” the basicparticle �ltering
algorithmusing thesetechniquesfor sampling.

Particle �ltering is a specialcaseof more generalMCMC
baseddensitysamplingtechniques,speci�cally suitedfor dy-
namicalsystems.The MetropolisHastingsAlgorithm (MHA)
[18], [19] is consideredthe mostgeneralMCMC basedsam-
pling. Popularsamplerssuchas the Metropolis Sampler[20]
or the GibbsSampler[21] arespecialcasesof this algorithm.

The MHA and the particle �lter both addressthe issue
of generatingsamplesfrom a distribution whose functional
form is known (upto a normalizing factor) and is dif�cult
to sample.In this section,we presenta hybrid samplerthat
usesthesamplingmethodologiesadoptedin MCMC samplers
(speci�cally, the MHA algorithm) for the problem of esti-
mating posteriordensity functions.We later show that such
a schemeis computationallymore favorable than systematic
resampling.
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A. Metropolis HastingsAlgorithm

We �rst presentthe general theory of MCMC sampling
using the MHA algorithm and then statethe conditionsun-
der which the general theory �ts into the particle �ltering
algorithm presentedbefore. The MHA generatessamples
from the desireddensity (say p(x); x 2 X ) by generating
samplesfrom an easy to sampleproposal distribution, say
q(xjy); x 2 X ; y 2 X . MHA producesa sequenceof states
f x (n ) ; n � 0g, which by constructionis Markovian in nature,
throughthe following iterations.

1) Initialize the chain with an arbitrary value x (0) = x0.
Here,x0 could be userspeci�ed.

2) Given x (n ) ; n � 0, generatêx v g(�jx (n ) ), whereg is
the samplingor proposalfunction.

3) Accept x̂ with probability � (x (n ) ; x̂) asde�ned below

� (x (n ) ; x̂) = min
�

p(x̂)
p(x (n ) )

g(x (n ) jx̂)
g(x̂jx (n ) )

; 1
�

(10)

That is, for a uniform randomvariableu v U[0; 1]

x (n +1) =
�

x̂ if u � � (x (n ) ; x̂)
x (n ) otherwise

(11)

Under mild regularity conditions,it can be shownthat the
Markov Chain f x (n ) g as constructedby the MHA converges
and hasp(x) as its invariant distribution, independentof the
valuex0 chosento initialize the chain [14].

TheMHA is usedto generatea MonteCarloMarkov Chain
whoseinvariantdistribution is the distribution p(x). However,
there is an initial phasewhen the chain is said to be in a
transientstate,dueto theeffectsof theinitial valuex0 chosen.
However, after suf�cient samples,the effect of the starting
valuediminishesandcanbe ignored.The time during which
thechainis in a transientstateis referredto asburn-in period.
This is usually dependenton both the desiredfunction p(x),
the proposal function q(xjy) and most importantly, on the
initial state x0. In most cases,an estimationof this burn-
in period is very dif�cult. It is usually easier to make a
conservative guessof what it could be. There are heuristics
thatestimatethenumberof burn-insamples(sayNb). Samples
that are in the burn-in periodarediscarded.

B. IndependentMetropolis HastingsAlgorithm

The IndependentMetropolis HastingsAlgorithm (IMHA)
is a special caseof the generalMHA where the proposal
function q(xjy) is set as q(x). This makes the proposal
function independentof thepreviously acceptedsamplein the
chain. This would meanthat the acceptanceprobability (10)
� (x (n ) ; x̂) of a proposalx̂ 2 X with the chainat x (n ) 2 X ,

� (x (n ) ; x̂) = min
�

p(x (n ) )
g(x (n ) )

g(x̂)
p(x̂)

; 1
�

(12)

The IMH algorithmhasstrongconvergenceproperties.Un-
der mild regularity conditions,it hasbeenshown to converge
at a uniform rateindependentof thevaluex0 usedto initialize

thechain.A studyof suchconvergencepropertiescanbefound
in [14], [22].

Both IMHA andSISRarealgorithmsdesignedto generate
samplesaccordingto a probability densityfunction, with the
SISRsuitedspeci�cally to the sequentialnatureof dynamical
systems.In this regard, the the key differencebetweenthe
IMHA and the SISR algorithm lies in the fact that the
SISR algorithm requiresthe knowledge of cumulative sum
of weights(the term

P N
j =1 ~w( j )

t in (7)). This is importantas
the cumulative sum can only be computedwhen the weights
correspondingto the whole particle set is known. Hence,
SR can only begin after all particlesare generatedand their
weightsare computed.In contrast,the IMHA posesno such
bottlenecks.In the next section,we exploit this property to
design a �lter that does not suffer from the bottle-necks
introducedby SR.

IV. PROPOSED METHODOLOGY

The bottlenecksintroducedby the SR techniquecan be
overcomeby usingthe IMHA for resampling.However, there
are some basic issuesthat needsto be resolved before we
achieve this. To begin with, the generationof particlesusing
importancesamplingworksdifferently for thetwo algorithms.
Particle �ltering allows for the importancefunction to be
de�ned locally for eachparticle.Mathematically, the i th par-
ticle at time t is generatedfrom an importancefunction,
representedasg(x t jx

( i )
t � 1yt ), parametrizedby x ( i )

t � 1. This poses
aproblemin theapplicationof IMHA to estimatetheposterior,
becausethe conceptof importancefunctionsassociatedwith
each particle does not extend to IMHA. In contrast, the
MHA algorithm requiresthe importancefunction to depend
functionallyonly on thelastacceptedsamplein thechain,and
in thecaseof the IMHA, the importancefunction remainsthe
same.

Given a set of unweightedsamplesf x ( i )
t � 1; i = 1; : : :g

sampledfrom theposteriordensityp(x t � 1jy1:t � 1) at timet� 1,
we canapproximatethe posteriorby

p(x t � 1jy1:t � 1) �
1
N

NX

i =1

� x t � 1 (x ( i )
t � 1) (13)

where� x t � 1 (�) is the Dirac Delta function on x t � 1. Using (2)
and(13), we canapproximatethe posteriorat time t,

p(x t jy1:t ) �
p(yt jx t )

p(yt jy1:t � 1)
1
N

NX

i =1

p(x t jx
( i )
t � 1) (14)

Samplingfrom this densitycan be performedusing MHA
or IMHA. The issueof choice of importancefunction now
arises.The importancefunction typically re�ects andexploits
the knowledge of application domain or could be a clever
approximationto the posterior. For this reason,we would
like to reusethe importancefunction correspondingto the
underlyingmodel.

Keepingthis in mind, we proposea new importancefunc-
tion of the form,

g0(x t jyt ) =
NX

i =1

1
N

g(x t jx i
t � 1yt ) (15)
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Note that g0(x t jy1:t ) quali�es to be an importancefunction
for use in IMHA, given its dependenceon only one state
variable.To samplefrom g0(x t jyt ), we needto �rst sample
I v U[1; 2; : : : ; N ], and then samplefrom g(�jx I

t � 1yt ). The
samplingof I canbe donedeterministicallygiven the easeof
samplingfrom uniform densitiesover �nite discretespaces.
Finally, althoughthe new importancefunction is functionally
different from the oneusedin the SISRalgorithm, the gener-
atedparticleswill be identical.

The overall algorithm proceedssimilar to IMHA. We
�rst propose particles using the new importance function
g0(x t jy1:t ). The acceptanceprobability now takes the form

� (x t ; x̂) = min
�

w0(x̂)
w0(x t )

; 1
�

(16)

w0(x t ) = p(yt jx t )

P N
i =1 p(x t jx

( i )
t � 1)

P N
i =1 g(x t jx

( i )
t � 1yt )

(17)

Further, if the choice of the importance function were
the sameas the state transition model, i.e, g(x t jx t � 1yt ) =
p(x t jx t � 1), then the acceptanceprobability becomesa ratio
of likelihoods,

� (x (n )
t ; x̂) = min

(
p(yt jx̂)

p(yt jx
(n )
t )

; 1

)

(18)

We cannow avoid the systematicresamplingof traditional
particle �ltering algorithms.The intuition is that we will use
IMHA to generateunweightedparticle set/streamfrom the
desiredposterior.

As before,we have an unweightedparticle set St � 1, that
containsparticlesapproximatingthe posteriorat time t � 1,
� t � 1(x t � 1). We aim to estimatean approximation to the
posteriorat time t. As before,thealgorithmis initialized with
S0 containingsamplesfrom the prior p(x0). The main steps
arestatedbelow:

� Importance Sampling (step 1): GenerateN + Nb in-
dices J (i ); i = 1; : : : ; N + Nb uniformly from the set
f 1; 2; 3; : : : ; N g, whereNb is an estimateof the burn in
periodandN is thenumberof particlesrequired.between
1::N with uniform density.

� Importance Sampling (step 2): From the particle set
St � 1 = f x ( i )

t � 1; i = 1; : : : ; N g at time t � 1, proposeN +
Nb particlesto form the set Ŝt = f x̂ ( i )

t ; i = 1; : : : ; N +
Nbg using the rule:

x̂ ( i )
t v g(�jxJ ( i )

t � 1 yt ) (19)

� Compute Importance Weights: For eachparticlein Ŝt ,
evaluate the importanceweights w0( i )

t ; for eachi using
(17).

� Infer ence: Estimatethe expectedvalue of functionsof
interest.Compute

Î t (f t ) =
P N + N b

i =1 f (x ( i )
t )w0( i )

t
P N + N b

i =1 w0( i )
t

(20)

Note that samplesdiscarded during burn-in can still be
used in the computationof (20) as the unnormalized

particle set f x ( i )
t ; w0( i )

t ; i = 1; : : : ; N + Nbg is still
properly weighted(whennormalized)[23] .

� MCMC Sampler: Use the IMH sampler to parse
throughthe set Ŝt , to generatea new unweightedset of
particlesusing the following steps.

1) Initialize thechainwith x (1)
t = x̂ (1)

t the�rst particle
proposed.

2) for i = 2; : : : ; N + Nb,

x ( i )
t =

(
x̂ ( i )

t ; with prob. � (x ( i � 1)
t ; x̂ ( i )

t )
x ( i � 1)

t ; with prob. 1 � � (x ( i � 1)
t ; x̂ ( i )

t )
(21)

where� (�; �) is theacceptanceprobabilityasde�ned
in (10).

Discardingthe�rst Nb samplesfor burn in, theremaining
N samplesform St = f x ( i )

t ; i = Nb + 1; : : : ; N g, the
approximationof p(x t jy1:t ).

We can now compare the algorithm given above with
the classical SISR discussedin Section II. Note that the
SISRalgorithminvolvesa weightnormalizationstep(equation
(7)). However, the proposedalgorithm works with ratios of
unnormalizedweights and requires no such normalization.
This allows for the following advantagesin the proposed
methodology:

� The IMH sampler works with ratios of importance
weights.This obviatesthe need for knowledge of nor-
malizedimportanceweights,aswecanwork with unnor-
malizedweights.This allows the IMH samplerto start
parsing throughthe particlesas they are generated,and
not wait for the entire particle set to be generated and
the importanceweightscomputed.

� In contrast, in SISR,the resamplingcanbegin only when
all particles are generated and the cumulativesum or
normalizedweightsare known.

Theability to resampleparticlesas they are generatedallows
for fasterimplementations.This is analyzedfurther in section
V.

A. Drawbacks of the proposedFramework

The proposedframework overcomesthe drawbacksof the
SISR algorithm by adopting an MCMC sampling strategy
as opposedto the traditional SR technique.However, the
new framework does introduceextra computationsthat add
to increasedoverall complexity. We discussthesedrawbacks,
andan alternateformulation that cancircumvent this issue.

Consider the expression for weight computation, given
in (17). The expressioninvolves computingthe summationsP N

i =1 p(x t jx
( i )
t � 1) and

P N
i =1 g(x t jx

( i )
t � 1yt ), which requiread-

ditionalcomputationtime.Thecomputationof bothtermsdoes
not presenta severebottleneck,as it canbe easilypipelined.
Further, whentheproposaldensitymatchesthestatetransition
model, the termscanceleachotherout.

Nonetheless,it is possibleto circumvent this problemusing
the auxiliary particle �ltering paradigm[3], [15].
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B. Auxiliary Particle Filters

Auxiliary particle �ltering refersto techniquesthat extend
the state spaceof the problem to include a particle index.
Considerthe new statespacef x t ; kg, wherek 2 [1; : : : ; N ]
denotestheparticleindex. Theposteriorp(x t kjy1:t ) is de�ned
as

p(x t kjy1:t ) / p(yt jx t )p(x t jxk
t � 1) (22)

Marginalizing (22) over the statek gives the expressionin
(14) for p(x t jy1:t ).

Let us further assumethat we samplethe joint spaceusing
a proposalg(x t kjx t � 1yt ), i.e, (x ( i )

t ; k( i ) ) � g(�jx t � 1yt ). The
unnormalizedweightscanbe constructedas

w( i )
t =

p(yt jx
( i )
t )p(x ( i )

t jxk ( i )

t � 1)

g(x ( i )
t ; k( i ) )jx ( i )

t � 1yt )
(23)

As before,we can resampleusing an MCMC chain, and
the expressionfor acceptanceprobability remainsthe ratio
of unnormalizedweights as given in (10). At the inference
step, we �rst marginalize acrossthe particle index state k.
However, it is easyto seethat the marginalizationis identical
to discardingthe particle index information at eachparticle,
given the nature of the particle-basedrepresentationof the
underlyingdensity. In a nutshell,the useof auxiliary variable
allows us to completelyavoid the summationof (17) and the
associatedcomputationalcost.

Finally, there exist many choicesfor the proposaldensity
in theextendedstatespace.A discussionon this canbe found
in [15].

V. IMPLEMENTATION BASED ON PROPOSED

METHODOLOGY

In this section, we presentapproachesfor implementing
the theory presentedin sectionIII. We assumethat the basic
computationalblocks for importancesampling,computation
of importanceweight andparsingof particlesasper the IMH
algorithmareavailable.We usetheseblocksto proposethree
implementations:a sequentialimplementationandtwo parallel
implementations.

A. SequentialImplementation

Weight Calc St

Estimation Block
Expected Inference

Proposal IMH ChainSt�1

Fig. 1. SequentialImplementation

Figure1 illustratesa straight-forwardimplementationof the
proposedalgorithm.It consistsof the following blocks.
ProposalBlock: The proposalblock takesSt � 1, the particles
from the previous time stepand proposesnew particlesx ( i )

t
(one particle at a time) by sampling the proposalfunction.
For the IMHA-based algorithm, this amountsto generating
a uniform numberJ (i ) � U[1; 2; : : : ; N ] to randomly pick

one particle from St � 1, say f xJ ( i )
t � 1 g. The particle x ( i )

t is
obtainedfrom samplingg(x t jx

J ( i )
t � 1 yt ). We assumethat this

blocks proposesparticle one at a time. When we use the
auxiliary variableframework, this involvessamplingboth the
statex ( i )

t and the associatedparticle index statek( i ) from a
proposalfunction g(x t kjx t � 1yt ).
Weight Calculator: This block is an implementationof (17)
(or (23) whenwe useauxiliary variables).
IMH Chain: Thisblock is animplementationof (16) in which
the acceptanceprobability � is calculatedfor the new particle
and the previously acceptedparticle. Further, an uniform
random-numberu � U[0; 1] is generatedand if it is smaller
than � then the new particle is retainedin St , else the last
acceptedparticle in the chain is replicatedoncemore.
Infer enceEstimation Block: This block estimatesthe infer-
encefunction(equation1). Thecomputationcanbeperformed
in parallelwith theIMH chain,andhasno effect on theoverall
computation.

The characteristicsof this basic implementationare as
follows.

� Sequential Processingof Particles: Eachblock in the
implementationprocessesone particle at a time. So, to
processQ particles each block needsto run Q times.
Note that, if we needto generateN particlesto represent
theposteriordensity, thenwe will have to iterateN + Nb

timeswhereNb is theburn-inperiod.ThelastN particles
in the IMH chain is the samplesetSt .

� Pipelining: By pipelining the blocks,processingin each
block can be made to overlap in time, leading to an
overall increasein the throughputof the system.

� Computation Time: We now estimatethetime required
to processQ = N + Nb particlesunderthis implemen-
tation. Let us supposethat the target applicationis such
thattheproposalblock cangenerateoneparticleevery Tp

time units. The weight computationblock generatesthe
weight of a particlein Tw time units,andthe IMH chain
processparticlesoncein every Td time units.Further, we
assumethat the overall time requiredto processis not
constrainedby the inferenceblock (andthereforeignored
in this analysis).Under this setting,we cancomputethe
total time requiredto processQ particles.

The implementationin Figure 1 will take Tp + Tw + Td

time units to produce the �rst particle x (1
t ). Thereafter, it

will be able to produceone particle every max(Td; Tp; Tw )
time units. The total latency for generatingNb + N particles
would be (Nb + N � 1) max(Td; Tp; Tw ) + Tp + Tw + Td

time units.This basicsequentialimplementationcanbe made
faster by replicating the proposal,weight computationand
the IMH chain blocks. In order to exploit the parallelism
in processingof particles, we presenta re�nement of the
sequentialimplementation.

B. Parallel Implementation:SingleChain

Figure 2 illustrates the parallel implementation of the
proposedalgorithm. We still retain a single IMH Chain,
though the proposaland the weight computationblocks are
replicated.Having multiple IMH chainsintroducesadditional
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St�1
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Proposal

IMHA Chain
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Fig. 2. Parallel Implementationwith a single IMH Chain.

issuesinvolving burn-in in eachchain.For this reason,we �rst
restrict ourselves to single chain implementations.We relax
this restrictionlaterin SectionV-C. Let thenumberof proposal
blocks be Rp and the numberof weight computationblocks
be Rw . We would like to computethe total time required
to processQ particlesas a function of Rp and Rw (and the
latency of the blocksTp; Tw andTd). Further, we would like
to choosespeci�c valuesof Rp andRw to achieve thesmallest
total processingtime.

The total computationaltime is determinedby bottlenecks
in processingcreateddue to differing rates of processing
of particles at each stage.The rate at which the proposal
blocks processparticles is Rp=Tp, the weight computation
blocks at Rw =Tw and the IMHA blocks at 1=Td. The total
computationaltime is predominantlydependenton which of
the threeratesis the smallest.

1) CaseA: Rp=Tp � Rw =Tw � 1=Td. : In this scenario,
the proposal blocks have the smallest rate of processing,
followedby theweightcomputationblocks.Supposewe need
to processQ particles,thentheproposalblocksby themselves
will need(Q=Rp)Tp time units to processall particles.The
weight computationandIMHA processinghappenin parallel.
Given the quicker processingrateat both weight computation
andIMHA, by thetime thelastsetof Rp particlesis processed
at the proposalblocks,all earlier particleshave alreadybeen
processedthroughtheweightcomputationblocks.Theamount
of time required to process the last set of Rp particles
at the weight computationblocks and the IMHA block is
RpTw =Rw + Rw Td. Allowing Rp andRw to take valuesover
the real line (andnot just positive integers)the total time for
processing� A is,

� A (Rp; Rw ) =
Q
Rp

Tp +
Rp

Rw
Tw + Rw Td (24)

We are now interestedin computingthe valuesof Rp and
Rw that minimize � A , keeping in mind that such solutions
must satisfy the assumptionsof CaseA. To begin with, we
note that both Rp andRw take positive values.This allows a
naturalchangeof coordinateframesof the form,

~Rp = log(Rp)
~Rw = log(Rw )

(25)

In termsof ~Rp and ~Rw , the expressionfor � A canbe written
as,

� A ( ~Rp; ~Rw ) = QT � ~R p

P + Tw e
~R p � ~R w + Tde

~R w (26)

Theconstraintsfor theminimizationcomefrom theassump-
tions madeon the orderingof the ratesin CaseA.

~Rp � ~Rw � log
�

Tp

Tw

�
� 0

~Rw � log
�

Tw
Td

�
� 0

(27)

Finally, Rp and Rw are naturally boundedby the value of
Q. This leadsa convex optimizationproblemwith inequality
constraintsstatedas,

min ~R p ; ~R w
� A ( ~Rp; ~Rw ) = QTpe� ~R p + Tw e~R p � ~R w + Tde~R w

(28)
~Rp � ~Rw � log

�
Tp

Tw

�
� 0 ~Rp � logQ � 0

~Rw � log
�

Tw
Td

�
� 0 ~Rw � logQ � 0

(29)

We now note that the expressionfor � A is convex in both
~Rp and ~Rw . Further, the inequality constraintis also convex
in ~Rp and ~Rw . Onecanusea hostof techniques[24] designed
speci�cally for convex optimization.

2) Case B: Rw =Tw � Rp=Tp; Rw =Tw � 1=Td.: Using
a line of reasoningidentical to CaseA, we can derive an
expressionfor the amountof time � B neededto processQ
particles,asa function of Rp andRw .

� B (Rp; Rw ) =
Rw

Rp
Tp +

Q
Rw

Tw + Rw Td (30)

We note that a value of Rp greaterthan Rw is impractical
leadingto aconstraintonRp of theform Rp � Rw . As before,
we canrecastthe setof equationsin termsof ~Rp and ~Rw (as
de�ned in (25)) to get the costandconstraintequations.

min ~R p ; ~R w
� B ( ~Rp; ~Rw ) = Tpe~R w � ~R p + QTw e� ~R w + Tde~R w

(31)
~Rw � ~Rp � log

�
Tw
Tp

�
� 0 ~Rw � logQ � 0

~Rw � log
�

Tw
Td

�
� 0 ~Rp � ~Rw � 0

(32)

Both the cost function and the inequality constraintsare
convex in ~Rp and ~Rw .

3) Case C: Rp=Tp � 1=Td � Rw =Tw .: In CaseC, the
main bottleneck is in the proposalblock, followed by the
IMH chain.Accordingly, the total time � C for processingof
Q particlesis

� C (Rp; Rw ) =
Q
Rp

Tp + Tw + RpTd (33)
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Using the transformationof variablesin (25), we can write
down expressionsfor both the cost � C andthe constraints.

min ~R p ; ~R w
� C ( ~Rp; ~Rw ) = QTpe� ~R p + Tw e~R p � ~R w + Tde~R w

(34)
~Rp � ~Rw � log

�
Tp

Tw

�
� 0 ~Rp � logQ � 0

~Rw � log
�

Tw
Td

�
� 0 ~Rw � logQ � 0

(35)

As before, both the cost and the inequality constraintsare
convex over ~Rp and ~Rw .

4) CaseD: 1=Td = min(Rp=Tp; Rw =Tw ; 1=Td).: The�nal
scenariois whenthemainbottleneckis at theIMH chain.The
expressionfor total time � D is given as,

� D (Rp; Rw ) = Tp + Tw + QTd (36)

� D is not dependenton the choice of Rp and Rw . So the
whole feasibility set forms the solutionsetwhenwe optimize
for minimum processingtime. For completeness,we again
formulateit asa convex programwith the following costand
constraints.

min ~R p ; ~R w
� D ( ~Rp; ~Rw ) = Tp + Tw + QTd (37)

� ~Rp + log
�

Tp

Td

�
� 0 ~Rp � logQ � 0

� ~Rw + log
�

Tw
Td

�
� 0 ~Rw � logQ � 0

(38)

As statedabove, in CaseD all points in the feasibleset
form the solutionset.

Dependingon the exact location of the bottle neck, it is
possibleto have upto 6 differentscenarios.However, someof
thesescenarioscollapseto identical expressionsfor the total
cost leadingto the four casesA throughD discussedabove.
Theexpressionsfor thecostandtheassociatedconstraintsare
summarizedin Table I. We note that eachcaseresults in a
convex cost function and convex inequality constraints.This
allows us to designan algorithm for determiningthe global
minima for total computationtime for processingQ particles
given valuesof Tp, Tw andTd.

1) Given valuesof Td and Tw , formulate FOUR convex
programsassociatedwith the four casesillustrated in
Table I.

2) Solve eachconvex programto obtain minimum times
� i; min ; i 2 f A; B ; C; Dg and associatedvaluesof ~Rp

and ~Rw .
3) Choosethe con�guration that gives the least total pro-

cessingtime.

The above algorithm allows us to obtain designspeci�ca-
tions with minimum processingtime given valuesof Tp, Tw ,
Td and Q. Note that the basic computationtools used are
optimization techniquesfor convex programs.Convex opti-
mization is a well studiedproblem,and thereare techniques
that solve convex programsvery ef�ciently andreliably [24].
Further, convex programshave very desirablepropertieswith
respectto local minima. All local minima are also global
minima,andfurtherthesetof all local (global)minimaform a
convex setthemselves.Finally, we notethatanalyticsolutions

to the convex programarehighly dependenton the individual
valuesof Q, Tp , Tw andTd.

It is possiblethat the four convex programmay not have
uniquesolutions.Ambiguity in choiceof Rp andRw over the
solutionsetcanbe resolved, if we have additionalconsidera-
tionssuchasresourceor energy constraints.It is notedthat the
set of all solutionsto a convex program is also convex [24].
Thispropertycouldbeeffectivelyusedto designalternatecost
functionsto resolvetheambiguityin thechoiceof Rp andRw .

C. Parallel Implementation:Multiple Chains

St�1

Weight Calc

Weight Calc

Weight Calc

Weight Calc

Weight Calc

Weight Calc

Weight Calc

Weight Calc

B
U

F
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E
R
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U

F
F

E
R

Proposal

Proposal

Proposal

Proposal

B
U

F
F

E
R

B
U

F
F

E
R

Proposal

Proposal

IMH Chain

IMH Chain

Inference

St

Fig. 3. A Parallel Implementationwith Multiple IMH Chains.

Figure 3 shows a parallel implementationof the proposed
algorithm with multiple IMH chains. The implementation
basicallyreplicatesthestructureproposedin Figure2 multiple
times.This implementationgivesspeedupproportionalto the
numberof IMH Chains.

Let P be the numberof IMH chains.Under this imple-
mentation,to generatea set St with N particles,eachchain
would needto generateonly N=P particles,excluding that
requiredfor burn in, leadingto a total of Nb + N=P particles
at each IMH chain. Hence,the time required for obtaining
an N -particle set is equal to the time required to process
Nb + N=P particlesin the implementationas per Figure 2.
With this, we can easily computethe total time requiredto
generateSt for differentscenariosusingthe sameanalysisas
before,and restrictingthe total numberof particlesper IMH
chain to Nb + N=P.

VI . EXPERIMENTAL VERIFICATION

The design methodologiesproposedin this paper were
veri�ed for two applications:a syntheticexample originally
discussedin [2] and for the problem of visual tracking .
The testbedwas the UMIACS Red/Blue cluster. The Red
cluster consistsof 16 PII (400 MHz) PCs running Redhat
7.3, with eachPC having a RAM of 1GB. The Blue cluster
consistsof 12 PIII (550Mhz).We usedMPICH [25] [26], an
implementationof the MessagePassingInterface (MPI) for
communicationbetweenthreads.

We chose to implement over a multi-processorcluster
framework as the underlyingtheoryappliesboth to hardware
baseddesignaswell as to clusters.In general,MPI haslarge
overheads;however, suchoverheadsarecommonandidentical
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Case RateOrdering Cost Constraint

A Rp =Tp � Rw =Tw � 1=Td QTp e� ~R p + Tw e ~R p � ~R w + Td e ~R w

~Rp � ~Rw � log
�

Tp
Tw

�
� 0 ~Rp � log Q � 0

~Rw � log
�

Tw
Td

�
� 0 ~Rw � log Q � 0

B Rw =Tw = min( Rp =Tp ; Rw =Tw ; 1=Td ) Tp e ~R w � ~R p + QTw e� ~R w + Td e ~R w

~Rw � ~Rp � log
�

Tw
Tp

�
� 0 ~Rp � log Q � 0

~Rw � log
�

Tw
Td

�
� 0 ~Rw � ~Rp � 0

C Rp =Tp � 1=Td � Rw =Tw QTp e� ~R p + Tw + Td e ~R p

~Rp � log
�

Tp
Td

�
� 0 ~Rp � log Q � 0

� ~Rw + log
�

Tw
Td

�
� 0 ~Rw � log Q � 0

D 1=Td = min (Rp =Tp ; Rw =Tw ; 1=Td ) Tp + Tw + QTd
� ~Rp + log

�
Tp
Td

�
� 0 ~Rp � log Q � 0

� ~Rw + log
�

Tw
Td

�
� 0 ~Rw � log Q � 0

TABLE I
EXPRESSIONS FOR TOTAL TIME TAKEN TO PROCESS Q PARTICLES FOR BOTTLENECKS AT VARIOUS STAGES IN THE PIPELINE.

to both SISR as well as the MCMC basedschemes.The
conclusionsfrom our experimentalobservations still remain
the same.

Further, as mentionedearlier, computationof the burn-in
period is a hard problem by itself. However, in sequential
estimation,the proposaldensity is in generala good guess
of the posterior. In suchcases,the adverseeffects of burn-in
periodarereduced.For theexperimentsbelow, we setNb = 0.

A. Visual Tracking

We implementedthe particle �lter basedonline tracking
algorithmpresentedin [27] usingtheRedCluster. We discuss
the �ner detailsof the �lter and its implementationbelow.

1) Model Details: We �rst summarizethe tracking algo-
rithm, detailing its computationalaspects.A typical tracking
example in shown in Figure 4. The models de�ning the
dynamicalsystemis describedbelow.

� State Space: The state x t is a 6-dimensionalvector
(X = R6) de�ning af�ne deformationsof a rectangular
template.

� State Transition Model: A simple randomwalk model
with Gaussiannoiseis usedto modelthestatetransition.

x t = x t � 1 + nt ; nt � N (0; � n ) (39)

� Observation Model: The frame of the video at time
t forms the observation. The likelihood model p(yt jx t )
involves comparing the appearancemodel A t suitably
deformedby the statex t with the observation yt . The
appearancemodelemploys a mixturesof Gaussianswith
threemixturesto modeltheappearance.Eachvalueof x t

de�nes a patch(parallelogramshaped)on the imageyt .
Let zt = T(yt ; x t ) be the patchde�ned by x t over yt .
Then,

p(yt jx t ) = p(yt jx t A t ) = p(zt jA t ) (40)

� ProposalDensity: The algorithmusesthe proposalden-
sity to be the sameas the statetransitionmodel.

2) ImplementationDetails: An estimateof Tp, Tw andTd

was �rst obtainedby running eachblock over a single PC
many timesover andaveragingthe individual runs.

� Tp = 8�s; Tw = 1:1ms; Td = 1�s

With this,wecanseethatthemaincomputationalbottleneck
for this particularapplicationis theevaluationof weights.The
weight computationhasan unusuallylarge latency, primarily
becauseit involvesretrieval from thememory. Givenaparticle,
to computethe weight we needto �rst obtain the template
z( i )

t = T(yt ; x ( i )
t ). This involvesretrieval of elementsfrom the

memory(containingthecurrentframe).Further, theevaluation
p(z( i )

t jA t ) involves evaluation of the mixture of Gaussian,
which is far more complicatedthan the simple proposaland
theIMHA blocks.For this reason,we �x edRp = Rd = 1 and
analyzedtheperformanceof thearchitecturefor variousvalues
of Rw . The implementationof the proposedmethodology
over the cluster was as follows. Each block (as shown in
�gure 3) wasassigneda clusternodefor itself, i.e, a total of
Rp + Rw + Rd clusternodeswereemployed,with Rp of them
performingparticleproposal,Rw of themcomputingweights
andRd, the IMH chains.CommunicationbetweenthesePCs
wasperformedusingMPICH libraries.Holding the valuesof
Rp and Rw at unity (Rp = 1 = Rd), the tracker was tested
for varying numberof weight computationblocks.

For comparisonpurposes,we also implementedtraditional
SISRwith the samespeci�cationsas the proposedmethodol-
ogy. The main differencewas that the node that performed
resamplingwould now wait till all particles are delivered
from the weight computationblocks before starting the SR
algorithm.

3) Results: The algorithm was usedto process20 frames
of a video sequence,tracking a car. Figure 4 shows typical
trackingresults.The�lter wasrunwith 840and1680particles,
with the numberof clusternodesfor weight computationRw

varying from 1 to 6. Rw = 1 correspondsto the sequential
implementation,and Rw > 1 correspondsto the parallel
implementationwith a single chain. Under the samesetup,
we tried animplementationof SISR,replacingtheIMH Chain
with a systematicresampler. The main differencebetweenthe
algorithmsis that the systematicresamplercould begin only
whenall particleswereprocessedandthe normalizedweights
areknown.

Figure 5(a) shows the actual time taken (in seconds)to
process20 framesof video, with 840/1680particlesfor the
proposedalgorithmandSISR.Note the1=x-like decayexhib-
ited by the time taken by the proposedalgorithm.Figure5(b)
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Fig. 4. Frames1,4,8,12,16,20of the testedset.The outputof the tracker is inlaid on top
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Fig. 5. (Left) Actual time (in seconds)taken to process20 frames,with a ®lter of 840 particles,with varying numberof Rw . (Right) Speedupobtainedby
replicationof the weight computationnode.Note the linear speedupobtainedwith the proposedalgorithm.

shows the speedupof eachalgorithmwhenwe addmoreand
morecomputingnodes.The 1=x-like behavior now translates
to a linear increasein speedupwith the numberof processing
nodes.The two plots demonstratethe pipelinability of the
proposedalgorithm. It can be seenthat the speeduptapers-
off as numberof cluster nodesincreases.This is attributed
to increasingcommunicationdelaysbetweenthenodes.There
areno standardmodelsfor communicationdelayswhenusing
MPICH. As we usemoreandmoreprocessors,inter-processor
communicationbecomesthe dominantsourceof delay, and
further parallelizationdoesnot help.

B. SyntheticExample

We applied the design methodologyand implementation
strategiesproposedin this paperfor a syntheticexample.The
problemspeci�cationswere�rst introducedin [2]. Thesystem
hasa scalarstatespace,i.e, X = R. Thestatetransitionmodel
is de�ned by

x t = x t � 1 +
25x t � 1

1 + x2
t � 1

+ 8cos(2(t � 1)) + wt ; wt � N (0; 10)

(41)
The observation model is given by the equation

yt =
1
20

x2
t + vt ; vt � N (0; 1) (42)

We could then estimatethe times Tp : Tw : Td to be in
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the proportion 19:2 : 1 : 7. For �ltering with Q = 840
particles,we can now formulate and solve the four convex
programs.The convex programswere solved using the Mat-
lab's optimizationtoolbox.Theconstraintsthatareactive (the
constraintsthat are satis�ed with equality at a feasiblepoint
arecalledactive) at theminimawerenotedto giveaqualitative
interpretationto the result.

CaseA: Minimum is achievedwith thefollowing two active
constraints.

Rp

Tp
=

Rw

Tw
=

1
Td

(43)

Note that this is the ratebalancingcondition.Thecorrespond-
ing minimum time is

� A; min = QTd + Tp + Tw (44)

Case B: Again the minimum is achieved at the boundary
with the sameactive constraints.

Rw = Rp
R w
Tw

= 1
Td

(45)

This givesus a minimum time of

� B ;min = Tp + QTd + Tw (46)

CaseC: Note that the costfunction is independentof Rw .
The minimum is achieved at the following active constraint.

Rp

Tp
=

1
Td

(47)

giving a minimum time

� C;min = QTd + Tw + Tp (48)

CaseD: The costfunction is constantover the feasibleset.
Hence,the minimum time is

� D ;min = Tp + Tw + QTd (49)

It turns out that all four convex program give the same
minimumtime, andthis alsocorrespondsto thesolutiongiven
when the ratesare balancedas in (43). This is interestingas
balancedrateshave an intuitive appeal.

Weimplementedthree�lters andtestedthemontheRedand
Blue clusters.The �rst two �lters werethoseusingSISRand
IMH for resampling,with the proposaldensity, being same
as the state transition model. The third �lter was basedon
auxiliaryparticles,with acomplicatedproposaldensityde�ned
as follows:

g(x t ; kjx t � 1yt ) / g(x t jx
(k )
t � 1yt )g(k)

g(k) = c;
g(�jxk

t � 1yt ) � N (�
p

20jyt j + x̂ (k )
t j t � 1; 1);

wherex̂ (k )
t j t � 1; = x (k )

t � 1 +
25x ( k )

t � 1

1+( x k )
t � 1 )2

+ 8cos(2(t � 1))

(50)
This particularproposaldensitysamplesthe auxiliary state

randomly, and mixesthe observation with the predictedstate
to concentratemoreparticlesnearthe posteriormodes.

Figure 6 shows the actual time for computationand the
achieved speedupwith parallelization for the three �lters,

testedon bothclusters.We testedthealgorithmfor varyingRp

as the bottle-neckis initially in the proposalstage.However
for Rp > Tp=Td � 3 thebottleneckshifts to the IMH sampler
and further increasein the value of Rp does not produce
any signi�cant gains in the overall processingtime. This is
re�ected in the saturationof the plots associatedwith the
proposedalgorithm(IMH) in Figure6. In contrast,in SISRthe
resamplingbegins only when all the particlesare generated.
Theoverall time for processingdoesnot scaleaswell. Finally,
auxiliary particle �ltering scaleslinearly with the numberof
processingnodes,andoffers the bestspeedup.

The resamplingmethodand the associatedimplementation
schemesproposedin thepaper, allows for apipelinethatis free
of bottle-necks.Further, implementationsusing the proposed
methodologiesshow a speedupsthat increaseslinearly with
thenumberof processingnodesutilized. This allows for us to
parallelizethe algorithm to achieve the desiredruntime rate.
In contrast,implementationsbasedon SISRdo not scalethat
easilywith the numberof the processingnodesused.

VI I . CONCLUSION

In this paper we addressthe computationalchallenges
in implementingparticle �lters. We provide a methodology
that uses the IndependentMetropolis Hastings sampler. It
is shown that the traditional bottleneck introduced by the
systematicresampleris removed.This allows for a bottle-neck
freepipelinedimplementation.Theproposedalgorithmworks
independentof the underlyingapplication.Further, by using
theauxiliary �lter paradigm,we obtainanalternatedesignthat
doesnot suffer (in complexity) in the presenceof arbitrary
proposalfunction. Finally, a set of convex programsis used
to compute the design speci�cations in terms of resources
employed in eachstageof processingto achieve theminimum
time required to processa certain number of particles.We
validateourpropositionsusingaclusterof PCsfor theproblem
of visual tracking and show that implementationsof the
proposedmethodologyachieve speedupthat is linear with the
numberof processingelements.
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