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Abstract—In this paper, we analyze the computational chal-
lenges in implementing particle Itering especially to video
sequences.Particle Itering is a technique used for Itering
non-linear dynamical systems driven by non-Gaussian noise
processeslt has found wide-spread applications in detection,
navigation and tracking problems.Although, in general, particle
Itering methodsyield improved results, it is dif cult to achieve
real time performance. In this paper, we analyze the compu-
tational drawbacks of traditional particle Itering algorithms,
and presenta method for implementing the particle Iter using
the Independent Metropolis Hastings sampler, that is highly
amenableto pipelined implementations and parallelization. We
analyze the implementations of the proposedalgorithm, and in
particular concentrate on implementations that have minimum
processingtimes. It is showvn that the design parameters for the
fastestimplementation can be chosenby solving a set of corvex
programs. The proposedcomputational methodologywasveri ed
over a cluster of PCs for the application of visual tracking.
We demonstrate a linear speedup of the algorithm using the
methodology proposedin the paper.

Index Terms—Particle Filter, Resampling, MCMC, Auxillary
variable, Design Methodologies, Visual Tracking

I. INTRODUCTION

Filtering is the problem of estimation of an unknowvn
guantity usuallyreferredto asstate from a setof obserations
corruptedby noise,and hasapplicationsto a broadspectrum
of real-life problemsincluding GPS navigation, tracking etc.
Thespeci ¢ natureof the estimation/ Iteringproblemdepends
greatly on the statewe needto estimate the evolution of the
statewith time (if ary) and the relation of this stateto the
obsenations and the sourcesof noise. Generally analytical
solutionsfor estimationarepossiblein constrainecgandspecial
scenarios.For example, Kalman Itering [1] is an optimal
analytic lter whenthe modelsare linear and the corrupting
noise processeare GaussianFor non-linearsystemsdriven
by non-Gaussiamprocesseshe extendedKalman lter or the
iteratedextendedKalmanFilter are usedasapproximationgo
the optimal Itering schemeAnotherpopulartool for solving
the inference problems for non-linear systemsis particle
Itering [2], [3].

Particle ltering has been applied to a wide variety of
problemssuch as tracking, navigation, detection[4], [5] and
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video basedobject recognition. This generality of particle
Iters comesfrom a sample(or particle) basedapproximation
of the posteriordensity of the statevector This allows the
Iter to handleboth the non-linearity of the systemas well

as the non-Gaussiannature of noise processesHowever,

the resultingalgorithmis computationallyintensve and as a
results the needfor ef cient implementationsf thealgorithm,
tunedspeci cally towardshardware or multi-processobased
implementations.

Many methodsfor algorithmic and hardware implementa-
tions of particle Itering have beenproposedn the literature.
The authors of [6] identify resampling algorithms as the
main computationalstepin the algorithm that is completely
independentf the underlyingapplication.They alsopropose
new resamplingalgorithmsthatreducethe compleity of hard-
ware implementations Architecturesfor efcient distributed
pipelinedimplementationsising FPGAs have beenproposed
in [7]. A detailedanalysisof the basic problem, addressing
mary hardware and software issuescan also be found in [8],
[9].

Theresamplingalgorithmspresentedh theabove references
aremodi cations of the basicsystematicesamplingalgorithm
presentedn [10], which by itself createsbottle-necksin a
streamlinedimplementation.In [11], the authorsproposea
methodologyto overcomethis limitation by rederving the
basictheory with an alternateresamplingalgorithmwhich is
similar to the Monte Carlo Markov Chain (MCMC) Tracker
for interactingtargetsin video presentedn [12]. There have
beena numberof resamplingschemeshathave beenproposed
in theliterature.Liu andChen[13] list andcomparea number
of suchschemesOf sufcient interestand relevanceare the
so called Local Monte Carlo Methodsthat are describedin
[13].

A. Motivation

Speci cally, this paper analyzesthe computationalchal-
lengesin the implementation®f particle Iters, and provides
a generl design methodolgy for particle Itering using
pipelining and parallelizatior; theseare constructsthat are
commonlyusedin both hardware and multi-processotbased
systems.

Particle ltering involvesthree main modules:proposition,
weight evaluation and resamplingmodules. Standardimple-
mentationf particle Itering typically usewhatis commonly
known as systematiacesampling(SR). Systematiacesampling
posesa signi cant challengefor pipelined implementations



as it can only begin when all the weights are computed
at the weight computationstage, and the cumulatve sum
of the weightsis available. This meansthat ary pipelined
implementationwould start the resamplingonly after all the
weightsarecomputed.This increaseshe lateng of the whole
implementations.

In this paper we presentalgorithmic and implementation
schemedfor particle Iters for speedingup the basic com-
putations, thereby making particle Itering-based solutions
amenableto real time constraints.We demonstratea com-
putational methodologywhere the need for the knowledge
of cumulatve sum of weightsis removed. This implies that,
in contrastto traditional particle ltering implementation,
the proposedapproachdoes not suffer ary bottlenecksin
pipelining. Further this allows us to speedupthe Iter and
reduceits lateng through pipelining and parallelization.We
further demonstraté¢he performancef theseimplementations
usinga clusterof PCs.This allows usto achiere speedupshat
arelinearin the numberof clusternodes.

B. Speci c Contributions

This paperaddressthe computationalchallengesin hard-
ware and multi-processotimplementationsof particle Iters.
In this regard, we make the following contritutions.

1) Algorithmic Enhancements:In orderto avoid the SR
step,we proposethe useof the independenMetropolis
Hastingsalgorithm [14] for resampling.We shov that
this algorithmicmodi cation is muchmoreamenableo
pipelining and parallelization.

2) Auxiliary Particle ®ltering: Further we showv that
mary of the problems associatedwith the proposed
methodologycan be further reducedwith the use of
auxiliary particle Iters [15]. This allows for complete
freedomin the choiceof proposaldensity which could
be an importantdesignissue.

Minimum  Time Implementations: We present

pipeline-ableandparallelarchitecturegor implementing

the proposedalgorithm. We formulate a set of convex
programsfor obtaining the designspeci cation of the
fastestimplementationof the algorithm. We also prove
that given a constrainton the execution speedof the
algorithm, the minimum resourcesrequired for the
implementatiorcanbe formulatedasa corvex program.

We analyzethe pipelining and parallelizability of the

proposedimplementationusing a cluster of PCs for

tracking a vehicle in a video stream. We achieve
speedupsn computationthat are linear in the number
of clusternodes.

3)

4)

The rest of the paperis organized as follows. We rst
presentthe traditional particle Itering algorithm in section
II. In sectionlll, we presenthe MCMC samplingtheoryand
useit to proposea computationamethodologyin SectionlV.
SectionV analyzesthe implementationsusing the proposed
methodologyFinally, in sectionVI, we demonstratehe per
formanceof the proposedmplementationgor the problemof
trackingin videosusinga clusterof PCs.

Il. PARTICLE FILTERING

In particle Itering, we addressthe problem of Bayesian
inferencefor dynamicalsystems.Let X RYandY RP
denotethe statespaceandthe obsenation spaceof the system
respectrely. Let x; 2 X denotethe stateattimet, andy; 2 Y
the noisy obsenration at time t. We modelthe statesequence
f X;g asa Markovian randomprocessFurtherwe assumehat
the obsenationsfy;g to be conditionally independengiven
the state sequencelUnder theseassumptionsthe systemis
completelycharacterizedy the following:

p(x¢jX; 1): The Statetransitionprobability densityfunc-

tion, describingthe evolution of the systemfrom time

t 1tot. Alternatively, the samecouldbe describedwith

a state transition model of the form x; = h(x; 1;n¢),

wheren, is a hoiseprocess.

p(y:jX¢): Obsenation likelihood density describingthe

conditional likelihood of obseration given state. As

before, this relationship could be in the form of an

observationmodely; = f (x¢;!{) where! is a noise

processndependenbf n;.

p(xo): The prior stateprobabilityatt = 0.

Given statisticaldescriptionsof the modelsand noisy ob-

senations, we are interestedin making inferencesaboutthe
state of the systemat current time. Speci cally, given the

estimatethe posteriordensity function = p(X¢jy1:.t). With
the posterior we aim to male inferenced (f;) of the form,
z

I(f) = E [fe(x)] = 1)

wheref; is somefunction of interest.An exampleof suchan
inferencecould be the conditionalmean,wheref {(x;) = X;.

Under Markovian assumptioron the statespacedynamics
and conditionalindependencassumptionon the obsenration
model, the posteriorprobability is recursvely estimatedusing
the BayesTheoem

fe(Xe)p(Xtjyr:t) dxy

R
Pytixt)  p(Xtjxt 1)P(Xt 1jyit 1)dXi 1 @
P(ytjyzt 1)

Note that, thereare no unknavnsin (2) sinceall termsare
eitherspeci ed or computablerom the posteriorat the previ-
oustime step.The problemis thatthis computation(including
the integrations) need not have an analytical representation.
However, foregoing the requirementfor an analytic solution,
particle ltering approximateshe posterior ; with a discrete
setof particlesor samplesf xE')giN:l Wifg associatedveights

p(Xtjy1:t) =

fw!)g\, suitably normalizedso that -, w!” = 1. The
approximationfor the posteriordensityis given by
M) = w) e xp) ©)

i=1
where () is the Dirac Delta function centeredat x;. The
sets, = fx{";wgY, is the weighted particle set that
representghe posterior density at time t, and is estimated
recursvely from S; ;. The initial particle setSy is obtained

from samplingthe prior density o = p(Xo).



We rst discuss the so called importance function
o(X¢jXt 1Y), an easyto sample function whose support
encompassethatof . Theestimationof | (f;), asde nedin
(1) canbe recastas follows,

I(f+)

t(Xt) g([:((t);;(JtYIlt)Zt) g(thXt 1Yt)dxt

= t(Xt)W(Xt)g(XtJXt 1Yt)dXy
wherew(x;) is de ned asthe so calledimportanceweight

P(Xtjy1:t)
—— 5
g(XejXt 1Y) ©)

Particle Iters sequentiallygenerateS; from S; ; usingthe
following steps,

1) Importance Sampling: Sample x;
g(xtht 1Yt);i = 1;::0; N, This stepis alsocalledthe
proposalstepandg( ) is sometimescalledthe proposal
density

2) Computing Importance Weights: Computethe unnor
malized importanceweightswt(') ,

(4)

(1)

w) = wi, 7'0((3’”’((')) = LN (6)
g(X¢ “JX¢ 1Y)
3) Normalize Weights: Obtain the normalized weights
w,
, w)

Wt(l)_P—Nt - j=1;::::N: (7)

N )

j=1 "t

4) Inference Estimation: An estimateof the inference
I (ft) is given by

M\ (fo) = X ft(XEI))Wt(I)
i=1

This sequencas performedfor eachtime iterationto get
the posteriorat eachtime step.A basicproblemthatthe above
algorithm suffers from is that, after a few time steps,all im-
portanceweightsexcepta few go to zero. Theseweightswill
remainat zerofor all future time instants(as a resultof (6)),
anddo not contritute to the estimationof [ (f;). Practically
this degenerag is undesirableandis a wasteof computational
resourceThisis avoidedwith theintroductionof aresampling
step. Resamplingessentiallyreplicatesparticles with higher
weights and eliminatesthosewith low weights. This can be
done in mary ways. [2], [10], [16] list mary resampling
algorithms.The mostpopularone, originally proposedn [2],
samplesN particlesfrom the setfxﬁ')g (samplesgenerated
after proposaljaccordingto the multi-nomial distribution with
parametersrvt(') to geta new setof N particlesS;. The next
iteration usesthis new setS; for sequentialestimation.We
discusssomeadditionalsamplingalgorithmsin II-B.

8)

A. Choiceof ImportanceFunction

Crucial to the performanceof the lter, is the choice of
the importancefunction g(x:jx; 1Y:). Ideally, the importance
function should be close to the posterior If we choose
o(x¢jXe 1Ye) I p(yejxe)p(Xijxt 1), thenwe would obtainthe
importanceweightsw; identically equalto 1 andthe variance

of the weights would be zero. For most applications,this
density function is not easyto samplefrom. This is largely
dueto the non-linearitiedn the statetransitionandobsenration
models. One popular choice is to use the state transition
density p(x¢jx; 1) asthe importancefunction. In this case,
the importanceweightsare given by

C)

Other choicesinclude using cleverly constructedapproxi-
mationsto the posteriordensity[17].

We /[ Wy 1p(YtXt)

B. ResamplingAlgorithms

In the particle Itering algorithm,the resamplingstepwas
introducedto addressiegeneraciesesultingdueto the impor-
tanceweightsgetting skewed. Among resamplingalgorithms,
the SRtechniquds popularlyused.The basicstepsof SR[16]
arerecountedbelow.

1) Sampled f1;:::;Ng, suchthat Pr[J =
al) | for somechoiceof fallg.

2) The new particle ) = x{7)
weightis w) = w!

i] =

and the associated
(J ) — (J)

=&
The resamplecparticlesetis S; = fx{';w' g\,

If a® = w(" the resamplingschemés the one usedin [2].
Other choicesare discussedn [16].

Particle ltering algorithmsthat use Sequentialmportance
Sampling (SIS) and SR are collectively called SISR algo-
rithms. Computationally SR is a tricky step, as it requires
the knowledge of the normalizedweights. Resamplingoased
on SR cannot start until all the particles are geneated
and the value of the cumulativesumis known. This is the
basic limitation that we overcome by proposing alternative
techniques.

In this section,we introduce Monte Carlo samplingtech-
nigues,discussin detail the Metropolis HastingsAlgorithms
andits derivative, the IndependenMetropolis HastingsAlgo-
rithms [14]. Further we “redesign”the basicparticle Itering
algorithmusing thesetechniquedor sampling.

Particle ltering is a specialcaseof more generalMCMC
baseddensitysamplingtechniquesspeci cally suitedfor dy-
namicalsystemsThe Metropolis HastingsAlgorithm (MHA)
[18], [19] is consideredhe mostgeneralMCMC basedsam-
pling. Popularsamplerssuchas the Metropolis Sampler[20]
or the Gibbs Sampler[21] are specialcaseof this algorithm.

The MHA and the particle Iter both addressthe issue
of generatingsamplesfrom a distribution whose functional
form is known (upto a normalizing factor) and is dif cult
to sample.In this section,we presenta hybrid samplerthat
usesthe samplingmethodologiesadoptedn MCMC samplers
(speci cally, the MHA algorithm) for the problem of esti-
mating posteriordensity functions. We later shav that such
a schemeis computationallymore favorable than systematic
resampling.

INDEPENDENT METROPOLIS HASTINGS ALGORITHM



A. Metropolis HastingsAlgorithm

We rst presentthe generaltheory of MCMC sampling
using the MHA algorithm and then statethe conditionsun-
der which the generaltheory ts into the particle ltering
algorithm presentedbefore. The MHA generatessamples
from the desireddensity (say p(x);x 2 X) by generating
samplesfrom an easyto sampleproposal distribution, say
a(xjy);x 2 X;y 2 X. MHA producesa sequenceof states
fx(M:n  0g, which by constructionis Markovian in nature,
throughthe following iterations.

1) Initialize the chain with an arbitrary value x(©
Here, X could be userspeci ed.

2) Givenx(™:;n 0, generatet v g(jx(™), whereg is
the samplingor proposalfunction.

3) Accept® with probability (x(™);%) asde ned belowv

= Xo-

p(R) g(x™ijR)
p(x(M) g(Rjx(M)’
Thatis, for a uniform randomvariableu v UJ0; 1]

(x(M;2)

(x(M:%) = min 1 (10)

X(n+1) R if u

= x(M  otherwise 11

Under mild regularity conditions,it can be shownthat the
Markov Chain f x(™ g as constructecby the MHA corvemes
and has p(x) asits invariant distribution, independenbf the
valuex, chosento initialize the chain [14].

The MHA is usedto generatea Monte Carlo Markov Chain
whoseinvariantdistribution is the distribution p(x). However,
thereis an initial phasewhen the chainis saidto be in a
transientstate dueto the effectsof theinitial valuexy chosen.
However, after sufcient samples,the effect of the starting
value diminishesand can be ignored. The time during which
the chainis in atransientstateis referredto asburn-in period.
This is usually dependenbn both the desiredfunction p(x),
the proposalfunction q(xjy) and most importantly on the
initial state xp. In most cases,an estimationof this burn-
in period is very dif cult. It is usually easierto malke a
conserative guessof what it could be. There are heuristics
thatestimatethe numberof burn-in samplegsayNy). Samples
thatarein the burn-in period are discarded.

B. IndependenMetropolis HastingsAlgorithm

The IndependentMetropolis HastingsAlgorithm (IMHA)
is a special caseof the generalMHA where the proposal
function g(xjy) is set as q(x). This makes the proposal
functionindependenbf the previously acceptedsamplein the
chain. This would meanthat the acceptancerobability (10)

(x(M;R) of a proposal® 2 X with the chainat x(™ 2 X,

p(x(M) g(R) .
g(x(M) p(R)’

The IMH algorithmhasstrongcorvergencepropertiesUn-
der mild regularity conditions,it hasbeenshavn to corverge
atauniformrateindependenbf the valuex usedto initialize

(x(M:%) = min

12)

thechain.A studyof suchcorvermgencepropertiescanbefound
in [14], [22].

Both IMHA and SISR are algorithmsdesignedto generate
samplesaccordingto a probability density function, with the
SISR suitedspeci cally to the sequentiahatureof dynamical
systems.In this regard, the the key differencebetweenthe
IMHA and the SISR algorithm lies in the fact that the
SISR algorithm requigesthe knowledge of cumulatve sum
of weights(the term -N:1 wt(” in (7)). This is importantas
the cumulative sum can only be computedwhen the weights
correspondingto the whole particle set is known. Hence,
SR canonly begin after all particlesare generatedand their
weightsare computed.In contrast,the IMHA posesno such
bottlenecks.In the next section,we exploit this propertyto
design a lter that does not suffer from the bottle-necks
introducedby SR.

V. PROPOSED METHODOLOGY

The bottlenecksintroduced by the SR techniquecan be
overcomeby usingthe IMHA for resampling However, there
are some basic issuesthat needsto be resoled before we
achieve this. To begin with, the generationof particlesusing
importancesamplingworks differently for the two algorithms.
Particle ltering allows for the importancefunction to be
de ned locally for eachparticle. Mathematically the it par
ticle at time t is generatedfrom an importancefunction,
representedsg(x:jx\",y;), parametrizedy x'", . This poses
aproblemin theapplicationof IMHA to estimatethe posterior
becausehe conceptof importancefunctions associatedvith
each particle does not extend to IMHA. In contrast, the
MHA algorithm requiresthe importancefunction to depend
functionally only on the lastacceptedamplein the chain,and
in the caseof the IMHA, theimportancefunctionremainsthe
same. _

Given a set of unweightedsamplesfxt(')l;i = 1;::0
sampledrom theposteriordensityp(X; 1jy1:t 1) attimet 1,
we can approximatethe posteriorby

1 .
W Xt 1(Xt(l)l
i=1

pP(Xt 1)yt 1) (13)
where «, ,() is the Dirac Deltafunctionon x; 1. Using(2)
and (13), we can approximatethe posteriorat time t,

p(yiixe) 1 X
p(ytiyst 1) N

Samplingfrom this density can be performedusing MHA
or IMHA. The issueof choice of importancefunction now
arises.The importancefunction typically re ects and exploits
the knowledge of application domain or could be a clever
approximationto the posterior For this reason,we would
like to reusethe importancefunction correspondingto the
underlyingmodel.

Keepingthis in mind, we proposea new importancefunc-
tion of the form,

P(X¢jy1:t) p(xjx{"y)  (14)

Uivy o N Lo iy
g (Xejyr) = Ng(xuxt 1Y) (15)

i=1



Note that g%(x;jy1:t) quali es to be an importancefunction
for usein IMHA, given its dependenceon only one state
variable. To samplefrom g%x:jy;), we needto rst sample
| v U[1;2;:::;N], and then samplefrom g( jx! ;yt). The
samplingof | canbe donedeterministicallygiven the easeof

samplingfrom uniform densitiesover nite discretespaces.

Finally, althoughthe new importancefunctionis functionally
different from the one usedin the SISRalgorithm, the gener
ated particleswill be identical.

The overall algorithm proceedssimilar to IMHA. We
rst propose particles using the new importance function
g%xt¢jy1:t). The acceptancgrobability now takesthe form

o= i WR)
(X¢;R) = min W,1 (16)
i (1)
W) = plyxg) =P ) 17)
i=1 g(xt]Xt 1Y)

Further if the choice of the importance function were
the sameas the state transition model, i.e, g(X¢jX¢ 1Y:) =
p(X¢jx: 1), thenthe acceptancerobability becomesa ratio
of likelihoods,

min  _POUR) 1
p(y:ix{"™)

We cannow avoid the systematiacesamplingof traditional
particle Iltering algorithms.The intuition is that we will use
IMHA to generateunweightedparticle set/streamfrom the
desiredposterior

As before,we have an unweightedparticle setS; ;, that
containsparticlesapproximatingthe posteriorat time t = 1,

t 1(X¢ 1). We aim to estimatean approximationto the
posteriorat time t. As before,the algorithmis initialized with
Sp containingsamplesfrom the prior p(xp). The main steps
are statedbelow:

(x{™:R) = (18)

Importance Sampling (step 1): GenerateN + Ny, in-
d|cesJ(|) i = 1;:::;N + Ny uniformly from the set
f1,2;3;:::;Ng, wherer is an estimateof the burn in

periodandN is thenumberof particlesrequired between
1::N with uniform density

Importance Sampling (step 2): From the particle set
St 1—fx5)1,|— 1;:::;Ngattimet 1, proposeN +

Ny particlesto form the set$ = fkg'),l =1::::N +

Npg usingthe rule:

20 v g(ix; Q) (19)

Compute Importance Weights: For eachpartlclem S,
evaluate the |mportancewe|ghtswt ; for eachi using
7).

Inference: Estimatethe expectedvalue of functions of
interest.Compute

PN )0

fi(f) = —8 i

| nd N+ Np (20)

i=1
Note that samplesdiscaded during burn-in can still be
usedin the computationof (20) as the unnormalized

particle set fx{";wdV:;i = 1;::::N + Npg is stil

properly We|ghted(when normal|zed)[23] .

MCMC Sampler: Use the IMH samplerto parse
throughthe set$;, to generatea new unweightedset of

particlesusingthe following steps.

1) Initialize the chainwith x™ = 2% the rst particle

proposed
2) fori=2;:::;N + Ny,
(i _ ( R0 with proh (x{ Vel
! D withpron 1 (x{" Y20
(21)
where ( ;) istheacceptancerobabilityasde ned
in (10).

Discardingthe rst Ny, samplesfor burnin, theremamlng
N samplesform S; = fxt ),| = Np+ 1;:::;Ng, the
approximationof p(X:jyi:t).

We can now comparethe algorithm given abose with
the classical SISR discussedin Section Il. Note that the
SISRalgorithminvolvesa weightnormalizationstep(equation
(7)). However, the proposedalgorithm works with ratios of
unnormalizedweights and requires no such normalization.
This allows for the following adwantagesin the proposed
methodology:

The IMH sampler works with ratios of importance
weights. This obviatesthe needfor knowledg of nor-

malizedimportanceweights,as we can work with unnor

malizedweights. This allows the IMH samplerto start
parsing throughthe particles as they are geneated, and
not wait for the entire particle setto be geneated and

the importanceweightscomputed.

In contrast,in SISR the resamplingcan begin only when
all particles are geneated and the cumulativesum or

normalizedweightsare known.

Theability to resampleparticlesas they are geneatedallows
for fasterimplementations.This is analyzedfurtherin section
V.

A. Drawbads of the proposedFramevork

The proposedframevork overcomesthe dravbacksof the
SISR algorithm by adoptingan MCMC sampling stratgy
as opposedto the traditional SR technique.However, the
new framevork doesintroduce extra computationsthat add
to increasecdverall complity. We discussthesedravbacks,
and an alternateformulation that can circumwent this issue.

Consider the expression for weight computation, given

(17) The expressgqmvolves computlngthe summations

N, poajx ) and N g(xejx 1 yr), which require ad-
ditional computatiortime. The computatiorof bothtermsdoes
not presenta severe bottleneck,asit can be easily pipelined.
Further whenthe proposaldensitymatcheghe statetransition
model, the termscanceleachotherout.

Nonethelessit is possibleto circumwentthis problemusing
the auxiliary particle Itering paradigm[3], [15].



B. Auxiliary Particle Filters

Auxiliary particle Itering refersto techniqueghat extend
the state spaceof the problemto include a particle index.

denoteghe particleindex. The posteriorp(x;Kkjyi:t) is de ned
as

p(xeKiy1t) I P(YeiXe) P(XejxE 1) (22)

Marginalizing (22) over the statek givesthe expressionin
(14) for p(xtjy1:t).

Let us further assumethat we samplethe joint spaceusing
a proposalg(xikjxi 1y1), e, (x{’;k0)  g(jx¢ 1y). The
unnormalizedweightscan be constructedas

Wt = PO PO Xty
C g0 k)XY )
As before,we can resampleusing an MCMC chain, and
the expressionfor acceptanceprobability remainsthe ratio
of unnormalizedweights as given in (10). At the inference
step,we rst maiginalize acrossthe particle index statek.
However, it is easyto seethatthe mamginalizationis identical
to discardingthe particle index information at eachpatrticle,
given the nature of the particle-basedepresentatiorof the
underlyingdensity In a nutshell,the useof auxiliary variable
allows us to completelyavoid the summationof (17) andthe
associatecomputationakost.
Finally, there exist mary choicesfor the proposaldensity
in the extendedstatespace A discussioron this canbe found
in [15].

(23)

V. IMPLEMENTATION BASED ON PROPOSED

METHODOLOGY

In this section,we presentapproachedor implementing
the theory presentedn sectionlll. We assumethat the basic
computationalblocks for importancesampling, computation
of importanceweight and parsingof particlesasperthe IMH
algorithmare available. We usetheseblocksto proposethree
implementationsa sequentialmplementatiorandtwo parallel
implementations.

A. Sequentialmplementation

Expected Inference
Estimation Block

‘ IMHm st

Stl

Proposal ’%‘ Weight Calc

Fig. 1. Sequentialmplementation

Figurel illustratesa straight-forvard implementatiorof the
proposedalgorithm. It consistsof the following blocks.
ProposalBlock: The proposalblock takesS; 1, the particles
from the previous time step and proposesew particlesxg')
(one particle at a time) by samplingthe proposalfunction.
For the IMHA-based algorithm, this amountsto generating
a uniform numberJ (i) U[1;2;:::;N] to randomly pick

one particle from S; 1, say fx; ")g. The particle x{" is

obtainedfrom sampling g(xtjxf('l)yt). We assumethat this
blocks proposesparticle one at a time. When we use the
auxiliary variableframework, this involves samplingboth the
statex'" and the associatedparticle index statek() from a
proposalfunction g(x:Kjx; 1VYt).

Weight Calculator: This block is animplementationof (17)
(or (23) whenwe useauxiliary variables).

IMH Chain: Thisblockis animplementatiorof (16)in which
the acceptancerobability is calculatedfor the new particle
and the previously acceptedparticle. Further an uniform
random-numbeu  UJ[0; 1] is generatedand if it is smaller
than thenthe new particle is retainedin S;, elsethe last
acceptedparticlein the chainis replicatedoncemore.

Infer ence Estimation Block: This block estimateghe infer-
encefunction (equationl). The computatiorcanbe performed
in parallelwith theIMH chain,andhasno effect on the overall
computation.

The characteristicsof this basic implementationare as
follows.

Sequential Processingof Particles: Eachblock in the
implementationprocesse®ne particle at a time. So, to
processQ particles eachblock needsto run Q times.
Notethat,if we needto generateN particlesto represent
the posteriordensity thenwe will have to iterateN + Ny,
timeswhereNy, is theburn-inperiod.ThelastN particles
in the IMH chainis the samplesetS;.

Pipelining: By pipelining the blocks, processingn each
block can be madeto overlap in time, leadingto an
overall increasen the throughputof the system.
Computation Time: We now estimatethe time required
to processQ = N + Ny particlesunderthis implemen-
tation. Let us supposehat the tamget applicationis such
thatthe proposablock cangenerat®neparticleevery T,
time units. The weight computationblock generateghe
weightof a particlein T,, time units,andthe IMH chain
procesarticlesoncein every Ty time units. Further we
assumethat the overall time requiredto processis not
constrainedy theinferenceblock (andthereforeignored
in this analysis).Underthis setting,we cancomputethe
total time requiredto processQ particles.

The implementationin Figure 1 will take T, + Ty + Ty
time units to producethe rst particle xﬁl). Thereafter it
will be able to produceone particle every max(Tqg; Tp; Tw)
time units. The total lateny for generatingN, + N particles
would be (Np + N 1)max(Tg; Tp; Tw) + Tp + Tw + Ty
time units. This basicsequentiaimplementatiorcanbe made
faster by replicating the proposal, weight computationand
the IMH chain blocks. In order to exploit the parallelism
in processingof particles, we presenta re nement of the
sequentiaimplementation.

B. Parallel ImplementationSingle Chain

Figure 2 illustrates the parallel implementation of the
proposedalgorithm. We still retain a single IMH Chain,
though the proposaland the weight computationblocks are
replicated.Having multiple IMH chainsintroducesadditional
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Fig. 2. Parallel Implementatiorwith a singleIMH Chain.

issuednvolving burn-inin eachchain.For this reasonwe rst
restrict oursehes to single chain implementationsWe relax
thisrestrictionlaterin SectionV-C. Let thenumberof proposal
blocks be R, and the numberof weight computationblocks
be Ry,. We would like to computethe total time required
to processQ particlesas a function of R, andR,, (andthe
lateng/ of the blocks Tp; Ty, and Tg). Further we would like
to choosespeci ¢ valuesof R, andRy, to achieve thesmallest
total processingime.

The total computationakime is determinedby bottlenecks
in processingcreateddue to differing rates of processing
of particles at each stage. The rate at which the proposal
blocks processparticlesis Rp=T,, the weight computation
blocks at Ry,=T,y and the IMHA blocks at 1=T4. The total
computationaltime is predominantlydependenbn which of
the threeratesis the smallest.

1) CaseA: Ry=Tp Rw=Tw 1=Tg4.: In this scenario,
the proposal blocks have the smallestrate of processing,
followed by the weight computatiorblocks. Supposeve need
to procesQ particlesthenthe proposalblocksby themseles
will need(Q=R,)T, time units to processall particles.The
weightcomputationrand IMHA processindhappenin parallel.
Given the quicker processingate at both weight computation
andIMHA, by thetime thelastsetof R, particlesis processed
at the proposalblocks, all earlier particleshave alreadybeen
processethroughthe weightcomputatiorblocks. Theamount
of time required to processthe last set of R, particles
at the weight computationblocks and the IMHA block is
RpTw=Rw + Ry Tq. Allowing R, andR,, to take valuesover
the real line (and not just positive integers)the total time for
processing a is,

A(Rp; RW) = Rng + %Tw + Ry Ty (24)
p w
We are now interestedin computingthe valuesof R, and
Ry that minimize A, keepingin mind that such solutions
must satisfy the assumptionof CaseA. To begin with, we
notethatboth R, andR,, take positive values.This allows a

naturalchangeof coordinateframesof the form,

Rp = log(Rp)

Ru = 10g(Ry) (29)

In termsof R, andRy,, the expressionfor A canbe written

as,

A(Rp;Rw) = QTp o 4 TweRp R + Tqe™ (26)

BUFFER

IMHA Chain H

Inference

Theconstraintdor the minimizationcomefrom theassump-
tions madeon the orderingof the ratesin CaseA.

log I—; 0

Tw
Tq 0

R, Ry

27
Ry log @

Finally, R, and Ry, are naturally boundedby the value of
Q. This leadsa corvex optimizationproblemwith inequality
constraintsstatedas,

: . — R Rp R R
ming g, A(RpRw) = QTpe N + Tyer Sw + Tyelw

(28)
Rp Rw log I—z 0 Rp logQ 29)
Ry log = 0 Rvw logQ 0

We now note that the expressionfor  is corvex in both
Ry andRy,. Further the inequality constraintis also corvex
in Rp andR,,. Onecanusea hostof techniqueg24] designed
speci cally for corvex optimization.

2) Case B: Ry =Ty Rp=Tp; Rw=Tw 1=Ty4.: Using
a line of reasoningidentical to CaseA, we can derive an
expressionfor the amountof time g neededto processQ
particles,as a function of R, andR,,.

Rw Q

B(Rp; Rw) = R_Tp + ——Tw + RyTyg

30
Tt (30)

We note that a value of R, greaterthan R,, is impractical
leadingto aconstrainbn R, of theformR,  R,,. As before,
we canrecastthe setof equationsn termsof R, andRy, (as
de ned in (25)) to getthe costand constraintequations.

; . — Rw R R R
ming g, 8 (Rp;Ry) = Tpefw Ro + QTye Rv + Tyelw

(31)
Rw R, log I+ 0 Ry, logQ
w p Tp w (32)
Rw log = 0 R Ry O

Both the cost function and the inequality constraintsare
convex in R, andRy,.

3) Case C: Rp=Tp 1=T4 Ry =Ty.: In CaseC, the
main bottleneckis in the proposalblock, followed by the
IMH chain. Accordingly, the total time ¢ for processingof
Q particlesis
Rng + Tw+ RpTy

p

c(Rp;Rw) = (33)



Using the transformationof variablesin (25), we can write
down expressiondor both the cost ¢ andthe constraints.

Ming .z, c(Rp;Rw) = QTpe Ro + T,eRr Rw + T eRw

(34)
R, Rw log = 0 R, logQ -
Ry log P 0 Ry logQ 0

As before, both the cost and the inequality constraintsare
corvex over Rp andRy,.

4) CaseD: 1=Ty = min(Rp=Tp; Rw=Tw; 1=Ty).: The nal
scenarids whenthe main bottleneckis atthe IMH chain.The
expressionfor total time p is givenas,

D(Rp; Rw) = To+ Tw+ QTy (36)

p is not dependenton the choice of R, and Ry,. So the
whole feasibility setforms the solution setwhenwe optimize
for minimum processingtime. For completenessywe again
formulateit asa convex programwith the following costand
constraints.

Ming &, 0(RpiRw) = Tp+ Tw+ QTy (37)
Rp+log £ 0 R, logQ 0 @)
Ry+log 2~ 0 Ry logQ 0

As statedabove, in
form the solution set.

Dependingon the exact location of the bottle neck, it is
possibleto have upto 6 differentscenariosHowever, someof
thesescenarioscollapseto identical expressiongfor the total
costleadingto the four casesA throughD discussedabove.
The expressiongor the costandthe associatedonstraintsare
summarizedin Table I. We note that eachcaseresultsin a
convex cost function and corvex inequality constraints.This
allows us to designan algorithm for determiningthe global
minima for total computationtime for processingQ patrticles
given valuesof Ty, Ty, and Ty.

CaseD all pointsin the feasible set

1) Given valuesof T4 and T,,, formulate FOUR corvex
programsassociatedvith the four casesillustrated in
Tablel.

2) Solve eachcorvex programto obtain minimum times

imin;i 2 TA;B;C;Dg and associatedvalues of R
andRy,.

3) Choosethe con guration that gives the leasttotal pro-
cessingtime.

The above algorithm allows us to obtain designspeci ca-
tions with minimum processingime given valuesof Ty, Tw,
T4 and Q. Note that the basic computationtools used are
optimization techniquesfor corvex programs.Corvex opti-
mizationis a well studiedproblem,and thereare techniques
that solve corvex programsvery efciently andreliably [24].
Further corvex programshave very desirablepropertieswith
respectto local minima. All local minima are also global
minima, andfurtherthe setof all local (global) minimaform a
convex setthemseles.Finally, we notethatanalyticsolutions

to the corvex programare highly dependenbn the individual
valuesof Q, T, , Tw andTy.

It is possiblethat the four corvex programmay not have
uniquesolutions.Ambiguity in choiceof R, andR,, overthe
solutionsetcanbe resohed, if we have additionalconsidera-
tionssuchasresourceor enegy constraintslt is notedthatthe
setof all solutionsto a corvex program is also corvex [24].
This propertycould be effectivelyusedto designalternatecost
functionsto resolvethe ambiguityin the choiceof R, andRy,.

C. Parallel ImplementationMultiple Chains
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Fig. 3. A Parallel Implementatiorwith Multiple IMH Chains.

Figure 3 shavs a parallelimplementationof the proposed
algorithm with multiple IMH chains. The implementation
basicallyreplicateshe structureproposedn Figure2 multiple
times. This implementationgives speedupproportionalto the
numberof IMH Chains.

Let P be the numberof IMH chains.Under this imple-
mentation,to generatea setS; with N particles,eachchain
would needto generateonly N=P particles, excluding that
requiredfor burnin, leadingto atotal of N, + N=P particles
at eachIMH chain. Hence, the time requiredfor obtaining
an N -particle set is equal to the time requiredto process
Ny + N=P particlesin the implementationas per Figure 2.
With this, we can easily computethe total time requiredto
generateS; for differentscenariosisingthe sameanalysisas
before,and restrictingthe total numberof particlesper IMH
chainto Np + N=P.

VI. EXPERIMENTAL VERIFICATION

The design methodologiesproposedin this paper were
veri ed for two applications:a syntheticexample originally
discussedin [2] and for the problem of visual tracking .
The testbedwas the UMIACS Red/Blue cluster The Red
cluster consistsof 16 PIl (400 MHz) PCs running Redhat
7.3, with eachPC having a RAM of 1GB. The Blue cluster
consistsof 12 Pl (550Mhz). We usedMPICH [25] [26], an
implementationof the MessagePassingInterface (MPI) for
communicatiorbetweenthreads.

We chose to implement over a multi-processorcluster
frameavork asthe underlyingtheory appliesboth to hardware
baseddesignaswell asto clusters.In general MPI haslarge
overheadshowever, suchoverheadsirecommonandidentical



Case RateOrdering Cost Constraint
T
_ R R log & 0 R logQ O
A Rp=Tp Rw=Tw 1=Tg QTpe Ro + TyeRo R + TyeRw P T Tw P
Rw log % 0 Rw logQ O
Rw Rp log I 0 Rp logQ o0
B | Rw=Tw = min(Rp=Tp; Rw=Tw;1=Tg) | TpeRw Ro + QTye Rw + TyeRw TR T T i
W
Rw log T 0 Ry Rp O
T
Rp log =2 0 Rp logQ O
c Rp=Tp 1=T¢ Rw=Tw QTpe Ro+ Ty + TgeRo P Te i
Rw + log % 0 Ry logQ O
T
Rp + log 2 0 Rp logQ O
D | 1=Tq = min(Rp=Tp; Rw=Tw;1=Ty) Tp+ Tw + QTg P Td P
Rw + log % 0 Rw logQ O

TABLE |
EXPRESSIONS FOR TOTAL TIME TAKEN TO PROCESS Q PARTICLES FOR BOTTLENECKS AT VARIOUS STAGES IN THE PIPELINE.

to both SISR as well as the MCMC basedschemes.The
conclusionsfrom our experimentalobsenrations still remain
the same.

Further as mentionedearlier computationof the burn-in
period is a hard problem by itself. However, in sequential
estimation,the proposaldensityis in generala good guess
of the posterior In suchcasesthe adwerseeffects of burn-in
periodarereducedFor the experimentshelov, we setNy, = 0.

A. Misual Tracking

We implementedthe particle Iter basedonline tracking
algorithmpresentedn [27] usingthe Red Cluster We discuss
the ner detailsof the Iter andits implementationbelow.

1) Model Details: We rst summarizethe tracking algo-
rithm, detailing its computationalaspectsA typical tracking
example in shavn in Figure 4. The models de ning the
dynamicalsystemis describedbelaw.

State Space: The statex; is a 6-dimensionalvector
(X = R®) de ning afne deformationsof a rectangular
template.

State Transition Model: A simple randomwalk model
with Gaussiamoiseis usedto modelthe statetransition.

n)

Observation Model: The frame of the video at time
t forms the obseration. The likelihood model p(y;jxt)
involves comparingthe appearancemodel A; suitably
deformedby the statex; with the obsenration y;. The
appearancenodelemploys a mixturesof Gaussiansvith
threemixturesto modelthe appearanceEachvalueof x;
de nes a patch(parallelogramshaped)on the imagey:;.
Let zz = T(y;X¢) be the patchde ned by x; over y;.
Then,

Xt = Xt 1+ ng; g N(O; (39)

P(YtjXt) = P(YtiXtAt) = p(ztjAt) (40)

Proposal Density: The algorithmusesthe proposalden-
sity to be the sameasthe statetransitionmodel.

2) ImplementatiorDetails: An estimateof T,, Ty and Ty
was rst obtainedby running eachblock over a single PC
mary times over and averagingthe individual runs.

Tp=8s; Ty = 1lIms; Tg = 1s

With this, we canseethatthemaincomputationabottleneck

for this particularapplicationis the evaluationof weights.The
weight computationhasan unusuallylarge lateng, primarily
becausét involvesretrieval from thememory Givena particle,
to computethe weight we needto rst obtain the template
T(Vt; xE')). Thisinvolvesretrieval of elementdrom the
memory(containingthe currentframe).Furthey the evaluation
p(zt(')jAt) involves evaluation of the mixture of Gaussian,
which is far more complicatedthan the simple proposaland
the IMHA blocks.For thisreasonwe x edR, = Rq = 1 and
analyzedhe performancef thearchitecturdor variousvalues
of Ry. The implementationof the proposedmethodology
over the cluster was as follows. Each block (as shavn in
gure 3) wasassigned clusternodefor itself, i.e, a total of
Rp+ Rw + Ry clusternodeswereemplo/ed, with Ry, of them
performingparticle proposal,R,, of themcomputingweights
and Ry, the IMH chains.CommunicatiorbetweenthesePCs
was performedusing MPICH libraries. Holding the valuesof
R, andRy, atunity (R, = 1 = Rg), the tracker was tested
for varying numberof weight computationblocks.

For comparisonpurposeswe also implementectraditional
SISRwith the samespeci cationsasthe proposedmnethodol-
ogy. The main differencewas that the node that performed
resamplingwould now wait till all particles are delivered
from the weight computationblocks before starting the SR
algorithm.

A0) =

3) Results: The algorithm was usedto process20 frames
of a video sequencetracking a car. Figure 4 shaws typical
trackingresults.The Iter wasrunwith 840and1680particles,
with the numberof clusternodesfor weight computationR,,
varying from 1 to 6. R, = 1 correspondgo the sequential
implementation,and R,, > 1 correspondsto the parallel
implementationwith a single chain. Under the samesetup,
we tried animplementatiorof SISR,replacingthe IMH Chain
with a systematiaesamplerThe main differencebetweenthe
algorithmsis that the systematicresamplercould begin only
whenall particleswere processe@ndthe normalizedweights
areknown.

Figure 5(a) shaws the actual time taken (in seconds)to
process20 framesof video, with 840/1680particlesfor the
proposedalgorithmand SISR.Note the 1=x-lik e decayexhib-
ited by the time taken by the proposedalgorithm. Figure 5(b)
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Fig. 4. Framesl,4,8,12,16,2®f the testedset. The outputof the tracker is inlaid on top
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(Left) Actual time (in seconds}akento process20 frames,with a ®lter of 840 particles,with varying numberof Ry, . (Right) Speedupbtainedby

replicationof the weight computationnode.Note the linear speeduppbtainedwith the proposedalgorithm.

shaws the speedumf eachalgorithmwhenwe add moreand

more computingnodes.The 1=x-like behaior now translates
to a linearincreasen speedupwith the numberof processing
nodes.The two plots demonstratethe pipelinability of the

proposedalgorithm. It can be seenthat the speeduptapers-
off as numberof cluster nodesincreasesThis is attributed

to increasingcommunicatiordelaysbetweenthe nodes.There

areno standardnodelsfor communicatiordelayswhenusing

MPICH. As we usemoreandmore processorsnter-processor
communicationbecomesthe dominantsourceof delay and

further parallelizationdoesnot help.

B. SyntheticExample

We applied the design methodologyand implementation
stratgies proposedn this paperfor a syntheticexample.The
problemspeci cationswere rst introducedn [2]. Thesystem
hasa scalarstatespacej.e, X = R. Thestatetransitionmodel
is de ned by

25x

Xt = Xt 1+ o+ 8cos(2(t 1))+ wi;we N (0;10)
1+ x5,
(41)
The obsenation modelis given by the equation
1
Vo= ooxZ+ vi; vi N(0;1) (42)

20
We could then estimatethe times T, : Ty : Tq to bein



the proportion 192 : 1 : 7. For Itering with Q = 840
particles,we can now formulate and solve the four convex
programs.The corvex programswere solved using the Mat-
lab's optimizationtoolbox. The constraintghat are active (the
constraintsthat are satis ed with equality at a feasible point
arecalledactive atthe minimawerenotedto give a qualitative
interpretationto the result.
CaseA: Minimum is achievedwith thefollowing two active
constraints.
Rp _Rw_ 1
Tp Tw T4
Notethatthis is the rate balancingcondition. The correspond-
ing minimum time is

(43)

Amin = QTg + Tp + Tw (44)

Case B: Again the minimum is achieved at the boundary
with the sameactive constraints.

Rw = R
Ru = 1 (45)

Tw Td

This givesus a minimum time of
Bmn = Tp+ QTg+ Ty (46)

CaseC: Notethatthe costfunctionis independenof R, .
The minimum is achieved at the following active constraint.

Rp 1
— = — 47
giving a minimum time
c:min = QTg+ Ty + Tp (48)

CaseD: The costfunctionis constantover the feasibleset.
Hence,the minimum time is

D;min = Tp + Tw + QT4 (49)

It turns out that all four corvex program give the same
minimumtime, andthis alsocorrespondso the solutiongiven
whenthe ratesare balancedasin (43). This is interestingas
balancedrateshave an intuitive appeal.

We implementedhree Iters andtestedhemontheRedand
Blue clusters.The rst two lters werethoseusing SISRand
IMH for resampling,with the proposaldensity being same
as the state transition model. The third Iter was basedon
auxiliary particles with acomplicatedoroposalddensityde ned
asfollows:

g0xe Kixe 1) 1 g(xeix® v g(k)

9(k)= c;
ogixt iy) N 20y + 257 431
25x ()
Wherekﬁjkt) L= )(Ek)1 + ﬁ + 8cos(2(t 1))
(50)

This particularproposaldensitysampleghe auxiliary state
randomly and mixesthe obseration with the predictedstate
to concentratanore particlesnearthe posteriormodes.

Figure 6 shavs the actual time for computationand the
achieved speedupwith parallelization for the three lters,
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testedon both clusters We testedthe algorithmfor varyingR
as the bottle-neckis initially in the proposalstage.However
for Ry > T,=Tyg 3 thebottleneckshiftsto the IMH sampler
and further increasein the value of R, doesnot produce
ary signi cant gainsin the overall processingtime. This is
re ected in the saturationof the plots associatedwith the
proposedalgorithm(IMH) in Figure6. In contrastjn SISRthe
resamplingbegins only when all the particlesare generated.
Theoveralltime for processingloesnot scaleaswell. Finally,
auxiliary particle ltering scaleslinearly with the numberof
processingnodes,and offers the bestspeedup.

The resamplingmethodand the associatedmplementation
schemeproposedn the paperallowsfor a pipelinethatis free
of bottle-necksFurther implementationsusing the proposed
methodologiesshov a speedupghat increasedinearly with
the numberof processinghodesutilized. This allows for usto
parallelizethe algorithmto achieve the desiredruntime rate.
In contrast,implementationdasedon SISR do not scalethat
easilywith the numberof the processinghodesused.

VIlI. CONCLUSION

In this paper we addressthe computational challenges
in implementingparticle Iters. We provide a methodology
that usesthe IndependentMetropolis Hastings sampler It
is shavn that the traditional bottleneckintroduced by the
systematiadesampleis removed. This allows for a bottle-neck
free pipelinedimplementationThe proposedalgorithmworks
independenbf the underlyingapplication.Further by using
theauxiliary lter paradigmwe obtainanalternatedesignthat
doesnot sufier (in compleity) in the presenceof arbitrary
proposalfunction. Finally, a set of corvex programsis used
to computethe design speci cationsin terms of resources
emplo/edin eachstageof processingo achie/e the minimum
time requiredto processa certain numberof particles. We
validateour propositionausinga clusterof PCsfor theproblem
of visual tracking and shav that implementationsof the
proposedmethodologyachieve speedughatis linearwith the
numberof processingelements.
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