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ABSTRACT

Algorithms suchas LeastMedian of Squares(LMedS) and Ran-
dom SampleConsensus(RANSAC) have beenvery successfulfor
low-dimensionalrobust regressionproblems.However, thecombi-
natorialnatureof thesealgorithmsmakesthempracticallyunusable
for high-dimensionalapplications. In this paper, we introduce
algorithmsthat have cubic time complexity in the dimensionof
the problem,which make themcomputationallyef�cient for high-
dimensionalproblems.We formulatetherobust regressionproblem
by projectingthe dependentvariableonto the null spaceof the in-
dependentvariableswhich receives signi�cant contributions only
from the outliers. We thenidentify the outliersusingsparserepre-
sentation/learningbasedalgorithms. Undercertainconditions,that
follow from the theory of sparserepresentation,thesepolynomial
algorithmscanaccuratelysolvetherobustregressionproblemwhich
is, in general,a combinatorialproblem. We presentexperimental
resultsthatdemonstratetheef�cacy of theproposedalgorithms.We
alsoanalyzethe intrinsic parameterspaceof robust regressionand
identify an ef�cient and accurateclassof algorithmsfor different
operatingconditions. An application to facial age estimationis
presented.

Index Terms— Robust Regression, SparseRepresentation,
SparseBayesianLearning

1. INTR ODUCTION

Thegoal of regressionis to estimatethe parametersof a modelre-
lating two setsof variables,given a training dataset.However, the
presenceof outliersin thetrainingdatasetwill makethisestimateun-
reliable.Outliersarethosedatathatdiffer markedly from otherdata
presentin the dataset.Realworld datais almostalwayscorrupted
with outliersandhencerobustparameterestimationis of paramount
importance.

Solving the robust regressionproblemrequiresestimatingthe
parametersof themodel,andidentifyingtheoutliers.Sinceany sub-
setof thedatacouldbe outliers,this is a combinatorialproblemin
general.Therearetwo majorapproaches[1] for solving the robust
regressionproblem:i ) Estimatetheparametersof themodelusinga
robustcostfunctionandthenidentify theoutliersasdatathatdevi-
ateby a largeamountfrom themodel.M-estimators[2], LMedS[1]
andRANSAC [3] follow thisapproach.Thesecondapproachis: ii )
First identify theoutliers,remove themandthenusea (non-robust)
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regressionalgorithmlike LeastSquares(LS) to estimatethemodel
parameters.

M-estimators[2] are a generalizationof maximumlikelihood
estimators(MLEs) wherethe (negative) log likelihoodfunction of
the datais replacedby a robust cost function. Amongstthe many
possiblechoicesof cost functions,redescendingcost functions[2]
arethemostrobustones.Thesecostfunctionsarenon-convex and
theresultingnon-convex optimizationproblemhasmany localmin-
ima. Generally, apolynomialalgorithmcallediterativelyreweighted
leastsquares(IRLS) [2] is usedfor solving the optimizationprob-
lem which often converges to local minima. The quality of pa-
rameterestimationdependson a good initialization which itself is
very dif�cult to obtain, especiallyfor high-dimensionalproblems.
TheLMedStechnique[1] is anotherwidely usedrobust regression
method. In LMedS, the medianof the squaredresidualsis mini-
mized. A randomsamplingalgorithm [1] is usedfor solving this
problem.This algorithmis combinatorialin thedimension(number
of theparameters)of theproblemwhich makesLMedSimpractical
for high-dimensionalregressionproblems.TheRANSAC algorithm
[3] andits improvementssuchasMSAC, MLESAC [4] arethemost
widely usedandsuccessfulrobustmethodsin computervision [5].
RANSAC estimatesthemodelparametersby minimizing thenum-
ber of outliers,which arede�ned asdatapoints that have residual
greaterthana pre-de�nedthreshold.A similar randomsamplingal-
gorithm is usedfor solving this problemwhich makes RANSAC,
MSAC andMLESAC impracticalfor high-dimensionproblems.

Thereare many heuristicmethodsthat follow the secondap-
proachof �rst identifying theoutliers,however, mostof themfail in
the presenceof multiple outliers [1]. In this paper, we take a sys-
tematicapproachtowardsoutlier identi�cation. We formulatethe
robustregressionproblemby projectingthedependentvariableonto
thenull spaceof theindependentvariables.This projectionreceives
signi�cant contributionsonly from the outliers. The robust regres-
sionproblemin this form is exactly of thesameform asthesparse
representation/learningproblem[6, 7, 8, 9]. We thenusepolyno-
mial algorithmssuchasBasisPursuit[6, 7] andthesparseBayesian
learningalgorithm[8, 9] to solve therobustregressionproblem.Un-
dercertainconditions[7, 10], thesealgorithmscanaccuratelysolve
thesparselearningproblemwhich in turn impliesanaccuratesolu-
tion for therobustregressionproblem.Wealsoundertake theoretical
andempiricalstudiesof the intrinsic parameterspaceof the robust
regressionproblemto identify ef�cient andaccurateclassof algo-
rithmsfor differentoperatingconditions.By intrinsic parametersof
robust regression,we mean: the outlier fraction f , the dimension-
ality of theproblemD , thenumberof datapointsN andthe inlier
noisevariance� 2 .



We would like to notethat a similar mathematicalformulation
ariseswhen consideringchannelcoding problem over the reals,
which is addressedin [11].

2. ROBUST REGRESSION AND SPARSE LEARNING

We considera simplelinearregressionmodel,wherethedependent
variabley is relatedto the independentvariablex anda parameter
vectorw throughtherelation:

y = w0 + x1w1 + � � � + xD wD + e

= x T w + e (1)

wheree is the observation noise. In regression,the objective is to
estimatew from a training datasetof N observations(yi ; x i ); i =
1; 2 � � � ; N . In the absenceof outliers, ei = n i wheren i s' are
generallyconsideredasindependent,zeromeanGaussiannoise. In
thepresenceof outliers,theobservationerrorei canbemodeledas
ei = n i + si wheren i andsi are independentof eachother, n i

is the inlier Gaussiannoiseandsi representstheoutlier error. The
regressionmodelthenbecomes:

yi = x i
T w + n i + si

Theabove modelcanalsobewritten as

y = Xw + n + s (2)

wherey = (y1 ; : : : ; yN )T , n = (n1 ; : : : ; nN )T , s = (s1 ; : : : ; sN )T

andX = [x 1 ; : : : ; x N ]T .
Our goal is to estimatew while beingrobust to outliers. Simi-

lar to RANSAC, a robust way to do this will be to �nd a w which
minimizesthenumberof outliers.Mathematicallythis canbestated
as:

min
s;w

jj sjj 0 suchthatjj y � Xw � sjj 2 � � (3)

wherejjsjj 0 is the L 0 norm of s which countsthe numberof non-
zeroelementsin s, � is a thresholdwhich dependson thevariance
of the inlier noisen. The problemin (3) hastwo unknowns: w
ands. It canbe simpli�ed by removing oneof the unknowns, the
parameterw , by projectingy ontotheleft null spaceof X . Thema-
trix X hasdimensionN � D wherethe rows correspondto theN
datapointsandthe columnscorrespondto theD dimensions,with
N > D . TheN -dimensionalcolumnsof X spana D -dimensional
subspace,known as the column space. This is assumingthat the
columnsarelinearly independent;if they arenot, thenonecanre-
ducethedimensionalityof theproblemby eliminatingthedependent
columns.Theorthogonalcomplementto thecolumnspaceof X is
theleft null spaceof X which is a (N � D ) dimensionalsubspace.
Let C beamatrixwhoserows form anorthonormalbasisfor theleft
null spaceof X , thatis, C is a (N � D ) � N matrixwith CX = 0.
Pre-multiplying(2) by C , we get

Cy = CXw + Cn + Cs

z = g + Cs (4)

wherez = Cy andg = Cn , which is againGaussiannoise.
Therobustregressionproblemstatedin (3) now becomes:

min
s

jj sjj 0 suchthatjj z � Csjj 2 � � (5)

where� = �
p

(N � D )=N . This formulationis anequivalentbut
a simpler versionof (3). Oncewe �nd s, by solving (5), we can

identify the outliers as thosedatathat correspondto the non-zero
entriesof s. We canthenremove theseoutliersand�nd the least-
squares(LS) estimateof w usingtheremainingdata.Notethat the
LS estimateis statisticallyoptimalfor Gaussiannoise.

A naive way to solve (5) would beto do acombinatorialsearch.
However, recentlytherehasbeena lot of work on sparserepresen-
tation/learning[6, 7, 8, 9] which essentiallytries to solve theabove
problem.Two of themajorapproachesfor solvingthesparselearn-
ing problemare: 1) the convex relaxationapproach[6, 7] and2)
the Bayesianapproach[8, 9]. The convex relaxationapproachis
alsorelatedto theemerging �eld of CompressiveSensing(CS)[10].
Weusethesetwo approachesto developtwo robustregressionalgo-
rithms.

2.1. BasisPursuit Robust Regression

Insteadof solving(5), we solve thefollowing problem:

min
s

jj sjj 1 suchthatjj z � Csjj 2 � � (6)

The above problemis a convex relaxationof the original problem
(5), in which the L 0 norm hasbeenreplacedby the L 1 norm [7].
(6) is closelyrelatedto BasisPursuitDenoising[7, 6] andwe will
refer to the robust regressionalgorithmthat usesthis algorithmas
theBasisPursuitRobustRegression(BPRR).It hasbeenshown in
[10,7] thatif s wassparseto begin with thenundercertaincondition
(`RestrictedIsometryProperty'or `incoherence')on the matrix C ,
(5) and(6) will have thesamesolutionup to a boundeduncertainty
dueto � . However, in our case,C dependson the training dataset
andmaynotsatisfythoseconditions.

2.2. BayesianSparseRobust Regression

The Bayesianapproachfor solving (5) is known as the sparse
Bayesianlearningapproach[8, 9]. In this approach,a sparsityen-
forcing prior is imposedon s. Eachelementof s is assumedto bea
zero-meanGaussianrandomvariable

p(sj� ) =
NY

i =1

N (si j0; � i
� 1)

where � is a vector of hyper-parameters. An individual hyper-
parameteris associatedwith eachelementof s. Thelikelihoodterm
is givenby

p(zjs; � 2) = N (z � Cs; � 2)

where� 2 is the varianceof the GaussiannoiseCn . During infer-
ence,the hyper-parameters� i and � are �rst estimatedusing the
evidencemaximizationframework[8] which arethenusedfor �nd-
ing theMAP estimateof s. We will, henceforth,refer to therobust
regressionalgorithmthatusesthisalgorithmasBayesianSparseRo-
bustRegression(BSRR).

The regressionmodel in (1) is linear in both the unknown pa-
rameterw andthe independentvariablex . However, all theabove
analysisalsoappliesto modelslinearonly in w , that is, modelsof
theform

y =
M � 1X

j =0

wj � j (x ) + e

= w T � (x ) + e (7)

where� j (x ) couldbenonlinearfunctionsof x .
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Fig. 1. Meanangleerror in degreesvs. outlier fraction for dimension2, 8 and32 respectively. Only BSRR,BPRR,M-estimatorandL 1

regressionareshown for dimension32 astheotheralgorithmsaretoo slow to bepractical.BSRRperformsvery well for all thedimensions,
moresofor dimension32 wheretheperformanceof theotherfeasiblealgorithmssuchasBPRR,M-estimatorsandL 1 regressiondegrades
considerably.

3. THEORETICAL AND EMPIRICAL STUDIES OF THE
INTRINSIC PARAMETER SPACE OF ROBUST

REGRESSION

The four important intrinsic parametersof the robust regression
problemare the outlier fraction f , the dimensionalityof the prob-
lem D , the numberof datapointsN andthe inlier noisevariance
� 2 . Here, we study the performanceof the proposedalgorithms,
BPRRandBSRR,andcompareit to thatof M-estimators,LMedS,
RANSAC, MSAC andL 1 regression(leastabsoluteerrorsregres-
sion).Theperformancecriteriaareregressionaccuracy andcompu-
tationalcomplexity. We �rst discussthe theoreticalcomputational
complexity of the algorithmsand then empirically study them for
regressionaccuracy.

BPRRandBSRRhave a computationalcomplexity of O(N 3 +
D 3). TheIRLS algorithm,usedfor solvingtheM-estimators,hasa
complexity of O(D 3=3+ D 2N ) andthecomplexity of L 1 regression
is O(N 3 ). Noneof themhave any direct dependenceon f or � 2 .
Thenumberof selectionsk that the randomsamplingalgorithmin
LMedS,RANSAC andMSAC have to make to successfully�nd a
goodsolutionwith probabilityp is givenby [3]

k = min (
log(1 � p)

log(1 � (1 � f )D )
;

 
N
D

!

) (8)

So, thesealgorithmsare combinatorialin D . We can easily con-
cludefrom this discussionthatBSRR,BPRR,M-estimatorsandL 1

regressionare the feasiblealgorithmsfor high-dimensionalrobust
regressionproblemswhereasLMedS,RANSAC andMSAC arenot.

Next, we perform a seriesof experimentsusing synthetically
generateddata. The inlier data is obtainedby samplinga Gaus-
siandistribution � (0; � 2 I ) arounda randomlygenerated(D � 1)-
dimensionalhyperplanein a RD space.Theoutlier datais obtained
by uniformly samplinga boundedspacecontainingthehyperplane.
Regressionaccuracy is measuredby theangleerrorbetweentheesti-
matednormalto thehyperplaneandthegroundtruthnormal.BSRR,
BPRR,RANSAC andMSAC needestimatesof theinlier noisestan-
dard deviation which we provide as the medianabsoluteresidual
of the leastsquaresestimate. We have usedthe MATLAB imple-
mentationof bisquare(Tukey's biweight) M-estimator. Other M-
estimatorsgive similar results.

In the �rst experiment,we studythe performanceof the algo-
rithmsasa functionof outlier fractionanddimension.Thenumber
of datapointswas �x ed at 1000andnoisevariance� 2 at 4. Fig.
1 shows the variationof meanangleerror with outlier fraction for
dimension2, 8 and32. For dimension32, we only show BSRR,

BPRR,M-estimatorandL 1 regressionas the otheralgorithmsare
tooslow to bepractical.BSRRperformsverywell for all thedimen-
sions,moresofor dimension32wheretheperformanceof theother
feasiblealgorithmssuchasBPRR,M-estimatorsandL 1 regression
degradesconsiderably. At low-dimensions,MSAC alsogivesgood
performance.

Next, we vary thedimensionwhile keepingthenumberof data
points�x edat5000,theoutlier fractionat0.4andnoisevariance� 2

at 4. Fig. 2 shows thatBSRRperformsvery well up to dimension
128. BSRRperformswell at evenhigherdimensionsif thenumber
of datapointsis increasedproportionallywith the dimension.The
time taken by BSRR was about6 minutesfor all the dimensions.
We do not show LMedS,RANSAC andMSAC resultsasthey are
impracticalfor dimension16onwards.BPRRis alsoslow andhence
wasnotstudiedhere.
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Fig. 2. Mean angleerror vs. dimensionfor outlier fraction 0.4.
BSRRperformsvery well uptodimension128. It canperformwell
at evenhigherdimensionsif thenumberof datapointsis increased
proportionallywith thedimension.

We alsostudythe effect of inlier noisevarianceon the perfor-
manceof thealgorithms. For this we �x ed the dimensionat 8, the
outlier fractionat 0.4andthenumberof datapointsat 1000.Fig. 3
shows thatBSRRperformsrobustly for a wide rangeof inlier noise
variances.Fromtheabove experiments,we caneasilyconcludethat
BSRRshouldbethepreferredalgorithmfor high-dimensionalrobust
regressionproblems. At low-dimensionsboth BSRR and MSAC
show goodperformance.
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Fig. 3. Meanangleerrorvs. inlier noisestandarddeviation. BSRR
performswell for a wide rangeof inlier noisevariance.

4. ROBUST REGRESSION FOR AGE ESTIMA TION

In thissection,weusetheBSRRalgorithmfor robustageestimation
from faceimages.We usethepublicly availableFG-Netdataset1,
which contains1002 facial imagesof 82 subjectsalongwith their
ages. The dependentvariablefor this problemis the ageand the
independentvariableis a geometricfeatureobtainedby computing
the�o w �eld at 68 �ducial featureson eachimagewith respectto a
referencefaceimage.

WeusetheBSRRalgorithmto categorizethewholedatasetinto
inliersandoutliers.Thealgorithmfound177outliersoutof thetotal
databaseof 1002images.Someof theinliersandoutliersareshown
in �gure 4. Most of theoutlierswereimagesof oldersubjects.The
reasonfor this could be dueto the fact that the geometricfeatures
donot vary muchin oldersubjectsandthattherearelessnumberof
samplesof oldersubjectsin theFG-Netdatabase.Next, weperform
a leave-one-outtestingin which the regressionalgorithmis trained
ontheentiredatasetexceptfor onesampleonwhich testingis done.
We measurethe meanabsoluteerror (MAE) of ageestimationfor
inliersandoutliersseparately. Theresultsareshown in Table1. The
low inlier MAE andthehighoutlierMAE indicatesthattheinlier vs
outliercategorizationwasgood.

Inlier MAE OutlierMAE All MAE
BSRR 3.73 19.14 6.45

Table 1. Meanabsoluteerror (MAE) of ageestimationfor inliers
andoutliersusingBSRR.The low inlier MAE andthehigh outlier
MAE indicatesthattheinlier vsoutlier categorizationwasgood.

5. CONCLUSIONS

We presenteda systematicapproachtowardsoutlier identi�cation
by notingthattheprojectionof thedependentvariableontothenull
spaceof theindependentvariableshassigni�cant contributionsonly
from the outliers. We then proposedtwo algorithms,BSRR and
BPRR,to solve the resultingproblem. Thesearepolynomialalgo-
rithms andhencecanbe usedfor solving high-dimensionalrobust
regressionproblems.We alsoperformedanempiricalstudyon the
intrinsic parameterspaceof robustregressionwhich highlightedthe
excellentperformanceof BSRRundervaryingoperatingconditions.

1Thefg-netagingdatabase,http://www.fgnet.rsunit.com

Fig. 4. Someoutlierandinliersfoundby BSRR.Mostof theoutliers
wereimagesof oldersubjects.Thereasonfor thiscouldbedueto the
fact that the geometricfeaturesdo not vary muchin older subjects
and that thereare lessnumberof samplesof older subjectsin the
FG-Netdatabase.
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