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ABSTRACT

Algorithms suchas Least Median of SquaregLMedS) and Ran-
dom SampleConsensu$RANSAC) have beenvery successfufor

low-dimensionakobust regressionproblems. However, the combi-

natorialnatureof thesealgorithmsmakesthempracticallyunusable
for high-dimensionalapplications. In this paper we introduce
algorithmsthat have cubic time complity in the dimensionof

the problem,which make them computationallyef cient for high-

dimensionaproblems.We formulatethe robustregressiornproblem
by projectingthe dependenvariableonto the null spaceof thein-

dependentariableswhich receves signi cant contributions only

from the outliers. We thenidentify the outliersusing sparserepre-
sentation/learningpasedalgorithms. Under certainconditions,that

follow from the theory of sparserepresentationthesepolynomial

algorithmscanaccuratelysolve therobustregressiorproblemwhich

is, in general,a combinatorialproblem. We presentexperimental
resultsthatdemonstrat¢éhe ef cacy of the proposedalgorithms.We

alsoanalyzethe intrinsic parameteispaceof robust regressionand

identify an efcient and accurateclassof algorithmsfor different
operatingconditions. An applicationto facial age estimationis

presented.

Index Terms— Rolust Regression, Sparse Representation,
SparseéBayesian_earning

1. INTRODUCTION

The goal of regressionis to estimatethe parametersf a modelre-
lating two setsof variables,given a training dataset.However, the
presencef outliersin thetrainingdatasetvill make this estimateun-
reliable.Outliersarethosedatathatdiffer markedly from otherdata
presentn the dataset.Realworld datais almostalways corrupted
with outliersandhencerobustparameteestimationis of paramount
importance.

Solving the robust regressionproblemrequiresestimatingthe
parametersf themodel,andidentifyingtheoutliers.Sinceary sub-
setof the datacould be outliers, this is a combinatorialproblemin
general. Therearetwo major approachegl] for solving the robust
regressiomproblem:i) Estimatethe parametersf themodelusinga
robust costfunction andthenidentify the outliersasdatathat devi-
ateby alargeamountfrom the model. M-estimatorq2], LMedS[1]
andRANSAC [3] follow this approachThesecondapproachs: ii )
Firstidentify the outliers,remove themandthenusea (non-rolust)
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regressiomalgorithmlike LeastSquaregLS) to estimatethe model
parameters.

M-estimators[2] are a generalizationof maximum likelihood
estimatorg MLESs) wherethe (negative) log likelihood function of
the datais replacedby a robust costfunction. Amongstthe mary
possiblechoicesof costfunctions,redescendingostfunctions[2]
arethe mostrohust ones. Thesecostfunctionsare non-corwex and
theresultingnon-cowex optimizationproblemhasmary local min-
ima. Generallyapolynomialalgorithmcallediterativelyreweighted
leastsquaes (IRLS) [2] is usedfor solving the optimizationprob-
lem which often corvergesto local minima. The quality of pa-
rameterestimationdependon a goodinitialization which itself is
very dif cult to obtain, especiallyfor high-dimensionaproblems.
The LMedS technique[1] is anothemwidely usedrobustregression
method. In LMedS, the medianof the squaredresidualsis mini-
mized. A randomsamplingalgorithm[1] is usedfor solving this
problem.This algorithmis combinatoriain thedimension(number
of the parameterspf the problemwhich makesLMedS impractical
for high-dimensionategressiorproblems.The RANSAC algorithm
[3] andits improvementsuchasMSAC, MLESAC [4] arethemost
widely usedandsuccessfutobust methodsin computervision [5].
RANSAC estimateghe model parameterdy minimizing the num-
ber of outliers, which are de ned as datapointsthat have residual
greaterthana pre-de nedthreshold.A similar randomsamplingal-
gorithm is usedfor solving this problemwhich makes RANSAC,
MSAC andMLESAC impracticalfor high-dimensiorproblems.

Thereare mary heuristicmethodsthat follow the secondap-
proachof rst identifying the outliers,however, mostof themfail in
the presenceof multiple outliers[1]. In this paper we take a sys-
tematicapproachtowardsoutlier identi cation. We formulatethe
robustregressiomproblemby projectingthe dependentariableonto
thenull spaceof theindependentariables.This projectionreceves
signi cant contritutionsonly from the outliers. The robustregres-
sion problemin this form is exactly of the sameform asthe sparse
representation/learningroblem(6, 7, 8, 9]. We thenuse polyno-
mial algorithmssuchasBasisPursuit[6, 7] andthe sparseBayesian
learningalgorithm[8, 9] to solve therobustregressiorproblem.Un-
dercertainconditions[7, 10], thesealgorithmscanaccuratelysolve
the sparsdearningproblemwhich in turn impliesan accuratesolu-
tion for therobustregressiorproblem.We alsoundertalk theoretical
andempiricalstudiesof the intrinsic parametespaceof the robust
regressionproblemto identify ef cient andaccurateclassof algo-
rithmsfor differentoperatingconditions.By intrinsic parametersf
robust regressionwe mean: the outlier fractionf , the dimension-
ality of the problemD, the numberof datapointsN andtheinlier
noisevariance 2.



We would like to notethat a similar mathematicaformulation
ariseswhen consideringchannelcoding problem over the reals,
whichis addresse¢h [11].

2. ROBUST REGRESSIONAND SPARSE LEARNING

We considera simplelinearregressiormodel,wherethe dependent
variabley is relatedto the independenvariablex anda parameter
vectorw throughtherelation:

wo+ x'wr+  +xPwP +e
x"w+ e (1)

y

wheree is the obsenation noise. In regression the objective is to
estimatew from atraining datasebf N obserations(yi; Xi);i =
1;2 :N. In the absenceof outliers,ei = n; wheren;s' are
generallyconsideredasindependentzeromeanGaussiamoise. In
the presencef outliers,the obseration errore; canbe modeledas
e = n; + s; wheren; ands; areindependentf eachother n;
is the inlier Gaussiamoiseands; representshe outlier error The
regressiommodelthenbecomes:

Yi = XiTW+n+ s
Theabore modelcanalsobewritten as

y=Xw +n+s 2

Our goalis to estimatew while beingrobustto outliers. Simi-
lar to RANSAC, a robustway to do this will beto nd aw which
minimizesthe numberof outliers. Mathematicallythis canbe stated
as:

rsnivn jisijo suchthatjjy ~Xw  sjj2 3)
wherejjsjjo is the Lo norm of s which countsthe numberof non-
zeroelementdn s, is athresholdwhich dependon the variance
of the inlier noisen. The problemin (3) hastwo unknawvns: w
ands. It canbesimpli ed by remaoring one of the unknavns, the
parametew, by projectingy ontotheleft null spaceof X . Thema-
trix X hasdimensionN D wheretherows correspondo the N
datapointsandthe columnscorrespondo the D dimensionswith
N > D. TheN -dimensionakolumnsof X spana D -dimensional
subspaceknown asthe column space. This is assumingthat the
columnsarelinearly independentif they arenot, thenonecanre-
ducethedimensionalityof theproblemby eliminatingthedependent
columns. The orthogonalcomplemento the columnspaceof X is
theleft null spaceof X whichisa(N D) dimensionakubspace.
Let C beamatrixwhoserows form anorthonormabasisfor theleft
null spaceof X , thatis,C isa(N D) N matrixwith CX = 0.
Pre-multiplying(2) by C, we get

Cy =
zZ =

CXw + Cn + Cs
g+ Cs (4)

wherez = Cy andg = Cn, whichis againGaussiamoise.
Therobustregressiomproblemstatedn (3) now becomes:
min jjsjjo suchthatjjz  Csjj2 (5)
S

where = P (N D)=N. Thisformulationis anequialentbut
a simplerversionof (3). Oncewe nd s, by solving (5), we can

identify the outliers as thosedatathat correspondo the non-zero
entriesof s. We canthenremove theseoutliersand nd the least-
squaregLS) estimateof w usingtheremainingdata. Notethatthe
LS estimatds statisticallyoptimalfor Gaussiamoise.

A naive way to solve (5) would beto do acombinatoriakearch.
However, recentlytherehasbeena lot of work on sparseepresen-
tation/learning®6, 7, 8, 9] which essentiallytries to solve the abore
problem. Two of the majorapproachefor solvingthe sparsdearn-
ing problemare: 1) the convex relaxationapproach6, 7] and?2)
the Bayesianapproach[8, 9]. The corvex relaxationapproachis
alsorelatedto theemeping eld of Compressie Sensing CS)[10].
We usethesetwo approacheto develop two robustregressioralgo-
rithms.

2.1. BasisPursuit Robust Regression

Insteadof solving (5), we solve thefollowing problem:

msin jisiix suchthatjjz  Csjj» (6)
The above problemis a corvex relaxationof the original problem
(5), in which the Lo norm hasbeenreplacedby the L1 norm|[7].
(6) is closelyrelatedto BasisPursuitDenoising[7, 6] andwe will
refer to the robust regressionalgorithmthat usesthis algorithmas
the BasisPursuitRolust Regression(BPRR). It hasbeenshawvn in
[10, 7] thatif s wassparseo begin with thenundercertaincondition
(‘RestrictedsometryProperty' or “'incoherence’on the matrix C,
(5) and(6) will have the samesolutionup to a boundeduncertainty
dueto . However, in our case,C dependson thetraining dataset
andmay not satisfythoseconditions.

2.2. BayesianSparseRobust Regression

The Bayesianapproachfor solving (5) is known as the sparse
Bayesianearningapproach8, 9]. In this approacha sparsityen-
forcing prior is imposedon s. Eachelementof s is assumedo bea
zero-mearGaussiamandomvariable

N (sijo; i 1Y)

i=1

p(sj )=

where is a vector of hyperparameters. An individual hyper
parameteris associateavith eachelementof s. Thelikelihoodterm
is givenby

Cs; ?)

where 2 is the varianceof the GaussiamoiseCn . During infer-
ence,the hyperparameters ; and are rst estimatedusingthe
evidencemaximizationframework[8] which arethenusedfor nd-
ing the MAP estimateof s. We will, henceforthyeferto therobust
regressioralgorithmthatuseghis algorithmasBayesiarSparseRo-
bustRegressionBSRR).

The regressionmodelin (1) is linear in both the unknawn pa-
rameterw andtheindependentariablex. However, all the abore
analysisalsoappliesto modelslinearonly in w, thatis, modelsof
theform

p(zis; ?) = N(z

W
w T(x)+ e
j=0

w' (x)+e (7

<
1]

where 1 (x) couldbenonlinearfunctionsof x.
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Fig. 1. Meanangleerrorin degreesvs. outlier fractionfor dimension2, 8 and 32 respectiely. Only BSRR,BPRR,M-estimatorandL 1
regressiorareshavn for dimension32 asthe otheralgorithmsaretoo slow to be practical. BSRRperformsvery well for all thedimensions,
moresofor dimension32 wherethe performancef the otherfeasiblealgorithmssuchasBPRR,M-estimatorsandL ; regressiondegrades

considerably

3. THEORETICAL AND EMPIRICAL STUDIES OF THE
INTRINSIC PARAMETER SPACE OF ROBUST
REGRESSION

The four importantintrinsic parametersof the robust regression
problemarethe outlier fractionf , the dimensionalityof the prob-
lem D, the numberof datapointsN andthe inlier noisevariance

2. Here, we study the performanceof the proposedalgorithms,
BPRRandBSRR,andcompareit to thatof M-estimators|.MedS,
RANSAC, MSAC andL; regression(leastabsoluteerrorsregres-
sion). The performanceriteriaareregressioraccurag andcompu-
tationalcompleity. We rst discussthe theoreticalcomputational
compleity of the algorithmsand then empirically study them for
regressioraccuray.

BPRRandBSRRhave a computationatompleity of O(N 2 +
D?). ThelRLS algorithm,usedfor solvingthe M-estimatorshasa
compleity of O(D3=3+ D2N ) andthecompleity of L ; regression
is O(N®). Noneof themhave ary directdependencenf or 2.
The numberof selectionsk thatthe randomsamplingalgorithmin
LMedS, RANSAC and MSAC have to malke to successfullynd a
goodsolutionwith probabilityp is givenby [3]

|

logd p) . N
logd (@ f)b)' D ) ®)
So, thesealgorithmsare combinatorialin D. We caneasily con-
cludefrom this discussiorthatBSRR,BPRR,M-estimatorsandL 1
regressionare the feasiblealgorithmsfor high-dimensionatobust
regressiomproblemsvhereag MedS,RANSAC andMSAC arenot.

Next, we perform a seriesof experimentsusing synthetically
generateddata. The inlier datais obtainedby samplinga Gaus-
siandistribution (0; ?1) aroundarandomlygeneratedD  1)-
dimensionahyperplandn aRP space Theoutlier datais obtained
by uniformly samplinga boundedspacecontainingthe hyperplane.
Regressioraccurag is measuretby theangleerrorbetweertheesti-
matednormalto thehyperplaneandthegroundtruthnormal. BSRR,
BPRR,RANSAC andMSAC needestimate®f theinlier noisestan-
dard deviation which we provide as the medianabsoluteresidual
of the leastsquaresstimate. We have usedthe MATLAB imple-
mentationof bisquare(Tukey's biweight) M-estimator Other M-
estimatorgyive similar results.

In the rst experiment,we studythe performanceof the algo-
rithms asa function of outlier fraction anddimension.The number
of datapointswas x ed at 1000and noisevariance 2 at4. Fig.
1 shaws the variation of meanangleerror with outlier fraction for
dimension2, 8 and 32. For dimension32, we only shav BSRR,

k = min (

BPRR, M-estimatorandL 1 regressionasthe otheralgorithmsare
tooslow to bepractical. BSRRperformsvery well for all thedimen-
sions,moresofor dimension32 wherethe performancef the other
feasiblealgorithmssuchasBPRR,M-estimatorsandL ; regression
degradesconsiderably At low-dimensionsMSAC alsogivesgood
performance.

Next, we vary the dimensionwhile keepingthe numberof data
points x edat5000,the outlier fractionat0.4 andnoisevariance 2
at4. Fig. 2 shavs that BSRR performsvery well up to dimension
128. BSRRperformswell at even higherdimensionsf the number
of datapointsis increasedroportionallywith the dimension. The
time taken by BSRR was about6 minutesfor all the dimensions.
We do not shav LMedS, RANSAC and MSAC resultsasthey are
impracticalfor dimensionl6 onwards.BPRRis alsoslow andhence
wasnot studiedhere.
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Fig. 2. Meanangleerror vs. dimensionfor outlier fraction 0.4.
BSRRperformsvery well uptodimension128. It canperformwell
at even higherdimensionsgf the numberof datapointsis increased
proportionallywith thedimension.

We also studythe effect of inlier noisevarianceon the perfor
manceof the algorithms. For thiswe x edthe dimensionat 8, the
outlier fractionat 0.4 andthe numberof datapointsat 1000. Fig. 3
shavs thatBSRRperformsrobustly for awide rangeof inlier noise
variancesFromtheabove experimentswe caneasilyconcludethat
BSRRshouldbethepreferredalgorithmfor high-dimensionatobust
regressionproblems. At low-dimensionsboth BSRR and MSAC
shav goodperformance.
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Fig. 3. Meanangleerrorvs. inlier noisestandarddeviation. BSRR
performswell for awide rangeof inlier noisevariance.

4. ROBUST REGRESSION FOR AGE ESTIMATION

In this sectionwe usethe BSRRalgorithmfor robustageestimation
from faceimages. We usethe publicly available FG-Netdataset,
which contains1002 facial imagesof 82 subjectsalongwith their
ages. The dependenvariablefor this problemis the ageand the
independenvariableis a geometricfeatureobtainedby computing
the ow eld at68 ducial featureson eachimagewith respecto a
referencdaceimage.

We usethe BSRRalgorithmto cateyorizethewholedataseinto
inliersandoutliers. Thealgorithmfound177 outliersout of thetotal
databasef 1002images.Someof theinliers andoutliersareshavn
in gure 4. Most of the outlierswereimagesof older subjects.The
reasonfor this could be dueto the fact that the geometricfeatures
donotvary muchin oldersubjectsandthattherearelessnumberof
sampleof oldersubjectdn the FG-NetdatabaseNext, we perform
aleave-one-outestingin which the regressionalgorithmis trained
ontheentiredatasetxceptfor onesampleon whichtestingis done.
We measureghe meanabsoluteerror (MAE) of ageestimationfor
inliersandoutliersseparatelyTheresultsareshavn in Tablel. The
low inlier MAE andthehighoutlier MAE indicategthattheinlier vs
outlier catgyorizationwasgood.

Inlier MAE | OutlierMAE | All MAE

BSRR 3.73 19.14 6.45
Table 1. Meanabsoluteerror (MAE) of ageestimationfor inliers
andoutliersusingBSRR.Thelow inlier MAE andthe high outlier
MAE indicatesthattheinlier vs outlier catgyorizationwasgood.

5. CONCLUSIONS

We presenteda systematicapproachtowards outlier identi cation
by notingthatthe projectionof the dependentariableontothe null
spaceof theindependentariableshassigni cant contritutionsonly
from the outliers. We then proposedtwo algorithms,BSRR and
BPRR,to solve theresultingproblem. Theseare polynomialalgo-
rithms and hencecanbe usedfor solving high-dimensionatobust
regressionproblems. We also performedan empirical studyon the
intrinsic parametespaceof robustregressionwhich highlightedthe
excellentperformancef BSRRundervaryingoperatingconditions.

1Thefg-netagingdatabasehttp:/imwwfgnet.rsunit.com

Categorized as inliers by BSRR

Fig. 4. Someoutlierandinliersfoundby BSRR.Mostof theoutliers
wereimagesf oldersubjects Thereasorfor thiscouldbedueto the
factthatthe geometricfeaturesdo not vary muchin older subjects
andthat therearelessnumberof samplesof older subjectsin the
FG-Netdatabase.
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