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ABSTRACT

Imageregistrationis an importantproblemin image processing
and computervision. An importantclassof image registration
methods splines.In thispaperwetake alook at Thin PlateSpline
(TPS).TPSis aneffective imageregistrationmethodwhenthede-

formationbetweertwo imagescanbe modeledasthe bendingof a

thin metalplateon point constraintsuchthatthetopologyis pre-

sened. For example the deformatiorbetweerconsecutie frames
of a talking mouth can be modeledin this way. Consequently
TPSis an importantmethodthat can be usedin mary applica-
tions. However, becauselrPSis computationallyexpensve, we

needto speeduphe evaluationprocess.We introducethe useof

Multi-Level FastMultipole Method (MLFMM) for this purpose.
Our contrikution lies in the presentatiorof a clear and concise
MLFMM framework for TPS,which will be usefulfor future ap-

plication developments.The achiezed speedupusingMLFMM is

animprovementfrom O(N 2) to O(N logN ). We shaw thatthe

fastevaluationoutperformgshebruteforcemethodwhile maintain-
ing acceptablerrorbound.

1. INTRODUCTION

The imageregistration problemis to establishpoint correspon-
dencesgiven a pair of images. For unconstrainedmage regis-
tration, Lucas-Kanadalescribedan effective iterative methodin
[1]. Ontheotherhand,therearemary applicationsvherewe can
exploit certainconstraintgo simplify imageregistration.In mary
casesif we areableto establistgoodcontrolpoints,interpolation
methodausingsplinesareoftensimplerandmoreeffective.

In this paper we introduceThin PlateSpline (TPS)asan ef-
fective methodfor establishingpoint correspondencg$?]). TPS
is effective whenwe have non-rigid deformationthatcanbe mod-
eledasthebendingof athin metalplateon point constraintssuch
thatthetopologyis presered. Exampledncludethe deformations
of a talking lip, facial deformationsetc. Previous work suchas
[3, 4,5, 6] have successfullyappliedTPSto differentapplications.

TPSis however computationallyexpensve. The high costof
usingTPScomesfrom aninverseoperatiorthatis O(N ) andthe
evaluationprocesshatis O(N 2) usingbruteforceapproach{refer
to detailsin Sec?2). The rst problemhasbeennicely dealtwith in
[7] usinganapproximatiorapproachFor thelatterproblem while
earlierwork suchas[8] hasproposedhe useof Multi-Level Fast
Multipole Method (MLFMM), the needremainsfor a clear con-
cise and generalmathematicaframework for usingMLFMM in
TPS.While Beatson-Lighthasprovided an MLFMM framewnork
for evaluationof polyharmonicsplinesin [9], our work extended
uponit speci cally for TPS.In addition, we addedthe formula-
tionsfor R-expansiorandR R-translation(referto Sec3.1for de-
tails) thatwasmissingin [9].

The Fast Multipole Method (FMM) was rst introducedby
Greengad andRokhlinin [10] andwasdevelopedfor thefastsum-
mationof potential elds generatedby alargenumberof sourcesn
gravitational andelectro-statisticaproblems.Lately, this method
is extendedto other potentialproblemsin computervision [11],
computergraphics,acousticsand so on. MLFMM is in turn a
multi-level approachto FMM. In MLFMM, a hierarcly of grids
for subdvision of space,nestedat multiple scales,and a corre-
spondinghierarchicabrganizationof chagegroupsandmultipole
expansionsnakesacomputationatomplexity of O(N log N) pos-
sible.

The restof this paperis organizedasfollows. Sec2 briey
introducesTPSandthecostof usingabruteforceapproachSec3
describesMLFMM as an effective methodfor speedingup the
evaluationof TPS.Themathematicalormulationfor the TPSprob-
lemis providedin Sec3.1. Finally, we will presentheresultsand
concluden Sec4.

2. THIN PLATE SPLINE

Considertwo imagesl ;andl ;. A pixelin |1 at(x;y) is mapped
toapixelin 12 at(x%y® by athin platesplinefunctionas:

x%y9) = (F2(xy)if2(x y)); 1)

if functionsfandf, areTPSmappings.The TPSmodelfor one
of thetransformedtoordinatess givenby parametevectorsa and
W

fOGy)=ar+ ax+ay+  wU(ixy)
i=1

(xi;y)ii) (@)

whereU(r) = r?log(r), initial landmarks(or control points)are
representeds(X;;Yi), vectora de nesafne partof themapping
andvectorw denotesthe nonlinearpart of the deformation. As
with atypical splinefunction, TPScaninterpolaten-betweercon-
trol points while maintainingsmoothnessriteria. This smooth-
nesss de ned astheminimumbendingeneny ([7]):

Z Z
Ef = (5 + 25 + ) dxdy; ®3)
RZ

whereE; is a total bendingenegy expressedas a function of

the secondderiatives of a mappingf (geometricallythe second
derivativesarerelatedto a curvatureof f in space).The physical
interpretationis that the surfacedeformedelasticallyin orderto

have minimumbendingenegy (smoothstretching).To minimize
the total bendingenegy (maximumsmoothness)we can shav

that:
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Thereforewe canrewrite Eqn.(2)in alinearmatrix equationas:

wiyi = 0 4)

K P w v

PT O a 0 ()
whereO is3 3 zeromatrix,0is 3 1 zeromatrix, Vv is taget
values.entriesof K areKj = U(jj(x;y) (Xi;yi)jj andP; =
(@;xisyi).

Theuseof TPSinvolvestwo steps:parameteestimationand
evaluation. In the parameteestimationstep,the vector parame-
terw anda’ canbe naively computedusingdirectinversefrom
aninitial setof point correspondencegdhisis hovever computa-
tionally expensve giving an asymptoticboundof O(N *). Since
[7] providesanice approximatiormethodto speeduphis step,we
will notdwell on this problemandreferreaderdo [7] for details.
Anothegbottleneclcomesirom theevaluationstepin thecomputa-
tionof P, wiU(ji(x;y) (xi;yi)ii) in Eqn.(2). Usingabrute
force approachin the evaluationstepincursa costof O(N 2). By
approximatingvith MLFMM, the compleity canbeimprovedto
O(N logN). A conciseMLFMM framework for this evaluation
is thusnecessary

3. FAST MULTIPOLE METHOD

The FMM is suitablefor evaluatinga potentialfunction  which
analyticallyhasnear/fr eld expansion factorizationandgroup-
ing propertie{suchasTPS)asdescribedn [10]. TheFMM repre-
sentsa fundamentathangen the way of designingnumericalal-
gorithms suchthatit solvestheproblemapproximatelyandtrades
exactnesdor bettercompleity. However, in practise the errors
resultingfrom FMM is usuallytoo smallto causeary concern.In
this section,we will briey statethe FMM method.Considerthe
sum

v(yj) =  ui (uizy); j = LopN (6)

i=1

whereu;'s aresourcepointsandv(y; ) areevaluationpoints. Di-
rectevaluationof Eqn.6 hasacompleity of O(N 2). In theFMM,
we approximatehefunction in multipole series:singularseries
denotedby S andregularseriesdenotedby R. If thefunctionhas
groupingandfactorizatiorpropertywhich canbeexpandedo sin-
gularandregularseriesFMM canbe usedfor the evaluationstep
andreduceghe asymptoticboundto O(N logN). In the FMM
literature, singularand regular seriesexpansionare often called
far/neareld expansion.

If thesumin Eqn.6 is evaluatedby subdviding thedatapoints
into boxesatdifferentlevels, it is oftenreferredto asthe MLFMM.
Eachboxis evaluatedusingafar eld expansionof . Thepoten-
tials of theboxesarethentranslatecandsummedipwards(SS and
SR translationpeforegoingdownwards(RR translationagainto
thelowestlevels. We shaw in Fig. 1, theschematiof thestandard
methodversussinglelevel FMM (SLFMM) andMLFMM.

In the next section,we will provide the analyticalrepresen-
tation of nearand far eld expansionsand translationsfor the
MLFMM. We usethe notationsS andR expansiongo represent
far/near eld expansionsrespectiely, SS to represenfar to far
eld translation,SR for far to near eld translationandRR for

Standard algorithm Middleman algorithm
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Fig. 1. Schematicrepresentatiorof matrix-vector product for
differentmethodsof a) Standardmethodb) Middlemanmethod
c) FMM d) MLFMM. In standardmethod, the complity is
O(N M) and we can speedup the algorithm by SLFMM and
MLFMM to O(M logN). In general,the ideais to reducethe
function to the con guration in (b) using factorizationmethods
suchasthe Taylor series.

nearto near eld translation.ax andh arecoefcient of S expan-
sion,gx andhy arecoefcient of R expansionHere,thefunction
representd (jj(x; y)  (Xi;Vi)jj) in TPSmapping.

3.1. Expansionsand Translations

BeatsonandLight gave the S expansion,SS translationand SR
translationin [12], whichwill berestatecherewithout proofsand
errorbounds.We will contritutethe R-expansionandRR trans-
lation with proof neededor MLFMM. 2-D pointsarerepresented
ascomplex numbers.We will alsouseRfzg andl f zg to repre-
senttherealandimaginaryparts.We will usez torefertoy x ¢
wherey is the evaluationpoint andx . is the centerof the cur-
rentbox. We will alsousex;'s to referto the sourcepointsand
X n to referto the centerof the box we wantto translateto. The
S-epansiorof afunction ((z) = djz tjlog(jz tj)isgivenas

_ R
s(z) = ( jzi® 2Rf zg+ )logjzj+ Rf  (aZ+ b)z “g;

k=0
7
where
b= p xe = d; =dt = ditj’
; k=0 b t k O
ax = k+l | ; = ak; :
kd(tk+1) ; k>0
@
We derived R-expansionasfollows
X |
si(z) = Rf  (9Z+ h)zg; 9)

1=0



wheret in Eqn.8, g andh, are

3 2dtlogjtj; =0
g = d1 + logtj); I=1 .
g (D, [ 2
T
< djtj%logjtj; 1= 0
h = dt; =1 : (10)
: .
dl|l(| 1 l 2

We canwrite down the near eld expansionof function from
Eqn.7 but changingt to z. So,with thejtj > jzj, we have

_ b3
s;(t) = (jti? 2Rf tg+ )logjtj+ Rf  (axi+ bt *g;

(11)
where
= Fl =dz; = djzj?
; k=0
ax = 2 k+1 )
kd(k—ﬂ), k>0
b = zay; k 0O (12)
Then
s;(t) = (djitj® 2Rfdztg+ djzj?) logitj +
Rfagt zaog+ Rf (akf+ h)t ¥g
k=1
= (djtj? 2Rfdztg+ djzj?) logjtj
hs dzkv dzk*!
Rfdzt + zdzg + Rszl(k(k+ 1)t Zk(k+ )

= Rfdjtj®logjtj
X gt 0D dt ¢ D

+Rf|:2(l(k NG

Thereforeg andh; arederivedasEqns.9 and10. SStranslation
is givenby

_ h3
2Rf 7zg+ ~)logjzj + Rf

(15)

s(z) = ( iZiz (axZ+ )z kg;
k=0
(14)
where
to= %o Xn; "= t+ ;~= +2Rf tg+ jtji%
3 = k=0
_ ~tk k+1 P K k 1
a = 3 % tk+1 + h a J 1 ko
é k 1
5 ~ k=0
_ k41 ik K 1
b'( - B lz+l lt(_ + j=1 (h aJ t) 1 tk !
) k1
SRtranslationis thengivenas
si(z) = Rf  (gz+ h)Z'g (16)

1=0

)t “g
dt logjtjz + d(1 + logijtj)jzj*> dtzg

yZ'o: (13)

whereusingt in Eqn.16, ~and~ asgivenbefore

8 P
% ~logjtj + fﬁo a( D% 1=0
logjtj+ ¢+ hy a( D=1
glz% Tor Tt ke (DN ?
I+k 1 .
- k 1 tl%kv I 2
8 .. P _
% ~logjtj + Ezo(th« ad)( D & =0
Tlogjtp ¢+ R (b ad( D g l=1
hl:% THrT ot k(b ad( Dt
I+k 1 )
' kK 1 wE b2
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Additionally, we derive RR translationas
X |
si1(z) = Rf (gz+ h)zg: (28)
1=0
Weexpandsi(z t),tin Eqn.16

R
si(z t)=Rf (g DH+h)z g (19

1=0

and nally, if we canrelate Taylor approximationof si1(z t)
with respecto s1(z) , thecoefcients ¢ ; hy arethenew translated
coefcients. Hence:

b3
si(z t)=Rf (gz+Mm)Zg (20)
1=0
We canshaw that
X |
si(z t)y=Rf (gz+h)z t)'g (21)
1=0
wherefy, = h, git.Then,we canconcludeafterbinomialexpan-
sion(z t)'

X X
si(z t)=Rf (gz+f) (1 ™z"g (22)

1=0 m =0

Thereforewe have

R
si(z t)=Rf  (gmZ+ Mm)z"g;

8 m =0

'80; | < m

T A UL P
fim = 1=0 m

0 | < m

(23)



4. RESULTS AND CONCLUSION

We have providedaconciseMLFMM framework thatis usefulfor

future developmentof applicationsthat use TPS. Our main con-
tribution lies in the formulation of a completeMLFMM frame-
work speci cally for TPS, including the R-expansionand RR-

translationnecessaryor using MLFMM with TPS. The perfor

manceof TPSevaluationMLFMM approximationwith truncated
seriesaregivenin Fig. 2. Clearly MLFMM outperformgheorig-

inal evaluationwhile giving only a small error causedby series
truncation. We alsoshaw the resultsof using TPSfor imagere-

constructiorandmorphingasshowvn in Fig. 3.
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Fig. 2. Implementationgrein MATLAB andp, s andN is the
term at which seriesare truncatedthe maximumnumberof data
pointsperboxatthe nest level andthetotal numberof datapoints
respectiely (a) Comparingspeedof MLFMM and original eval-
uation(b) Variation of speedwith the maximumnumberof data
pointsperbox at lowestlevel (c) Variationof errorwith the max-

imum numberof datapoints per box at lowestlevel (d) Actual
error.
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