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ABSTRACT

Imageregistrationis an importantproblemin imageprocessing
and computervision. An importantclassof imageregistration
methodis splines.In thispaper, wetakealook atThin PlateSpline
(TPS).TPSis aneffective imageregistrationmethodwhenthede-
formationbetweentwo imagescanbemodeledasthebendingof a
thin metalplateon point constraintssuchthatthetopologyis pre-
served.For example,thedeformationbetweenconsecutive frames
of a talking mouth can be modeledin this way. Consequently,
TPS is an importantmethodthat can be usedin many applica-
tions. However, becauseTPS is computationallyexpensive, we
needto speedupthe evaluationprocess.We introducethe useof
Multi-Level FastMultipole Method(MLFMM) for this purpose.
Our contribution lies in the presentationof a clear and concise
MLFMM framework for TPS,which will beusefulfor futureap-
plicationdevelopments.TheachievedspeedupusingMLFMM is
an improvementfrom O(N 2) to O(N log N ). We show that the
fastevaluationoutperformsthebruteforcemethodwhilemaintain-
ing acceptableerrorbound.

1. INTRODUCTION

The imageregistrationproblemis to establishpoint correspon-
dencesgiven a pair of images. For unconstrainedimageregis-
tration, Lucas-Kanadedescribedan effective iterative methodin
[1]. On theotherhand,therearemany applicationswherewe can
exploit certainconstraintsto simplify imageregistration.In many
cases,if weareableto establishgoodcontrolpoints,interpolation
methodsusingsplinesareoftensimplerandmoreeffective.

In this paper, we introduceThin PlateSpline(TPS)asanef-
fective methodfor establishingpoint correspondences([2]). TPS
is effective whenwe have non-rigiddeformationthatcanbemod-
eledasthebendingof a thin metalplateonpoint constraints,such
thatthetopologyis preserved.Examplesincludethedeformations
of a talking lip, facial deformationsetc. Previous work suchas
[3, 4, 5, 6] havesuccessfullyappliedTPSto differentapplications.

TPSis however computationallyexpensive. Thehigh costof
usingTPScomesfrom aninverseoperationthatis O(N 3) andthe
evaluationprocessthatis O(N 2) usingbruteforceapproach(refer
to detailsin Sec2). The�rst problemhasbeennicelydealtwith in
[7] usinganapproximationapproach.For thelatterproblem,while
earlierwork suchas[8] hasproposedtheuseof Multi-Level Fast
Multipole Method(MLFMM), theneedremainsfor a clear, con-
ciseandgeneralmathematicalframework for usingMLFMM in
TPS.While Beatson-Lighthasprovided an MLFMM framework
for evaluationof polyharmonicsplinesin [9], our work extended
upon it speci�cally for TPS.In addition,we addedthe formula-
tionsfor R-expansionandRR-translation(referto Sec3.1for de-
tails) thatwasmissingin [9].

The Fast Multipole Method (FMM) was �rst introducedby
Greengard andRokhlinin [10] andwasdevelopedfor thefastsum-
mationof potential�elds generatedbyalargenumberof sourcesin
gravitationalandelectro-statisticalproblems.Lately, this method
is extendedto otherpotentialproblemsin computervision [11],
computergraphics,acousticsand so on. MLFMM is in turn a
multi-level approachto FMM. In MLFMM, a hierarchy of grids
for subdivision of space,nestedat multiple scales,and a corre-
spondinghierarchicalorganizationof chargegroupsandmultipole
expansionsmakesacomputationalcomplexity of O(N log N ) pos-
sible.

The restof this paperis organizedas follows. Sec2 brie�y
introducesTPSandthecostof usingabruteforceapproach.Sec3
describesMLFMM as an effective methodfor speedingup the
evaluationof TPS.Themathematicalformulationfor theTPSprob-
lem is providedin Sec3.1. Finally, wewill presenttheresultsand
concludein Sec4.

2. THIN PLATE SPLINE

Considertwo imagesI 1andI 2 . A pixel in I 1 at (x; y) is mapped
to apixel in I 2 at (x0; y0) by a thin platesplinefunctionas:

(x0; y0) = (f 1(x; y); f 2(x; y)) ; (1)

if functionsf 1andf 2 areTPSmappings.TheTPSmodelfor one
of thetransformedcoordinatesis givenby parametervectorsa and
w :

f (x; y) = a1 + ax x + ay y +
pX

i =1

wi U(jj (x; y) � (x i ; yi )jj ) (2)

whereU(r ) = r 2 log(r ), initial landmarks(or controlpoints)are
representedas(x i ; yi ), vectora de�nesaf�ne partof themapping
andvectorw denotesthe nonlinearpart of the deformation. As
with atypicalsplinefunction,TPScaninterpolatein-betweencon-
trol pointswhile maintainingsmoothnesscriteria. This smooth-
nessis de�ned astheminimumbendingenergy ([7]):

E f =
Z Z

R 2
(f 2

xx + 2f 2
xy + f 2

y y )dxdy; (3)

whereE f is a total bendingenergy expressedas a function of
the secondderivativesof a mappingf (geometricallythe second
derivativesarerelatedto a curvatureof f in space).Thephysical
interpretationis that the surfacedeformedelasticallyin order to
have minimumbendingenergy (smoothstretching).To minimize
the total bendingenergy (maximumsmoothness),we can show
that:
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pX
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wi yi = 0: (4)

Therefore,wecanrewrite Eqn.(2)in a linearmatrixequationas:
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a

�
=

�
v
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�
; (5)

whereO is 3 � 3 zeromatrix, 0 is 3 � 1 zeromatrix, v is target
values,entriesof K areK ij = U(jj (x; y) � (x i ; yi )jj andPij =
(1; x i ; yi ).

Theuseof TPSinvolvestwo steps:parameterestimationand
evaluation. In the parameterestimationstep,the vectorparame-
ter w andaT canbe naively computedusingdirect inversefrom
aninitial setof point correspondences.This is however computa-
tionally expensive giving an asymptoticboundof O(N 3). Since
[7] providesaniceapproximationmethodto speedupthisstep,we
will not dwell on this problemandrefer readersto [7] for details.
Anotherbottleneckcomesfromtheevaluationstepin thecomputa-
tion of

P p
i =1 wi U(jj (x; y) � (x i ; yi )jj ) in Eqn.(2). Usingabrute

forceapproachin theevaluationstepincursa costof O(N 2). By
approximatingwith MLFMM, thecomplexity canbeimprovedto
O(N log N ). A conciseMLFMM framework for this evaluation
is thusnecessary.

3. FAST MULTIPOLE METHOD

The FMM is suitablefor evaluatinga potentialfunction � which
analyticallyhasnear/far �eld expansion,factorizationandgroup-
ing properties(suchasTPS)asdescribedin [10]. TheFMM repre-
sentsa fundamentalchangein theway of designingnumericalal-
gorithms,suchthatit solvestheproblemapproximately, andtrades
exactnessfor bettercomplexity. However, in practise,the errors
resultingfrom FMM is usuallytoo small to causeany concern.In
this section,we will brie�y statetheFMM method.Considerthe
sum

v(yj ) =
NX

i =1

ui � (ui ; yj ); j = 1; :::; N (6)

whereui 's aresourcepointsandv(yj ) areevaluationpoints. Di-
rectevaluationof Eqn.6 hasacomplexity of O(N 2). In theFMM,
we approximatethefunction� in multipoleseries:singularseries
denotedby S andregularseriesdenotedby R. If thefunctionhas
groupingandfactorizationpropertywhichcanbeexpandedto sin-
gularandregularseries,FMM canbeusedfor theevaluationstep
andreducesthe asymptoticboundto O(N log N ). In the FMM
literature,singularand regular seriesexpansionare often called
far/near�eld expansion.

If thesumin Eqn.6 is evaluatedby subdividing thedatapoints
into boxesatdifferentlevels,it is oftenreferredto astheMLFMM.
Eachbox is evaluatedusinga far-�eld expansionof � . Thepoten-
tialsof theboxesarethentranslatedandsummedupwards(SS and
SR translation)beforegoingdownwards(RR translation)againto
thelowestlevels.Weshow in Fig. 1, theschematicof thestandard
methodversussinglelevel FMM (SLFMM) andMLFMM.

In the next section,we will provide the analyticalrepresen-
tation of near and far �eld expansionsand translationsfor the
MLFMM. We usethenotationsS andR expansionsto represent
far/near�eld expansionsrespectively, SS to representfar to far
�eld translation,SR for far to near�eld translationandRR for

Fig. 1. Schematicrepresentationof matrix-vector product for
different methodsof a) Standardmethodb) Middlemanmethod
c) FMM d) MLFMM. In standardmethod, the complexity is
O(N M ) and we can speedup the algorithm by SLFMM and
MLFMM to O(M log N ). In general,the idea is to reducethe
function to the con�guration in (b) using factorizationmethods
suchastheTaylor series.

nearto near�eld translation.ak andbk arecoef�cient of S expan-
sion,gk andhk arecoef�cient of R expansion.Here,thefunction
� representsU(jj (x; y) � (x i ; yi )jj ) in TPSmapping.

3.1. Expansionsand Translations

BeatsonandLight gave theS expansion,SS translationandSR
translationin [12], which will berestatedherewithout proofsand
errorbounds.We will contribute theR-expansionandRR trans-
lationwith proofneededfor MLFMM. 2-D pointsarerepresented
ascomplex numbers.We will alsouseRf zg andI f zg to repre-
senttherealandimaginaryparts.Wewill usez to referto y � x � c

wherey is the evaluationpoint andx � c is the centerof the cur-
rent box. We will alsousex i 's to refer to the sourcepointsand
x � n to refer to thecenterof thebox we want to translateto. The
S-expansionof a function� t (z) = djz � t j log(jz � t j)is givenas

s(z) = (� jzj2 � 2Rf � zg + 
 ) log jzj + Rf
1X

k =0

(ak z + bk )z� k g;

(7)
where

t = x i � x � c ; � = d; � = dt; 
 = djt j2 ;

ak =

(
� � ; k = 0

dt k +1

k ( k +1) ; k > 0
; bk = � �tak ; k � 0:

(8)

WederivedR-expansionasfollows

s1(z) = Rf
1X

l =0

(gl z + hl )z
l g; (9)



wheret in Eqn.8, gl andhl are

gl =

8
<

:

� 2dtl ogjt j; l = 0
d(1 + logjt j); l = 1

� dt � ( l � 1)

l ( l � 1) ; l � 2
;

hl =

8
<

:

djt j2 logjt j; l = 0
� d�t; l = 1

d�t t � ( l � 1)

l ( l � 1) ; l � 2
: (10)

We can write down the near-�eld expansionof function � from
Eqn.7 but changingt to z. So,with thejt j > jzj, wehave

sz (t) = (� jt j2 � 2Rf � tg + 
 ) log jt j + Rf
1X

k =0

(ak t + bk )t � k g;

(11)
where

� = d; � = dz; 
 = djzj2

ak =

(
� � ; k = 0
dz k +1

k ( k +1) ; k > 0
;

bk = � �zak ; k � 0: (12)

Then

sz (t) = (djt j2 � 2Rf d�ztg + djzj2) log jt j +

Rf a0 �t � za0g + Rf
1X

k =1

(ak t + bk )t � k g

= (djt j2 � 2Rf d�ztg + djzj2) log jt j �

Rf dz�t + zd�zg + Rf
1X

k =1

(
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k(k + 1)
t � �z

dzk +1

k(k + 1)
)t � k g

= Rf djt j2 log jt j � dt log jt j �z + d(1 + log jt j)jzj2 � d�tzg

+ Rf
1X

l =2

(
dt � ( l � 1)

l (k � 1)
�t � �z

dt � ( l � 1)

l (l � 1)
)zl g: (13)

Thereforegl andhl arederivedasEqns.9 and10. SStranslation
is givenby

s(z) = (� jzj2 � 2Rf ~� zg + ~
 ) log jzj + Rf
1X

k =0

(~ak z + ~bk )z� k g;

(14)
where

t = x � c � x � n ; ~� = � t + � ; ~
 = 
 + 2Rf � tg + � jt j2 ;

~ak =

8
>><

>>:

� ~� ; k = 0
~� t k

k � �t k +1

k +1 +
P k

j =1 aj

�
k � 1
j � 1

�
tk � j

; k � 1

;

~bk =

8
>><

>>:

~
 ; k = 0
~� t k +1

k +1 � ~
 t k

k +
P k

j =1 (bj � aj t )
�

k � 1
j � 1

�
tk � j

; k � 1

:

(15)

SRtranslationis thengivenas

s1(z) = Rf
1X

l =0

(gl z + hl )z
l g (16)

whereusingt in Eqn.16, ~� and~
 asgivenbefore

gl =

8
>>>>><

>>>>>:

� ~� log jt j +
P p

k =0 ak (� 1)k 1
t k ; l = 0

� log jt j +
~�
t +

P p
k =1 ak (� 1)k k

t l + k ; l = 1
� �

( l � 1) t l � 1 +
~�

lt l +
P p

k =1 ak (� 1)k

�
�

l + k � 1
k � 1

�
1

t l + k ; l � 2

;

hl =

8
>>>>><

>>>>>:

~
 log jt j +
P p

k =0 (bk � ak t )( � 1)k 1
t k ; l = 0

� ~� log jt j � ~

t +

P p
k =1 (bk � ak t )( � 1)k k

t l + k ; l = 1
~�

( l � 1) t l � 1 � ~
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P p
k =1 (bk � ak t )( � 1)k

�
�
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k � 1

�
1

t l + k ; l � 2

:

(17)
Additionally, wederiveRR translationas

s1(z) = Rf
1X

l =0

(gl z + hl )z
l g: (18)

Weexpands1(z � t), t in Eqn.16

s1(z � t) = Rf
1X

l =0

(gl (z � t) + hl )( z � t) l g: (19)

and �nally , if we can relateTaylor approximationof s1(z � t)
with respectto s1(z) , thecoef�cients ~gl ; ~hl arethenew translated
coef�cients. Hence:

s1(z � t) = Rf
1X

l =0

(~gl z + ~hl )z
l g: (20)

Wecanshow that

s1(z � t) = Rf
1X

l =0

(gl z + ĥl )( z � t) l g (21)

whereĥl = hl � gl t .Then,wecanconcludeafterbinomialexpan-
sion(z � t) l

s1(z � t) = Rf
1X

l =0

(gl z + ĥl )
lX

m =0

�
l

m

�
(� t) l � m zm g: (22)

Therefore,wehave

s1(z � t) = Rf
1X

m =0

(~gm z + ~hm )zm g;

~gm =

8
<

:

P p� 1
l =0 gl

�
l

m

�
(� t) l � m ; l � m

0; l < m
;

~hm =

8
<

:

P p� 1
l =0 ĥl

�
l

m

�
(� t) l � m ; l � m

0; l < m
:

(23)



4. RESULTS AND CONCLUSION

WehaveprovidedaconciseMLFMM framework thatis usefulfor
future developmentof applicationsthat useTPS.Our main con-
tribution lies in the formulation of a completeMLFMM frame-
work speci�cally for TPS, including the R-expansionand RR-
translationnecessaryfor using MLFMM with TPS.The perfor-
manceof TPSevaluationMLFMM approximationwith truncated
seriesaregivenin Fig. 2. Clearly, MLFMM outperformstheorig-
inal evaluationwhile giving only a small error causedby series
truncation. We alsoshow the resultsof usingTPSfor imagere-
constructionandmorphingasshown in Fig. 3.
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Fig. 2. Implementationsare in MATLAB andp, s andN is the
term at which seriesaretruncated,the maximumnumberof data
pointsperboxatthe�nest level andthetotalnumberof datapoints
respectively (a) Comparingspeedof MLFMM andoriginal eval-
uation(b) Variationof speedwith the maximumnumberof data
pointsperbox at lowestlevel (c) Variationof errorwith themax-
imum numberof datapoints per box at lowest level (d) Actual
error.
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