The fast Gauss transform with all the proofs.
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In this report we discuss some technical aspects of the fast Gauss transform (FGT). The FGT is
a special case of the single level FMM for the Gaussian potential. We give detailed derivation of
the correct error bounds which is rather terse in the original paper. We also briefly discuss about
the data structures to implement the space subdivision in higher dimensional spaces.
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1. FAST GAUSS TRANSFORM

Here we give a detailed analysis of the fast Gauss transform (FGT) based on the
techniques and the notation used in the FMM primer [Raykar 2005]. The FGT is
a special case of the single level FMM for the Gaussian potential. For each target
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point {y; € Rd}j:l,m,M the discrete Gauss transform is defined as,
N 2 2
Dy;) =3 gielm=il?/n, (1)
i=1

where {g; € R*},—1,. n are the source weights, {x; € R%},—1__ n are the source
points, i.e., the center of the Gaussians, and h € RT is the source scale or bandwidth.
®(y;) is the total contribution at y; of N Gaussians centered at x; each with
bandwidth h. Each Gaussian is weighted by the term ¢;. The computational
complexity to evaluate the discrete Gauss transform at M target points is O(M N).

The Fast Gauss Transform [Greengard and Strain 1991] is an approximation
algorithm that reduces the computational complexity to O(M + N). The constant
depends on the desired precision. Given any € > 0, it computes an approximation

®(y;) to ®(y;) such that the maximum absolute error relative to the total weight
N
Q= 21:1 qi,

max
Yj

|<i><yj>;2¢<yj>|] e -

The algorithm is based on the single level FMM described above. The Gaussian is
factorized via Hermite and Taylor series. The error bound derived in the original
paper was shown to be incorrect and a new bound was derived in [Baxter and
Roussos 2002].

The space is subdivided into a number of boxes and the sources and targets are
assigned to different boxes. For all sources belonging to a particular box, the S-
expansion (Hermite series) coefficients are consolidated at the center of each source
box. For each target box the S-expansion (Hermite series) coefficients at each source
box are translated via the S|R translation operator as R-expansion (Taylor series)
coefficients at the center of the target box. Since the Gaussian decays very rapidly
only a few neighboring source boxes will have influence on the target box.

2. HERMITE POLYNOMIALS
The Hermite polynomial H,(y) is defined by the Rodrigues formula

o (e_y2) , yE€R. (3)

Ha(y) = (1) 10

Following are the first few Hermite polynomials.

Ho(y) = 1

Hy(y) = 2y

Hy(y) = 4y° —2

Hs(y) = 8y* —12y (4)

The generating function for the Hermite polynomials is
2 > z"
M= D ) (5)
n—
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Multiplying both sides of the preceding equation by eV’ yields

C(y—2)2 > x"

n=0

where the Hermite functions h,(y) are defined as,

hu(y) = €™V Hu(y). (7)
We need a shifted and the scaled version of this formula.
o~ w=2)?/h* _ —[(y—wo)—(z—x0)]*/h*
_ i1<$_z0)nhn (y‘xo). (8)
o n! h h

This formula tells us how to evaluate the Gaussian field at the target y due to a
source at z, as a Hermite expansion centered at a nearby source xy. This series
converges rapidly and for a given precision, only a certain number of p terms need
be retained.
Interchanging x and y we have the following expansion.
2~ L (y=w\", (T
—(y—z)*/h* _ il — —
e _Zn!( - )hn< - ) (9)

n=0

This formula tells us how to evaluate the Gaussian field at the target y due to a
source at x, as a Taylor expansion centered at a nearby target yo.

The following recurrence relation will be useful in computation of the Hermite
functions.

hnt1(y) = 2yhn(y) — 2nhn-1(y), y € R. (10)

The Cramer’s inequality [Hille 1926] for Hermite polynomials will be useful in de-
riving the error bounds.

\H,(y)| < K2"2v/nlev" /2, (11)

where K < 1.09. Based on the Cramer’s inequality we have the following useful
bound for Hermite functions.

1 1 2
—|ha(y)| < K2M2 ——=e7V /2, 12
la0)] < K2 (12)
[Baxter and Roussos 2002] use a slightly tighter version of this
1 1 2
—|ha(y)| < 2V —=e7¥ /2, 13
)] <2772 e (13)

3. MULTI-INDEX NOTATION

In order to generalize the above relations to higher dimensions we use the multi-
index notation. A multi-index o = (a1,2...,0a4) is a d-tuple of nonnegative
integers. The length of the multi-index « is defined as |o| = a3 + s + ... + aq. If
p is an integer, we say o > p of a; > p for 1 < i < d. The factorial of « is defined
as al = ajlas!...aqy!. For any multi-index o € N and & = (21, 22,...,24) € R?

the d-variate monomial z® is defined as x* = 27" z3* ... 25*. x® is of degree n if
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la| =n. Let 2,y € R*and v = x-y = 2191 +. .. +24yq. Then using the multi-index
notation v™ can be written as,

n!
n o __ e a, o
vt = Z Ty (14)
la|=n
The ot" derivative with respect to z is defined as,
a* oYt 9«2 %4
dz®  0x$' Oxy? " 9xG*
The multidimensional Hermite function is defined as
2
ha(y) = e W Ho(y) = hay (91)hay (v2) - Bay (ya). (16)
The Hermite expansion of the multivariate Gaussian can be written as,

2 /12 1 T — T a — T
—(y—=x)?/h® _ = 0 Y 0
oty L (m) (v, o

a>0

The Taylor expansion of the multivariate Gaussian can be written as,

B
o~ (w—2)?/h?> _ Z%hﬁ (w—hyo> (y—hyo) . (18)

820

4. TAYLOR EXPANSION OF THE HERMITE FUNCTION

For the translation operators we will also need the Taylor expansion of the Hermite
function h,(y) about an arbitrary point gy € R

_ B
holw) = 3 D o), (19)
B=>0 '
ha(y) = (~1)> D*eI¥I", (20)
Hence,
Dho(y) = (1) hass(y). (21)

_ B
ho(y) = 3 W 1o ). (22)

!
B20 A

5. FACTORIZATION [S- AND R-EXPANSION]

The potential or field at y due to a source at z; is given by
D(y, z;) = o~ lly=zill*/h* (23)

Note that ®(y,x;) is a regular potential. All the sources and targets are assumed
to lie in the unit box By = [0,1]%. By is subdivided into smaller boxes with sides
of length v/2rh, parallel to the axes, with a fixed » < 1/4/2. The spatial domain
enclosed by the I*" box is denoted as I1(I) and the center of the box is denoted
by x!. I{(l) is the complement of I;(l). Since the potential is regular we need not
worry about singular points.
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For the I*" box Va; € I1(l) and Vy € I{(l) we need an S-expansion (far-field) of the
form

O(y.z) = 3 aa(wi, al)Saly — ab). (24)
a>0
The FGT uses the Hermite expansion of the Gaussian as the S-expansion.
1

Oy, x;) = Z% (‘T hxlc)aha <yh$) . (25)

a>0

N\ ol
ol = 2 (B552) L sa-ab=na (155). o

ol

For the I'" box Va; € I{(l) and Yy € I;(l) we need an R-expansion (local) of the
form

Oy, z:) = Y bp(wi, 2l Ry — ). (27)
520

The FGT uses the Taylor expansion of the Gaussian (which is obtained by inter-
changing y and z; in the Hermite expansion) as the R-expansion.

oL () (52w

820

R/ AN
b(w, xl) = %hﬁ <xl hxc)7 Rp(y — k) = (y hwc) . (29)

6. FAST GAUSS TRANSFORM

Let the target point y belong to the n'* box, i.e., y € I;(n). We need to evaluate
the total field at y due sources in all boxes. Since the Gaussian decays very rapidly
only a few boxes close to the target box can contribute more than Qe to the field
at y. If we include only (2n + 1)¢ nearest boxes, then the error due to ignoring

all other boxes is bounded by Qe=2"""". This implies n > 137{2/5
want compute the field at all y; € I1(n) due to all sources x; € I1(I). There are
four different ways of doing this. Let there be Np sources in [;(I) and M¢ targets
in I;(n). Given the sources in one box and the targets in a neighboring box, the
computation is performed using one of the following four methods depending on
the number of sources and targets in these boxes: Direct evaluation is used if the
number of sources and targets are small. If the sources are clustered in a box then
they can be transformed into Hermite expansion about the center of the box. This
expansion is directly evaluated at each target in the target box if the number of
the targets is small. If the targets are clustered then the sources or their expansion
are converted to a local Taylor series which is then evaluated at each target in the
box. In practice a cutoff Np = O(p?~1) and My = O(p?~!) is introduced.

. Suppose we

—1If Ng < Np then the source box I () sends out Np Gaussians.
—1If Ng > Np then the source box I () sends out a Hermite expansion.
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—If Mc < Mj, then the target box I;(n) evaluates all the fields sent to it immedi-
ately.

—If M > My, then the target box I;(n) transforms all fields sent to it into Taylor
series, accumulates the coefficients, and then evaluates the Taylor series.
6.1 Direct Evaluation
For the I*" box let ®!(y) be the potential at y € I{(l) due to all sources x; € I (l).
For all y € I (n)
dl(y) = Z a®(y, z;) = Z gee~Ny—will*/h® (30)
x; €1 (1) z; €11 (1)

The computational cost is O(NpM¢).

6.2 S-expansion (Hermite) at the center of each source box

We form S-expansion (Hermite) of the potential about the source box center z.
For each box we consolidate the S-expansion coefficients due to all sources in that
box into a single rapidly converging Hermite expansion about the center of the box.

For all y € I (n)
o' (y) Z % ®(y, z;)
l‘iell(l)

= > 4 |Y aa(wial)Saly —al)

x; €11 (1) a>0

= Z Z Qiaa(xivxi) Sa(yi‘ri)

a>0 |zl (1)

- S AlSuly—ah) = ¥ Ao (1) (31)

a>0 a>0

where
l

1 T — T, “
Al = Z qiaa(aci,:clc):a Z qi< W ) . (32)

x; €11 (1) “ziel(l)

We retain only the first p? coefficients. The computational cost is O(p?Ng) +
O(p?M¢). The error due to truncation of the Hermite series is bounded by

) = [ e (155 < r 2 8 (ot ()

azp

where Q; = ineh(l) q; and r < 1. See Appendix 1 for the derivation.
The total potential at y due to all sources is

~ ~ —le
B0) = X80 =5 X abn (157 (3)
Vi

VI a<p
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Since there are at most (2n+ 1)? source boxes within range the total computational
complexity will be O(p?N) + O((2n + 1)¥p?M). The error

B(y) — 2(y)| 1 L (d s [P \F
o S(lr)dkz<k)“‘”k(m> )

=0

where r < 1.

6.3 R-expansion (Taylor) at the center of each target box

We form R-expansion (Taylor) of the potential about the target box center 2. For
each source box I (I) we consolidate the R-expansion coefficients due to all sources
in that box into a single Taylor expansion about the center of the target box I1(n).
For all y € I (n)

ol(y) = Z ¢:®(y,x;) = Z g Zbﬂ(l’i,w?)Rﬁ(y*ﬁ)

z; €11 (1) x; €11 (1) B=>0

oI Y abplwsal)| Raly — )

B20 |z;€l:1 (1)

N
= SRty = X Bl (15 (36)

B>0 B>0

where,

Bl — b ny - 1 By (Lot 37
= > ﬂ(%wc)—a > aihs - ~ (37)
)

:l)iGIl(l) 137;€Il(l

We retain only the first p? coefficients. The computational cost is O(p?Ng) +
O(p?M¢). The error due to truncation of the Taylor series is bounded by

) = [0 (5) | D (o (77)

Bzp k

where @ = inell(l) q; and r < 1. See Appendix 2 for the derivation.
The total potential at y € I;(n) due to all sources is
n\ B
Y- ‘/Ecl
> Bf ( - ) . (39)
vl

B

~ ~ y — ¢

EUES B ILAC
v vl B<p B<p

Since there are at most (2n+ 1)? source boxes within range the total computational

complexity will be O((2n + 1)%p?N) + O(p?M). The error

B sl 1 kz (Na-m ()" (10)

=0

where r < 1.
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6.4 S|R translation

We accumulate all sources in a box via a truncated Hermite expansion and then
translate the S-expansion coefficients into R-expansion Taylor coefficients at the
center of the target box containing the evaluation point. Let y € I1(n), i.e., the
target point belongs to the nt" box with center 2. Now we want to write the
potential at y due to all sources in the I** box ®!(y) (expanded using an S expansion
around z.) as an R expansion around z7”.

y— " B
¥) = 3 O Raty - at) = S 0 (455 (41)

B=0 B3>0

where C’lﬁ” = > as0(SIR)galzy — 2 )AL and Al are the S-expansion coefficients
around z!. The S|R-translation operator can be derived using the Taylor expansion
of the Hermite function [See Section 4].

h <y hxé) _ Z (Blﬁl (yhx?>ﬁha+ﬁ <x2hxé) ' (42)

B=>0

The S-expansion is given by

_ el _ |B| _ en B n _ ..l
l _ l Y T _ l ( 1) Y L. T, T
a>0 a>0 B3>0
_ Al b, c c c
BZN 3 ; e -
(71)\,3\ . P y— " B
— Al (=1 \a|+|,@\ha c c c
;0 3 ; a(=1) o | = -
- S Ay () ()
AR h h
n\ B
nl{Y— L
- o (155) (43)
B>0
where,
n 1 a xlc_x;r:l
Ol = 5 S AL s (). (44)

a>0

There are two sources of truncation. First we truncate the Hermite series coefficients
Al and then we truncate the coefficients Clﬂ”. The error due to truncation of both
the Taylor series and the Hermite series is bounded by

0 -1 N ((ar d-k7 2
ETH(p)gET(pHm ;(k) (1-(vary) ( v ) (45)
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where Q; = ineh(l) ¢; and r < 1/4/2. See Appendix 3 for the derivation.
The total potential at y € I1(n) due to all sources is
8
y— g
(12

R R SN
b= Y Hw - Yy (1) =%
Vi
~ ‘flel'n
Gl = 5 3 A1)y (). (47)

vl B<p B<p
a<p

The total computational complexity will be O((2n + 1)%dp®*! Nyo,) + O(piM) +
O(p?N).

>y
Vi

where,

7. ALGORITHM

A formal description of the algorithm and detailed analysis of the computational
cost can be seen in the original paper [Greengard and Strain 1991].

8. DATA STRUCTURES

The first step of the algorithm is the spatial subdivision of the unit hypercube into
Ngide boxes of side v/2rh were r < 1/2. The boxes are numbered from 1 to Ngide
in the order of increasing dimensionality d. Fig. 1 shows an example of spatial

ordering in two dimensions.

Fig. 1. Example of spatial ordering in two dimensions.

We need the following operations to implement the FGT.

(1) Given x = (v1,7,...,24) € R find the corresponding box number to which
x belongs.
d .
BoxNumber = ZijNsidejNg;i; ) (48)
j=1

(2) Given the box number find the center of the box. First write Box Number in
base Ng;de-

(BoxNumber)10) = (aqad—1 - . 0201)(N,4.)- (49)
The ;" coordinate of the box center is given by

BoxCenter; = (V2rh)(a; + %) (50)
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(3) List the (2n + 1)? neighbors of a given box. First write Box Number — 1 in
base Ng;de-
(BoxNumber)10) = (aq@d—1---201)(N,q.)- (51)
Increment or decrement each a; as follows
bji = aj +i fori=0,+1,£2,... +n. (52)
The base Nyiqe representation of the (2n 4 1)% neighbors is as follows

(bdid s b2i2 blil)(Nside)' (53)

where (ig,...,42,71) € {0,£1,£2,..., :I:n}d. The box number is given by con-
verting it into base 10 representation.

(batig - - - b2irb1i) ) (N0e) = (BoxNumber) o) (54)
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9. APPENDICES
9.1 Appendix 1 [Hermite series truncation error]

The error Ex(p) due to truncating the series after p? terms is

_ Y-zl
) = |3 A ( <)) < Siaen (45%)
a>p a>p
= Z |Al he < ) ‘ [(y); is the j' coordinate of y.]
a>p
! & h
azp z; eh(l Jj= 1
IR RO CATA e i
< Z Z g 7 oy - [Since the box side is v/2rh]
Sl | \V2/ oot
d
ajo—a; 1 Y)i — 'rlc j
<SS Jal| T2 fh, (( )i h( )J)‘
.: ‘7'

a>p z-ell(l)

Ql Z H TO/JQ—(XJ/Q

a>pj=1

e, (D) e 0= 3 a

CEiGIl(l)

1
< le H r@i9=2i/2972;/2e=();=(=):)*/2h* [Cramer’s inequality]

azpi=1 V!

d d
1
caY Il T = Q ZH ﬁ""—ZH -
a>pj=1 a>0j5=1 a<pj=1 aj
[ a d
1 1
— Ql '7"(1] — H 'TO‘J
=1 La;20 VY j=1 | aj<p VY
i d d
1 1 1
- q oo Y e b
) aj! Oéj' - O(j'
a;<p a;>p a;<p
k d—k
« (d 1, 1 ,
=@ Z I 'Ta-7 'ro‘f [Binomial theorem]
k=0 a;<p VY a;>p VY
1, k ” d—k
< Ql ( ) Ta-7 —_— Z 'ra7
= 1
k=0 & a; <p \/17 ;>0
d—1 k d—k
d\ [1—7rP rP 1
< _— _— Geometric series r < 1.
_@lkzo@(”) (i) | |
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The error bound in the original FGT paper [Greengard and Strain 1991] was shown
to be incorrect and a new bound was proposed by [Baxter and Roussos 2002]. This
is the new error estimate as in [Baxter and Roussos 2002] but derived in a slightly
different way.

9.2 Appendix 2 [Taylor series truncation error]

The error E7(p) due to truncating the series after p? terms is (derivation very
similar to Eg(p))

n\ B
Br(p) = ZBE"(‘” h%)
BZp
1 y— g 7
< S| ()
B>p

o _ B
- Z@l Z i 5(331 h%)“(y hxc>
O]

Bzp x, €l
Ti—xy
h

IA

> i

5>p | i€l (1)

> i

5>p | i€l (l)

IA

=> i ﬁ % ’hﬁj ((xi)j ;(m?)J)’ B=5/2
B>p |wiel(l) j=1"7"
[ d
<> ail < I - 20/2 4 | pP=0/2
5>p m-eh(l) v
= Q;ZH

Bzpj=

(56)

IN
—~
—
e
2T
Q
i %H
LUl
N
ElESY
N
—
—
|
<
S|
S~—
x>
/N
=
S
N~
T
>~
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9.3 Appendix 3 [S|R truncation error]

Using the expression for Al C’é" can be simplified as follows.

1 al —
in _ L/ 1\laf c c
Cﬁ 6' Z Aa( 1) hoz+5 ( h )

a>0
1 1 x; — ! “ Dlely zl — 2"
= @Z o Z a4 A (=1) " ays h
a>0 z; €11 (1)

—_

b S () o (£52)

T ziel (1) a>0

:,g%%%(%;ﬁ). (57)

’ $,;€Il(l

R =

Note that this is exactly the same as Bé" the R-expansion coefficients, which should
be the case. There is a error in the original paper [Greengard and Strain 1991] where
there is an extra (—1)!%! term.

The error Erg(p) due to truncating both the series after p? terms is

n\ B
~ -
Era(y) = |3 CF (y . )

Bzp

=y (0}3” +(Clp — Cé")) (y—hxg)ﬁ

B2p
n\ B n\ B
l Yy— xcL Aln l Yy—

= ZQ@"( W ) +Z<Cﬁ’—cﬁn>< - )

B=2p Bzp

B - N

< Z Cé” (y hxc) + Z( }3” - Clﬁ") (yhxc) [Triangle inequality.]

B2p B2p

~ . y—am B
— Brl)+| LG - o) (U5 68)
Bzp

FMM tutorial April 8, 2006



Writing TRs is a character building process! 15
élﬁn can be simplified as follows
~ 1 T, —al
in l c c
Gl = 5 AL oy ()
a<p
1 1 x; — x s

_ = - . g c _1\la] c c
— G a2 w (M) | 0 ()

a<p z; €11 (1)

1 [ 1 [z — 2\ o b —

-5 2 oS () e (457))

z; €11 (1) a<p
1 1 [z, —x, “ Dlelp, xl —
SR [03 ») P NI

x; €11 (1) a>0  a>p
— ln 1 (- Hlelp, xl, —xy
I ] Z i Za h (=1)*has L

x; €11 (1) azp

= Cy' + (Ch —Ch) (59)
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~ .\ B N AN
> (CF —ci (y th> <> |- ’(y h%)
B>p B>p
A L n _en 153
Y| X [Z a <x hxc) (=1)*hass (x hx>] ‘ ‘(;, h%)
B>p " |zl (1) a>p
_ AN T o 5
< Z 3l Z |ql| Z 5 <l’1 hxc> (*1)‘alha+[3 (IL'C hxc > u |<yhx“)
Bzp " [wiel(l) a>p
- - l - N B
< Z 3 Z || Z ~ <$Z c> hess (zc h%)‘] |<y hxc)
B>p " |wielh(l) a>p
-
= ZB' > |%|Z o272 |p +5< h N] rBo=8/2
B2p |z €11 (1) asp &
- ) )
= Z | 2 lal Zi'raja/z {H a;+6; (W>‘}] e
Bzp & | mi€l1(l) azp ¥ =
[ d
D gi| 2 o Zérarm {H V@ + gy)1200/2980/2e (@ 20 H rB9-8/2
B=p EX3A0) a>p =
d
SQ’ZZ l/@l[ {HW}] o
a>p B>p =1
Q a;+6; VAT T M) \/m
= ajJrﬁj M
Ql%;gnl '5' ;! ;!
QzZZH reitBi /g0t <QIZZH 'B' ( )047’-5-[3_7'
a>p f>pj=1 a>p Aopj=1
<axIl|; <) ST (2 )]
a>pj=1 B>PJ 1
<0 ZH ( ) J ;dz:l <d) (17(\@ )p)k (Var)? d—k
la>PJ 1 (1- \/ir)d k=0 k ' V!
2
! d k P d=k
- (1—62\/%7“)” [Z (k) (1= vary) <(\{/§];) > [r<1/v2 (60)
k=0 !
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